2 x 2 Exercise Set A (distinct roots), November 24, 2013

2 x 2 Exercise Set A (distinct roots)

Linear Algebra, Dave Bayer, November 24, 2013

[1] Find A™ where A is the matrix

1 -1
N
_ no (=2 -1 1 ot ({3 —1
[2] Find A™ where A is the matrix
1 —1
A [ -3 -1

— n o __ (_2)n 1 1_ n 3 -1
A=-2,2 A" = + 7l s 1

[3] Find A™ where A is the matrix

01
S
B W (=Dh[ o2 —17 211
A=—L2 AT =Tl 1] T2 2
[4] Find A™ where A is the matrix
1 2
A= s o]
B L (=2 2 —2] 3"[3 2
A=-2,3 A" = z 3 3 +? 3 9

[5] Find A™ where A is the matrix

A=-21 An:_(_z)n[_1 _2}+%{_4 2]

[6] Find A™ where A is the matrix



2 x 2 Exercise Set A (distinct roots), November 24, 2013

A=-2,—-1 A" = (—2)“{3 :H + (—1)“{:; ;]

[7] Find A™ where A is the matrix

11

SER]
B S G L S QS | 2" [2 1
A=-12 AN = o o S,

[8] Find A™ where A is the matrix

A=zl At = |y ]|



2 x 2 Exercise Set B (distinct roots), November 24, 2013

2 x 2 Exercise Set B (distinct roots)
Linear Algebra, Dave Bayer, November 24, 2013

[1] Find e** where A is the matrix

[2] Find et where A is the matrix

A=-1,0

[3] Find et where A is the matrix

AN=-3,2

[4] Find e™* where A is the matrix

A=0,2

[5] Find et where A is the matrix

AN=-2,2

[6] Find e”* where A is the matrix

-1 —1}+e_2‘[ 3 1}

3 3 2 |3 -1
SEH

S F R ]
=N

S R

I
2 [ -1 -1

1 -1
S
—2t 2t
A €R[11] et 3 -1
¢ 4 {3 3}+4[—3 1



2 x 2 Exercise Set B (distinct roots), November 24, 2013
3 =2 -2 2
_ At _ t
A=0,1 et = [3 _2:|+€ {_3 3]

[7] Find e™* where A is the matrix

—t 3t
_ At _ € |31 e 1 -1
A=-1,3 e =~ [3 1] + 1 {_3 3
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2 x 2 Exercise Set C (distinct roots)
Linear Algebra, Dave Bayer, November 24, 2013

[1] Solve the differential equation y’ = Ay where

2] o

1[ 2 -1] e [1 1 1[ 2] &1
_ At _ - —— i
A=03 e = 3[—2 1] T3 {2 2] Y 3{—2} 3 {2]

[2] Solve the differential equation y’ = Ay where

ST

-1 1 2 -1 1 0
— At __ —2t —t _ —2t —t
A=-2,—-1 et =e [ 9 2]—1—6 {2 1} Yy =e {2}—!—6 [0}

[3] Solve the differential equation y’ = Ay where

[ o=

—2t 2t —2t 2t
L At € 11 e 3 -1 e 2 e 2
A=m22 e =g [3 3}4“ 4[—3 1 Y= 16| T 4|2

[4] Solve the differential equation y’ = Ay where

[l o

—3t —3t
- e 1 1] | 1[2 1 e 1] 12
A=300 e = 3{—2 2}““3{21 Y73 2] T 32

[5] Solve the differential equation y’ = Ay where

A= lao) vo= [y

_t 2t —t 2t
_ At _ €| 1 -1 e” 121 R e 14
A=-l2 6_3{—2 2]+3{21 Y= 37 2] T34




2 x 2 Exercise Set C (distinct roots), November 24, 2013

[6] Solve the differential equation y’ = Ay where

SEHETEH

- A 1 [3 —2 —2 2 [ 2
A=-1,0 e = e [3_24-_33 y=-e _1+3
[7] Solve the differential equation y’ = Ay where
-2 -1 1
a- 3] vo =[G
—3t —3t
- A €21 1 1 1 et 1 1
A=—300 e _3{21}+3{—2 2] YT 3|2 T3]

[8] Solve the differential equation y’ = Ay where

[ =[]

- A [ 2 2] L [-1 -2 2] L[
A=01e _[—1—1+e 12 YT o] T
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2 x 2 Exercise Set D (repeated roots)

Linear Algebra, Dave Bayer, November 24, 2013

[1] Find A™ where A is the matrix

[2] Find A™ where A is the matrix

B n [l 0 [ 101
A=0,0 A_o[o 1]+n0 {_1 _1}

[3] Find A™ where A is the matrix

0 —1
[0
. 10 -1 -1
v e (1]
[4] Find A™ where A is the matrix
2 —1
=[5l
- n_ |10 o1 | —2 -1
A=4,4 A" =4 {0 1} + n4 [ 4 2}
[5] Find A™ where A is the matrix
6 5
A8
. 10 5 5
A=LL AN = 1} +n[_5 _5]

[6] Find A™ where A is the matrix



2 x 2 Exercise Set D (repeated roots), November 24, 2013

B e ]10 [ 11
A=5,5 A_5[0 1}+n5 [_ ]

1 -1
4 —5
5

A=-1,-1 A" = (—1)“[(1) (1)] —i—n(—l)“l{g :ﬂ

A=

7\:—3,—3 At = (—3)“ [(1) ?] + TL(—S)”*l |:_% _;L:|

[7] Find A™ where A is the matrix

[8] Find A™ where A is the matrix
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2 x 2 Exercise Set E (repeated roots)

Linear Algebra, Dave Bayer, November 24, 2013

[1] Find e** where A is the matrix

A=—-1,-1 et

[3] Find et where A is the matrix

A=-2,-2 M =

[4] Find e™* where A is the matrix

[6] Find e”* where A is the matrix



2 x 2 Exercise Set E (repeated roots), November 24, 2013

10 -3 3
1 _ At __ —t —t
A=-1,—-1 e = e {0 1}—1—’[6 { 3 3]

[7] Find e™* where A is the matrix
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2 x 2 Exercise Set F (repeated roots)
Linear Algebra, Dave Bayer, November 24, 2013

[1] Solve the differential equation y’ = Ay where

5 4 1
N EE T

A=1,1 eAt:et{(l) ?]%—tet{_i _i] y:et“]%—tet{_g]

[2] Solve the differential equation y’ = Ay where

=i o= ]

A= 4 4 eAt:e4t|:(1) (1)} +te4t|:_? _;L] y:e4t|:i':| —I—te‘“{_g]

[3] Solve the differential equation y’ = Ay where

-1 4 1
S EE

10 2 4 1 —2
—_12 _ At _ 3t —3t _ 3t —3t
A=-3,-3 e e [0 1]+te [_1 _2} y e [ }the [ ]

[4] Solve the differential equation y’ = Ay where

[ o

B A (10 1 1 1 1
A=00 e _[01 ] ] Y=g+t ]

[5] Solve the differential equation y’ = Ay where

[ e[

10 -2 -1 1 -1
_ At _ —
A T R I R e R



2 x 2 Exercise Set F (repeated roots), November 24, 2013

[6] Solve the differential equation y’ = Ay where

32w

B A 10 2 —4 [ 6
A=0,0 e—[01+t1_2 y=|_,|+t],

[7] Solve the differential equation y’ = Ay where

[ wo-

A=—-1,—-1 M = et[(l) (1)} +tet[_i _i] y = et{l] +tet[_12}

[8] Solve the differential equation y’ = Ay where

[ e[

— At __ t t _ t t
A= ]., 1 e = € |:0 1:| + te |: 3 3:| y = e |:2:| + te |: 9:|
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2 x 2 Exercise Set G (symmetric matrices)
Linear Algebra, Dave Bayer, November 24, 2013

[1] Find A™ where A is the matrix

-3 -2
S
_ o (5" [1 1 (=)™ 1 -1
[2] Find A™ where A is the matrix
-1 2
T
B no (=2 4 -2 31 2
[3] Find A™ where A is the matrix
1 -2
R
o042 51 -2
A=05 AT = ?{2 1} ?[—2 4}
[4] Find A™ where A is the matrix
—4 =2 ]
_ W (=54 2] on 1 -2
A=-5,0 A" = z 9 1_+? o 4
[5] Find A™ where A is the matrix
-3 1
A= ]
_ N L (—=2)"[1 1
A=—4,-2 A = 5 1 1 +—2 11
[6] Find A™ where A is the matrix
—2



A=-3,—-1

[7] Find A™ where A is the matrix

A=-5-3

[8] Find A™ where A is the matrix

2 x 2 Exercise Set G (symmetric matrices), November 24, 2013

W (=31 1] (DM 1 -1
A= {11}+ 2 [—1 1}

S

N ) L I R | (—3)"[1 1
AT = {—1 1] 2 [1 1]
3 2
St
n_ (D1 2 4" [4 2
A= [—2 4]+?{2 1}
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2 x 2 Exercise Set H (symmetric matrices)
Linear Algebra, Dave Bayer, November 24, 2013

[1] Find e** where A is the matrix

3 2
S Ea
—4t t .
A=—4,1 eAt:e—[4 2] + & { ! 2]

[2] Find et where A is the matrix

—t - 4t
A=-1,4 eAtze?{_‘L 2}+e {1 2]

[3] Find et where A is the matrix

—3t t
- At € 1 17, e'11
A=-31 e _—{_1 1}+2{

[4] Find e™* where A is the matrix

—5t
o N 1 2] 1[4 2
A==20 e = [—2 4] +5{2 1

[5] Find et where A is the matrix

2t . at
A =24 eAtz%{_l 1}+e {1 1}

[6] Find e”* where A is the matrix



2 x 2 Exercise Set H (symmetric matrices), November 24, 2013

2t 3t
_ At _ € 4 2 e 1 -2
A=-2,3 et = = [2 1] + z [_2 4

[7] Find e™* where A is the matrix

—6t —t o
A=—6,—1 eAt:e_{‘L 2] +e_{ 1 2]

[8] Find et where A is the matrix

—6t —t
L ac €1 2] et 4 2
A=—6-1 e _—[ }+5[_2 )
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2 x 2 Exercise Set I (quadratic forms)
Linear Algebra, Dave Bayer, November 24, 2013

[1] Express the quadratic form
3x* — 2xy + 3y*

as a sum of squares of othogonal linear forms.

v=2a A= [ 5] =[] 2[5

3x2 — 2xy + 3y? = [x y]{_f _;,H;] = (x+yP? +2(x -y’

[2] Express the quadratic form
—3x* + 2xy — 3y?

as a sum of squares of othogonal linear forms.

3 1 1 1 11
A= —d,-2 A = { X _3] _ _2{_1 1} _ [1 1}

-3 1 X
—3x* + 2xy — 3y® = [x y]{ . _3][9] = —2(x —y)? - (x +y)

[3] Express the quadratic form
—x* — dxy — y*

as a sum of squares of othogonal linear forms.

-1 -2 311 1 1 1 -1

A==31 A= [—2 —1} - _5{1 1] + 5[—1 1]
V2 a2 -1 =2 x| 3 2 | Y
x> —dxy — y* = [«x y}[_z N 2(X+y) +2(X y)

[4] Express the quadratic form
2x? — 4dxy + 5y?

as a sum of squares of othogonal linear forms.

2 -2 1
A=16 A = {_2 5] —g{

N
Ll \©)
—_
+
[Saie))
| — |
|
N =
|
=N
—_

2x* — 4dxy + 5y° = [x y}[_g _é] [;ﬂ = - (2x + y)* + = (x — 2y)?



2 x 2 Exercise Set I (quadratic forms), November 24, 2013

[5] Express the quadratic form
2x* + dxy — y?

as a sum of squares of othogonal linear forms.

2 2 2 1 -2 314 2

A=-23 A= {2 —1} - _5{—2 4} +§{2 1]
) o 2 27[x]_ 2. .., . 3 ,
2x* + 4dxy — y* = [x y][z 1y = 5(x 2y) +5(2x+y)

[6] Express the quadratic form
3x% + 2xy + 3y?

as a sum of squares of othogonal linear forms.

31 1 -1 11
ae =[] ofd

31 X
3x* + 2xy + 3y® = [x y][l 3}[9] = (x —y? +2kx+y)?

[7] Express the quadratic form
—2x* + dxy + y?

as a sum of squares of othogonal linear forms.

-2 2 3 4 -2 211 2

A==32 A= { 2 1} _E{—z 1] 5[2 4]

-2 2 X 3 2
o2 2 _ _ _ 9 2, 2 2
2x* + dxy + y [x y][ 5 1}[9} 5(2x y) +5(x—i—2y)

[8] Express the quadratic form

—x? — 8xy — y?

as a sum of squares of othogonal linear forms.

1 -4 571 1]  3[ 1 -1
A=—=53 A= [—4 —1} = _5{1 1] +§[—1 1}

—x* = 8xy — y? = [x y]{:i jHlﬂ = 2 (x+y?+ S (x—yP?
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2 x 2 Exercise Set ] (recurrence relations)
Linear Algebra, Dave Bayer, November 24, 2013

[1] Solve the recurrence relation

f(0)=a, f(1)=b, f(n)= —4f(n—1) + 5f(n—2)

IR HIHEE R RN




2 x 2 Exercise Set J (recurrence relations), November 24, 2013

[5] Solve the recurrence relation

fn+1)]  [-1 6]"[b] (=3[ 3 —6][b 2" 2 6][b
RS IR R o I M R b1
f(n) = (_:)n(—b + 2a) + ?n(b + 3a)
[6] Solve the recurrence relation
f(0)=a, f(1)=b, fn)= —6fn—1) + 7f(n—2)
fmn+1)]  [-6 71" [b] (=7 7 —=7][b 11 7] [0
RS R RN R S RO IMES 1IN
f(n):(_g)n(—b+a)+é(b+7a)

R N R S ERHIHES HHIN

(2" 3"




3 x 3 Exercise Set A (distinct roots), November 24, 2013

3 x 3 Exercise Set A (distinct roots)

Linear Algebra, Dave Bayer, November 24, 2013

[1] Find A™ where A is the matrix

2 00
A= 1211
1 2 2
o[ 0 0 0 o[ 200 g [0 00
A=0,23 A“:?—B 4 -2 —1—7 -1 0 0 +?311
3 4 2 -5 00 6 2 2
[2] Find A™ where A is the matrix
1 2 2
A=1]101020
2 21
Cqn [ 10 -1 0 -1 0 g [1 21
A=-1,1,3 Al = 5 00 0]+ 1|0 10 —I—? 0 0O
-1 0 1 0O -1 0 1 21
[3] Find A™ where A is the matrix
21 2
A= 101 2
01 2
on 0 0O O 1 -1 -2 3n 0 3 6
A=0,23 A“:?O 2 =2 +2"|0 0 0 —1—?012
0 —1 1 0 0 0 01 2
[4] Find A™ where A is the matrix
1 11
A= 1]101 2
0 21
(_l)nOOO 12—1—1 L0 11
A=-1,1,3 Al = 5 0 1 -1 —1—5 0 O O+ —1011
0 —1 1 0 0O O 011

[5] Find A™ where A is the matrix

>

I

[\
(ol =)
—_ =



3 x 3 Exercise Set A (distinct roots), November 24, 2013

o[ 10 -1 [ oo o gn [4 0 2
A=0,1,3 A“:? 00 O —1—5 -2 2 -1 —1—? 6 0 3
-2 0 2 00 O 4 0 2
[6] Find A™ where A is the matrix
1 21
A= 1|1 2 2
0 0 2
o[ 442 o [0 0 —4 g [1 25
A=0,23 An:?—Z 2 —1 —|—7 0 0 -3 —1—? 1 2 5
0O 0 O 00 2 00
[7] Find A™ where A is the matrix
1 11
A=11010
2 2 2
on 2 0 —1 10—10 3n232
A=0,1,3 An:? 00 O —{—50 20 —|—? 000
—2 0 1 0o -2 0 4 6 4
[8] Find A™ where A is the matrix
2 00
A= 12 2 2
2 11
on 0O 0 O 1 00 3n 0 0O
A=0,23 An:? 1 1 2| +2"| -3 0 0 —I-? 8 2 2
-1 -1 2 -1 0 0 4 1 1
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3 x 3 Exercise Set B (distinct roots)
Linear Algebra, Dave Bayer, November 24, 2013

[1] Find e™* where A is the matrix

211
A=1212
0 0 2
22 1 2t [0 0 =3 w21 4
A=0,23 eAt:6—4 4 —2 +700—2 + — 12 1 4
0O 0 0 00 2 0 00
[2] Find e** where A is the matrix
21 2
A=1]011
110
et[ 1 1 -3 o[ 1 -3 -1 s[5 55
A=-1,1,3 eAt:? 1 1 -3 +Z -1 3 1 +? 111
-2 -2 6 0O 0 0 2 2 2
[3] Find e** where A is the matrix
112
A=1]121
10
e,t3—1—5 ot 1 -1 1 egt333
A=-1,1,3 eAt:? 0O 0 O +Z -2 2 =2 +? 4 4 4
-3 1 5 1 -1 1 111
[4] Find et where A is the matrix
01 2
A=1]111
1 0 2
e_t6—3—3 s [0 1 -1 e3t215
A=-1,1,3 eAt:?—Z 1 1 +ZO 3 —3 +?215
-2 1 1 0 -1 1 215

[5] Find e™* where A is the matrix



3 x 3 Exercise Set B (distinct roots), November 24, 2013

[ o o o[ 200 s [0 00
A=0,1,3 e/“:§—1 1 -1 +5—100 +?542
2 =2 2 -3 00 5 4 2
[6] Find et where A is the matrix
2 21
A=1[10120
2 21
[ 1o -1 0 -1 0 a2 31
A=0,1,3 eM=-] 00 0| +e|0 10|+ =|000
3 -2 0 2 0 -1 0 3 2 31
[7] Find e** where A is the matrix
2 21
A=10 21
01 2
a0 -1 1 1 -1 -2 [0 33
A=1,2,3 eAt:§O 1 1| +¢e*l0 0 0 + 5|01
0 -1 1 0 0 0 011
[8] Find e™* where A is the matrix
1 2 0
A=1101
1 1 2
[ 131 A1 1 a1 11
A=-1,1,3 e = T —1 3 —1 + E 0 0 0 + T 1 11
0 0 0 -1 -1 1 2 2 2



3 x 3 Exercise Set C (distinct roots), November 24, 2013

3 x 3 Exercise Set C (distinct roots)
Linear Algebra, Dave Bayer, November 24, 2013

[1] Solve the differential equation y’ = Ay where

1 20 0
A=1]11 2], y0) = |1
011 1
ot 2 —4 4 ot 2 0 —4 o3t 2 4 4
A=-1,1,3 eAt:?—z 4 —4 2| 00 0+ 1244
1 -2 2 -1 0 2 1 2 2
ot [07 e [4] a8
0 2 4
olve the differential equation y’ = where
[2] Solve the diff ial equationy’ = Ay wh
2 2 2 2
A=1]102 0], y0) = |0
1 21 1
1 1 1 -2 0 -3 0 o3t 2 8 2
A=0,2,3 eAt:§ 0 0 O +e|0 10 + 5000
-1 -1 2 0 -1 0 1 41
0 0 6
1 3t
y=z|of+e*|o] + % 0
0 0 3
[3] Solve the differential equation y’ = Ay where
210 2
A=1221], y(0) = |0
0 2 2 1
1 2 =2 1 o2t 2 0 —1 oit 2 21
A=0,2,4 eAt:§—4 4 20+ | 00 0+ o442
4 —4 2 —4 0 2 4 4 2
57 o 3] 5
= —1|—10 — 0 — | 10
y + 1 + 3

10 —6 10



3 x 3 Exercise Set C (distinct roots), November 24, 2013

[4] Solve the differential equation y’ = Ay where

2 00 2
A=|221]|, y0 =0
2 21 1
1 0O 0 O 1 00 o3t 000
A=0,2,3 e/‘t_go 1 1| +e'[-200 + 5621
0o —2 2 -2 00 6 2 1
Lo 2 w0
y =g |-1|+ et | —4 | + < | 13
2 —4 13
[5] Solve the differential equation y’ = Ay where
2 2 0] 1
A=1]110]|, y0=]|1
2 1 1 1
L1 =2 0] [ 0 00 % [4 4 0
e e
A=0,1,3 eAt:§—1 20+ 0 00| 421220
-1 2 0] | -1 -3 2 550
1171 et O] | 8
Yy = g 1 + E 0 + ? 4
1 —2 | 10
[6] Solve the differential equation y’ = Ay where
2 2 0] 0
A=|110]|, y0=]|1
11 1] 1
1 -2 0] ¢ 0 00 s |4 4 0
1 e e
A=0,1,3 eAt:§ -1 20 +7 0O 00 —l—? 2 20
0 0 0] -1 -1 2 330
1|72 et |0 et | 4
y = § 2 + E O + ? 2
0 1 3
[7] Solve the differential equation y’ = Ay where
210 1
A=011]|, y0 =|1
2 21 1



3 x 3 Exercise Set C (distinct roots), November 24, 2013

~1 -1 1 [ 20 -1 a2 21
A=013 eM=-| 2 2 2|+ =|-20 1 + =221
-2 -2 2 00 O 4 4 2
1171 et | 1 o3t | 2
Yy = g 2 + E —1 + ? 5
—2 0 10
[8] Solve the differential equation y’ = Ay where
11 17 0
A=1]021], y0) = |1
11 1) 1
10 —17 [ 1 -1 07 w1 3 2
e e
A=013 eM=-] 10 -1 +5 |1 10+ =132
20 2 1 -1 0] 13 2
-1 o [ ot [5]
y=5|-1 + 3 1 + ? 5
2 ~1 5
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3 x 3 Exercise Set D (repeated roots)

Linear Algebra, Dave Bayer, November 24, 2013

[1] Find A™ where A is the matrix

211
A= 1]11020
01 2
2 2 2 2 =2 =2 O 0 O
3" 1 n
A=3,11 At = — |1 1 1| + =1]-1 3 -1 + = 1 -1 -1
4 1 11 4 -1 -1 3 2 —1 1 1
[2] Find A™ where A is the matrix
2 11
A= 1]10 21
21 2
3 3 3 6 -3 -3 O 0 O
4™ 1 n
A=41,1 A= — |2 2 2| +=|—-2 7 2| 4+ =|—=2 1 1
9 4 4 4 9 —4 —4 5 3 2 -1 -1
[3] Find A™ where A is the matrix
2 01
A=1[211
1 0 2
g [2 02 [ 20— oo o
A=311 A" = — |3 03| +-|-34 3|+ =]10 —1
4 2 0 2 4 -2 0 2 2 00 O
[4] Find A™ where A is the matrix
211
A=12 220
11 2
4 3 2 5 -3 -2 -1 0 1
4m 1 n
A=4,1,1 A= — |4 3 2| +=-|—4 6 2|+ — 2 0 =2
9 4 3 2 9 -4 -3 7 3 10 1

[5] Find A™ where A is the matrix



3 x 3 Exercise Set D (repeated roots), November 24, 2013

an 36 6 1 6 —6 —6 0 0O 0 O
A=4,1,1 A“:? 2 4 4 —|—§ -2 5 4| + = 1 -1 -1
1 2 2 -1 -2 7 —1 1 1
[6] Find A™ where A is the matrix
1 00
A= 1121
11 2
3n 0 0O 1 2 0 0 0 0O
A=311 A“:7111 —1—5—1 1 -1| +n|0 0 O
1 11 -1 -1 1 0 0O
[7] Find A™ where A is the matrix
211
A=1]1220
2 2 2
4n 4 4 2 1 5 —4 -2 nl —1 1
A=41,1 Al = 5 2 21| +=1-2 7 —1| + 3 1 —1
6 6 3 -6 —6 6 O 0 O
[8] Find A™ where A is the matrix
2 01
A= 1121
011
3n 1 11 1 3 -1 —1 1 -1 1
A=311 Anzz 2 2 2 +E -2 2 =2 4+ = O 0 O
1 11 -1 -1 3 -1 1 -1



3 x 3 Exercise Set E (repeated roots), November 24, 2013

3 x 3 Exercise Set E (repeated roots)
Linear Algebra, Dave Bayer, November 24, 2013

[1] Find e™* where A is the matrix

1 00
A= 1|1 21
2 1 2
[0 00 o[ 4 0 o ot [ 000
A=3,1,1 eAt:Z?,zz +7 |3 22|+ |-1o00
3 2 2 -3 -2 2 1 00
[2] Find e** where A is the matrix
1 11
A=1[0 21
01 2
s [0 11 a2 -1 -1 000
A=311 eAtZT 011 +E 0 1 1| +te*|0 0 O
011 0 —1 1 0 0O
[3] Find e”* where A is the matrix
211
A=10 21
2 1 2
olt 3 3 3 ot 6 -3 —3 tet O 0 O
A=4,1,1 e/“zjzzz g |2 7 2| +5 |2 11
4 4 4 —4 —4 5 2 -1 -1
[4] Find et where A is the matrix
1 10
A=11 21
1 0
a2 31 [ 7 -84 10 -1
A=3,0,0 e/“:7462 tg| 4 3 2| +3z]-10 1
2 31 -2 =3 8 1 0 —1

[5] Find e™* where A is the matrix



3 x 3 Exercise Set E (repeated roots), November 24, 2013

ot [3 42 o[ 6 -4 2 et [0 2 2
A=4,1,1 eM="-1342|4+=-]-3 5 =2+ —=—1]0 -1 1
2 13 4 2 21 3 4 7 3010 -1 1
[6] Find et where A is the matrix
20 0
A=1]211
21 1
(o o o 2 [2 00 000
A=0,2,2 e’“:§0 1 —1 +7011 +te®* |2 0 0
0 -1 1 01 1 20 0
[7] Find e** where A is the matrix
20 0]
A=1]211
11 1]
[0 o o0 2| 400 e [000
A=0,2,2 M= -1 2 2| 4+ — 1 22| +— 1|3 00
11 o o 19 99 2 1300
[8] Find e™* where A is the matrix
110
A=1]121
102
111 3 -1 —1 1 —1
3t t tt
A=3,1,1 e/“:eT 2 2 2 +% 2 2 -2 +% 0 0
111 1 -1 3 1 -1 1
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3 x 3 Exercise Set F (repeated roots)
Linear Algebra, Dave Bayer, November 24, 2013

[1] Solve the differential equation y’ = Ay where
2 11 0
A=|121]|, y0=]|1
0 01 1
e [11 a1 -1 -1 000
A=3,1,1 eAt:7111 +5 -1 1 + te' |0 0 0
0 0O 0o o0 2 0 0O
2 —2 0
3t t
y = % 2| + % O +te'|0
0 2 0
[2] Solve the differential equation y’ = Ay where
2 01 1
A=|112]|, wyo0=]1
1 0 2 1
e [2 02 o[ 20 =2 Wt [ 000
A=31,1 eAt:TSOS + 4|34 3+ |10l
2 0 2 -2 0 2 00O
e3t 4 et O .tet O
4 0 0
[3] Solve the differential equation y’ = Ay where
2 11 2
A=1021], y(0) = |0
21 2 1
e [3 33 o[ 6 3 -3 [0 0 0
A=4,1,1 eAt:7222 |2 7 2+ 5|2 11
4 4 4 —4 —4 5 2 -1 -1
B g B g I
YT 9 3
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[4] Solve the differential equation y’ = Ay where

1 11 0
A= (211, wy0=]1
011 1|
o3t 3 3 3 1 6 —3 —3] ¢ 0 0 0
A=3,0,0 eAt:?éLlLéL tg| 4 5 A4 +g| 211
2 2 2 -2 =2 7 ] —2 1 1
et | © 1| t| O
y=—|8] + = 1 + 5] -2
? 4 ? 5 3 2
[5] Solve the differential equation y’ = Ay where
q Yy Yy
21 0
A=1]120]|, yo0=]|1
2 2 2 2
4 4 2 5 —4 -2 —1 1
4t t t t
A=4,1,1 eAt:% 2 21 +% 2 7 1 +% 1 1 -1
6 6 3 -6 —6 6 O 0 O
eit | 8 et | 78 tet 1
Yy = ? 4 + 3 5 + ? —1
12 6 0
[6] Solve the differential equation y’ = Ay where
q Yy Yy
1 00 1
A=|121]|, y0=]|1
2 1 2 1
o3t 00O ot 4 0 O tet 0 0O
A=31,1 eAt:Z 3221+ ,]-3 22 |1 00
3 2 2 -3 -2 2 1 00
e3t 0 et tet 0
y=— 17|+ —>|-3]+—|-1
4 7 4 -3 2 1
[7] Solve the differential equation y’ = Ay where
1 10 1
A=|110]|, y0 =/|0
1 1 2 1
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[ 110 2 [110 000
A=0,22 eAtZE—I 10 + 5 1 10| +¢t?*|0 00
0 00 00 2 110
1 1 0
1 2t
y =5 |1 + 1]+t o
0 2 1
[8] Solve the differential equation y’ = Ay where
q Yy Y
111 0
A=1111]/, y(0) = |1
021 1
e3t243 17—4—3 ¢ 1 -1 0
A=3,0,0 eAt:?243 +§ -2 5 -3 +§ 1 -1 0
2 4 3 -2 —4 6 -2 2
et 7 1 —7 t -1
y :? 7 +§ 2 +§ —1
7 2 2
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3 x 3 Exercise Set G (identical roots)
Linear Algebra, Dave Bayer, November 24, 2013

[1] Find A™ where A is the matrix

2 3 3
A= |-2 31
2 -1 1
A=2,2,2
1 00 0 3 3 O 0 O
—1)2n2
A =270 1 0| +n2vt| 2 1 1 nn 2) 0 6 —6
0 01 2 -1 -1 0 6 6
[2] Find A™ where A is the matrix
1 -1 1
A= 12 =2 1
1 -2 -2
A=-1,—-1,—1
1 00 2 -1 1 3 30
—1) (—1)"2
A" = (—D"|l0o 1 0| +n(=D)™'|2 -1 1| + nn )2( ) 3 30
0 01 1 -2 -1 -3 30
[3] Find A™ where A is the matrix
3 3 -2
A= |[-1 -1 -2
1 1 -2
A=0,00
1 00 3 3 -2 4 4 -8
-1 n—2
A" = 0" [0 1 0| +nomt| -1 —1 —2 +%—4—4 8
0 01 1 1 -2 0O 0 O
[4] Find A™ where A is the matrix
1 1 1
A=1|-1 -2 -1
1 3 1

A=0,0,0
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100 1 1 1 an_pon2 [ 12 1
A" =00 1 0| +nOo™t|—-1 —2 —1 — O 0 O
0 01 1 3 1 -1 -2 -1
[5] Find A™ where A is the matrix
3 2 2
A=1|-2 -1 =2
3 3 1
A=11,1
1 00 2 2 2 nn—1) 6 60
A= [0 1 0| +n|—-2 —2 =2 5 —-6 —6 0
0 01 3 3 0 0O 00
[6] Find A™ where A is the matrix
2 1 -1
A= |—-2 —1 1
-1 -2 -1
A=0,00
1 00 2 1 -1 3 30
-1 n—2
A" =00 1 0| +nO0™'|—2 -1 1 +“(n 2)0 -3 -3 0
0 01 -1 -2 -1 3 30
[7] Find A™ where A is the matrix
—1 21
A= |-1 2 2
1 -1 2
A=11,1
1 00 —2 21 nm—1) 3 -3 3
At =101 O| +n| -1 1 2| + 5 3 -3 3
0 01 1 -1 1 0O 00
[8] Find A™ where A is the matrix
2 =2 -1
A = 2 2 —1
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A=12272
0 -2 —1 Cona -2 2 2
2 0 —1 ﬂljyi__ 2 —2 2
2 2 0 4 4 4
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3 x 3 Exercise Set H (identical roots)
Linear Algebra, Dave Bayer, November 24, 2013

[1] Find e™* where A is the matrix

2 3 3
A = 1 1 -1
-1 1 3
A=2,2,2
100 0 3 3 e [0 00
eM=e|01 0| +te?*| 1 -1 —1 5 0 3 3
0 01 —1 1 1 0 -3 -3
[2] Find et where A is the matrix
2 22
A=|-1 13
1 -1 1
A=0,0,0
100 2 22 o [4 44
e =1010|+t|-1 13 +54—44
0 01 1 -1 1 0 00
[3] Find et where A is the matrix
-1 3 2
A = 2 1 =2
-2 3 3
A=1,1,1
100 23 2 2ot [6 0 =6
e =et|0 1 0| +te*| 2 0 —2| + 00 O
0 01 -2 3 2 6 0 —6
[4] Find e** where A is the matrix
-2 2 2
A = 1 -2 1
-2 2 =2
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100 02 2 e [2 4 2
e =e®|0 10| +te?| 10 1|+ 3 -2 4 2
0 01 -2 20 2 —4 =2
[5] Find et where A is the matrix
-2 -1 1
A=|-1 -2 3
-1 -1 1
A=-1,—-1,-1
100 1 -1 1 Bt 1 -2
e =et|{0 10| +tet| -1 -1 3| + S| -1 -1 2
0 01 -1 -1 2 0 0 0
[6] Find e”* where A is the matrix
2 2 2
A=1[1 2 -2
1 2 2
A=2,2,2
100 02 2 oo [ 4 4 4
e =e*|0 10| +te*t|1 0 -2 |2 2 2
0 01 1 2 0 2 2 =2
[7] Find et where A is the matrix
3 2 2
A=|-2 -1 =2
-2 =2 1
A=11,1
100 2 2 2 oot [4 4 0
eM=e'{0 1 0| +te'| 2 —2 2 + | 4 40
0 01 -2 =2 0 0 00
[8] Find et where A is the matrix
2 -2 =2
A= ]-1 2 1
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A=2,22
0 —2 —2 e [—2 —4 =2
-1 0 1|+ — 2 4 2
2 2 0 2 —4 —2
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3 x 3 Exercise Set I (identical roots)
Linear Algebra, Dave Bayer, November 24, 2013

[1] Solve the differential equation y’ = Ay where

-1 3 1 1
A=|-121|, y0=]1
-1 1 2 0
A=11,1
100 2 3 1 2ot [0 2 2
e =e' |01 0] +te']| -1 11 + -0 11
0 01 -1 1 1 0 -1 1
1 1 —2
t2 t
y=e' |1 +te"|0] + Te -1
0 0 —1
[2] Solve the differential equation y’ = Ay where
q Yy Y
2 =2 =2 1
A= 2 2 2|, yo=]1
-1 -1 2 0
A=2,2,2
100 0 —2 -2 o[22 4
e =01 0| +te*t| 2 0 —2 5 2 -2 —4
0 01 -1 —1 0 —2 2 4
y=¢e*'|1]| +te*| 2| + 5|0
0 —2 0
[3] Solve the differential equation y’ = Ay where
q y Y
1 -1 -1 2
A=|-1 -2 -2, wy0) =10
2 1 1 1



3 x 3 Exercise Set I (identical roots), November 24, 2013

1 00 1 -1 —1 e[ 0 0 0
e =1010| +t|-1 —2 2| +=]|-3 3 3
001 2 1 1 2 3 -3 -3

2 1 el 0

y= 0| +t|—4 +§—3

1 5 3

2 -2 3 1
A= 1-11|, wy0=]1
-1 2 2 0
A=11,1
1 0 0] 1 -2 3 9 —4 8 4
t?et
eM=e"101 0| +tef| 1 —21 t o242
0 0 1] -1 21 00O
[1 —1 4
t2 t
y=-e" | 1| +te|-1| + Te 2
0 1 0
[5] Solve the differential equation y’ = Ay where
-2 -1 1 0
2 3 1 2
A=0,0,0
1 00 -2 -1 1 2 4 4 0
eMM=1010 +t] 2 1 -1 + 5|4 40
0 01 2 3 1 4 4 0
0 1 o[ 4
y = 1 + t -1 + S —4
2 5 4
[6] Solve the differential equation y’ = Ay where
1 3 1 1
A=|-1 1 1|, y0)=1]0

2 =2 =2 2
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A=0,0,0
1 00 1 3 1 210 4 2
eM=1010|+t|-1 1 1|+ =0 —4 —2
0 01 2 =2 =2 0O 8 4
1 3 o[ 4
y= [0 +t| 1|+ |4
2 —2 8
[7] Solve the differential equation y’ = Ay where
-2 3 2 2
A=|-12 =2, wy0)=1_0
-1 1 3 1
A=11,1
100 33 2 2t [4 —4 8
eM=¢e" 101 0| +te'|-11 —2]| + |4 4 -8
0 01 -1 1 2 0O 0 O
. 2 ) —4 2ot 0
1 0 0
[8] Solve the differential equation y’ = Ay where
2 1 -1 1
A=1]-2 -1 2|, y0=]o0
-1 —1 2 1
A=11,1
100 1 1 -1 20t [0 00
e =e"01 0| +te'| 2 —2 2 + 1000
0 01 -1 -1 1 0 0O
1 [0 2ot [0
y=e¢ [0 +te" |0 + 5 0
1 0 0
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3 x 3 Exercise Set ] (symmetric matrices)
Linear Algebra, Dave Bayer, November 24, 2013

[1] Find A™ where A is the matrix

210
A= 1]111
01 2]
on 1 -2 1 2n_10—1 3nlll
A=0,2,3 A“Z?—Z 4 —2 —1—7 00 0 —l-?lll
1 -2 1 | -1 0 1 1 11
[2] Find A™ where A is the matrix
-3 1 -1
A = 1 -2 0
—1 0 —2
4 -2 2 0 0O 1 1 -1
—4\n —_n 1"
A=—-4,-2—1 Al = ( 6) -2 1 -1 + ( 2) 01 1| + ( 3) 1 1 -1
2 —1 1 011 -1 -1 1
[3] Find A™ where A is the matrix
21 -1
A = 11 0
-1 0 1
on 1 -1 1 1 0 0O 3n 4 2 =2
A=0,1,3 Al = 3 —1 1 -1 +§ 011 —|—€ 2 1 -1
1 -1 1 011 -2 -1 1
[4] Find A™ where A is the matrix
3 -1 0
A= |-1 21
0O 1 3
1 1 2 —1 3n 1 01 4n 1 -1 -1
A=134 A“za 2 4 =2 —1—7 000+ —1|-1 1 1
-1 -2 1 1 01 —1 1 1
[5] Find A™ where A is the matrix
-2 1 0
A = 1 -3 -1

0 -1 -2
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1 -2 -1 1 01 1 1 -1
—4\m AN —_1)n
A=—4,-2,—1 Al = ( 6) -2 4 2 ( 2) 0 0 O + ( 3) 1 1 —1
—1 2 1 1 01 -1 -1 1
[6] Find A™ where A is the matrix
—1 0 —1
A = 0 —1 1
—1 1 -2
1 -1 2 1 10 1 -1 -1
_92\n 1" n
A=-3,—1,0 At = ( 63) —1 1 2| + ( 2) 1 1 0| + % —1 1 1
2 =2 4 0 0O -1 1 1
[7] Find A™ where A is the matrix
3 0 —1
A = 0 3 1
-1 1 2
-2 g [1 10 1 -1 41
A=134 A“ZE —1 1 -2 —1—7 110 4+ —1{-1 1 1
2 =2 4 000 —1 1 1
[8] Find A™ where A is the matrix
2 0 1
A=1]10 2 -1
1 -1 3
-1 m [1 10 o[ 112
A=1,2,4 A“:§ —1 1 1 —|—7 1 10 —|—€ -1 1 -2
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3 x 3 Exercise Set K (symmetric matrices)
Linear Algebra, Dave Bayer, November 24, 2013

[1] Find e™* where A is the matrix

-3 1 0
A = 1 -2 —1
0 -1 -3
ot 1 -1 —1 est [1 01 ot 1 2 -1
A=—4,-3,—1 et = 3 -1 1 1| + 5 000 + = 2 4 =2
-1 1 1 101 -1 =2 1
[2] Find e** where A is the matrix
-1 -1 -1
A=1]-1 -2 0
-1 0 -2
et [1 11 et [0 0 0 ) 4 -2 -2
A=-3,-2,0 e“:3 111 +2 0 1 -1 +g -2 1 1
111 0 -1 1 -2 1 1
[3] Find e** where A is the matrix
—2 1 -1
A = 1 -1 0
-1 0 —1
e,E,,tzL—zz e,tooo 1 1 1 -1
A=-3,-1,0 e/“:6 -2 1 -1 +7011 +§ 1 1 -1
2 -1 1 011 -1 -1 1
[4] Find et where A is the matrix
2 0 —1
A = 02 1
-1 1 3
ot 1 -1 1 2t [1 10 ot 1 -1 =2
A=1,2,4 eAt:§—1 1 —1 +7110 +? -1 1 2
1 -1 1 0 00 -2 2 4

[5] Find e™* where A is the matrix
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RS 2 [110 s [ 1 -1 -1
A=0,2,3 eAt:g—l 1 -2 +7110 + 5 -1 1 1
2 =2 4 0 0O —1 1 1
[6] Find et where A is the matrix
—2 1 -1
A = 1 -3 0
—1 0 -3
sa [ 1 -1 1 L [0 00 [ 4 2 2
A=—4,-3,—1 e = 3 -1 1 —1| + 5 011 ra 2 1 -1
1 —1 1 011 -2 -1 1
[7] Find e** where A is the matrix
1 11
A = 1 2 0
1 0 2
[ 42 2 2[00 0 a1 11
A=0,2,3 eAtZE—z 1 1 +70 1 -1 +?111
—2 1 1 0 -1 1 1 11
[8] Find e™* where A is the matrix
—2 0 1
A = 0 —2 1
1 1 -3
[ 11 =2 s 1 -10 111
A=—4,-2,—1 e = g 1 1 2| + 5 -1 10 + 35 111
-2 =2 4 0 00 1 11
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3 x 3 Exercise Set L (quadratic forms)
Linear Algebra, Dave Bayer, November 24, 2013

[1] Express the quadratic form
2x% + 2y® + 2xz + 2uyz + 2

as a sum of squares of othogonal linear forms.

2 01 1 -1 0 1 11
A=0,23 A=1]1]021|=|-1 10|+ |111
111 0O 00 111
x —y?+ (x+y+ 2)?
[2] Express the quadratic form
x> — 2xy + 2y* + 2yz + 2*
as a sum of squares of othogonal linear forms.
1 -1 0 1 1 01 1 1 -2 -1
A=013 A=|-1 21 =5 000 —|—§ -2 4 2
0 11 1 01 -1 2 1
1 1
§(x+z)2+ E(X—Zy — z)?
[3] Express the quadratic form
—3x* + 2xy — 2y® — 2yz — 32%
as a sum of squares of othogonal linear forms.
-3 1 O 4 1 -1 -1 3 1 01 1 1 2 -1
A=—4,-3,—1 A = 1 -2 —-1]| = —3 —1 1 1 —3 0 0O 5 2 4 =2
0 -1 -3 —1 1 1 1 01 -1 -2 1
4 3
—g(x—y — z)* — i(x—l—z)z— 8(x+2y — z)?

[4] Express the quadratic form
—2x* — 2y* — 2xz + 2yz — 3727

as a sum of squares of othogonal linear forms.
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-2 0 -1 21—12 110 1 1 -1 -1
AN=—-4,-2,-1 A = 0 -2 1| = -3 —1 1 2|—-(1 10 —3 -1 1 1
-1 1 -3 2 -2 4 0 0O -1 1 1
2 2 2 1 2
—z -y +2)7 - x+y®-gk-y-2
[5] Express the quadratic form
—x* — y* + 2xz — 2uyz — 27
as a sum of squares of othogonal linear forms.
-1 0 1 1 1 -1 -2 1 110
A=-3,—-1,0 A = 0 -1 1| = ) -1 1 2 -5 110
1 -1 -2 -2 2 4 000
1 1
_i(x_y — 22)* — §(x+y)2
[6] Express the quadratic form
2x* — 2xy + y* + 2xz + 27
as a sum of squares of othogonal linear forms.
2 -1 1 1 000 1 4 =2 2
A=0,1,3 A=1]-1 10 25011 —|—§—2 1 -1
1 01 011 2 -1 1
1 1
AL + 2)* + 5 (2x —y + z)?
[7] Express the quadratic form
2x* — 2xy + y* + 2yz + 22°
as a sum of squares of othogonal linear forms.
2 -1 0 1 01 1 -1 -1
A=0,2,3 A=[-1 11({=]1000+|-1 1 1
0O 1 2 1 01 -1 1 1
x+2?*+ (x —y — z)?
[8] Express the quadratic form
—x* + 2xy — 2y* — 2yz — 22
as a sum of squares of othogonal linear forms.
-1 1 O 1 1 -2 -1 1 1 01
A=-3,—-1,0 A = 1 -2 1| = —5 -2 4 2 — 5 000
0 -1 -1 -1 2 1 1 01
1 1
—i(x—Zy - z)? — i(x—i-z)z
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