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Final Exam
Linear Algebra, Dave Bayer, December 17-23, 2020

[1] Find an orthogonal basis for R* that includes the vector (1,0,0,1).
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[2] Find a system of equations having as solution set the image of the following map from R? to R*.

w 0o 2 2
x| |1 0 ]|’
y| T | -1 -2 -1 i
z 0 —2 -2
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[3] Let V be the subspace of R* defined by the system of equations

0:00, i} :] - |1
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Find the 4 x 4 matrix A that projects R* orthogonally onto V.
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[4] Find A™ where A is the matrix
0 3
=03
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[5] Find et where A is the matrix
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[6] Solve the differential equation y’ = Ay where
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[7] Express the quadratic form
3x% + 3y* + 2xz — 2yz + 27

as a sum of squares of orthogonal linear forms.
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[8] Let f(n) be the determinant of the n x n matrix in the sequence

3 1 0 0O
3 1 310 (5; ; (1) g 0 3 1 00
1 [3] {03} 031 4 031 —4 0 310
—4 0 3 0 -4 031
1 3 q 0 —403 0 0 —4 0 3
3 59
For example, f(4) = 57 and f(5) = 135. 125

Find a recurrence relation for f(n).
Using Jordan canonical form, solve this recurrence relation to find a closed form formula for f(n).

f(0)=1, f(1)=3, f(2)=9, f(n) =3fn—1) —4f(n—3)

f(3) 30 —47[f(2 f(n+2) 30 —47"[f(2)
f2) =110 o] |f1) fn+1) | =1 0 0 (1)
f(1) 01 0]]fo0 f(n) 01 0 £(0)
[ ] 30 —471"T9 ) g 1
fn) = [0 0 1]|1 0 O 3| = = (=)™ 4+ =2™ + 2n-
o1 of |1 9 9 3
f(4) = é(—l)‘* + gz‘* + 24-23 = (1+8-16+12-4-8)/9 = (1+128+384)/9 = 57
f(5) = é(—1)5 + 225 + %5-2‘* = (—1+8-32+12-5-16)/9 = (—1+256+960)/9 = 135
1 ) 3\ 3\
P35 43 31 34
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Y403 Y403 4403 4403
3 f(n-v) -4 f(n-3)
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n 10 | 2 3 4 5

g1 3 9 23 5 35
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