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Problems

1. Show that ii is a real number (where i =
√
−1). Which real number is it?

2. Let
(

n
k

)
= n!

k!(n−k)! . Prove the following for n ≥ 1 (bxc is “integer part”: greatest
integer not exceeding x)

2n−1 =
bn/2c∑
k=0

( n

2k

)
3. Let A be a symmetric n × n real matrix. Prove that A can be written in the form
BtB for some real n×n matrix B if and only if the eigenvalues of A are nonnegative. (Bt

denotes the transpose of B.)

4. Let N be a 6-digit number, the digits being distinct and in the set 1,2,3,4,5,6,7,8,9
(so that 0 does not occur). Assume that the numbers 2N, 3N, 4N, 5N, 6N are all 6-digit
numbers and that each is a permutation of the digits in N. Find N.

5. Consider the function ζ(s) =
∑∞

i=1
1

ns for s > 1. Show that this is a continuous
function of s. Prove that

ζ(s) =
∞∏

p=prime

1
1− 1/ps

Hint: Recall that each natural number can be uniquely decomposed into its prime factors.
What is ζ(1)? What does this say about how many prime numbers there are?

6. Show that for odd n > 1, φ2n(x) = φn(−x), where φn is the nth cyclotomic polynomial
(polynomial of minimal degree whose roots are the primitive n-th roots of 1).

7. If z is a complex number prove that (max(Re(zn), Im(zn)))1/n converges to |z| as
n →∞.

8. Show that if b2 − 4ac is negative then the graph of ax2 + bxy + cy2 = 1 represents an
ellipse that encloses an area of 2π/

√
4ac− b2.

9. Consider the sequence a1 = 3, an+1 = an +sin(an). Show that this sequence converges
to π.


