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EXERCISE SHEET 11

Cauchy’s theorem

Exercise 1. Find a group G and a number d dividing #G such that G has no element of order
d.

Exercise 2. Let G be a group and a € G. Recall that C(a) is the centralizer of A (see HW 6,
Exercise 4).

(a) Prove that for all z € G, C(zaz™!) = 2C(a)z~ 1.

(b) More generally, prove that if ¢ is an automorphism of G, then C(¢(a)) = ¢(C(a)).

Exercise 3. Let G be a group, and H < G. We define the normalizer of H in G as
NH)={2€G | tHz ' =H}.

Prove the following statements:

(a) N(H) <G.
(b) HC N(H).
(¢c) H< N(H).
(d)
(e) Vo € G, N(zHz™ ') =aN(H)z~ .

H<Ge NH) =G.

Exercise 4. Let G be a group with subgroups A, B such that (#A,#B) = 1. Prove that

#AB = #A - #B.

Exercise 5.
(a) Prove that a group of order 99 has a nontrivial normal subgroup.
(b) Prove that a group of order 42 has a nontrivial normal subgroup.

(c¢) Prove that a group of order 42 has a nontrivial normal subgroup of order 21.

Exercise 6. Classify all the groups of order 55.



