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Review

Recall A modular form f of weight
2k is a

function f it satisfying

f z cz d f Etf
for Sla 8

We ask for holomorphicity in 1H and at as

ia

f exit f z

mero at Z cs 9 0

well defined because of action byT

If zero at co called cusptom

IMPI.fi f ine EEn is a

modular form of weight 2k NOT a casp form

GuCo 23 2k



We can use this to construct a cusp form

get6062
9 14063

Δ 923 2793

Easy to see weight 12 0 at co

We use up f to
denote order of f at p 70 if

rootsaoifpole

IFYET.imnote by Un the e vector space of

modular forms of weight 2k Let ME be the v s

f cusp forms of weight 2k
Then

Ker f f co Mi

so
dim Mu Mri dim Im frfCo 1

RankNullity



For K 2 Gu is a non cusp member of Mr so

Mn ME Gr 22 2

79THhave an 0 for kao n 1
ii For U K 5 dimMar 1 with basis

GaGs Ga Gs and Mi O

iii Mult by Δ defines an iso of Mao ontoMu

Food Take ft Mu f 0 Recall from last time

Vaff Vi f Jvp f EfiVp f

All termson LHS are 0 Gueare dealing with modforms

80 k 0 and k 1 since cannot be written in theform

nt t for u n n 0 Proves i

Applying to f an k 2 only works if

0 20 3 1 20



So VpGa 1 VpGa 0 elsewhere Similarly for Gs

ViG3 1 0 elsewhere

Then

Δ 923 27932

is not identically 0 Since weight Δ 12 Vos D 21

implies VpΔ 0 for pts Volo 1

That is Δ does not vanish on AI and has simpleZero

too

If feme g f Δ is weight 2k 12 and

Vp g Vplf v D v PEs

0 ge Mr 6 Similarly if geMu o gΔEMr

Troves iii

iii gives aimMri dimino 0 so

dim Mr 1 Then notice 1Ga GgEMo Ma Ms Proves i



Corollary

dim Mu if hitThe fork O

Proof Clear since Mu Me Gu so dim Mu dim Mutt

Induct

Corollary

The space Un has
basis

allweightR

GIG 22 3β K

Proof Clear for k 3 since set only has Ielt

For k 4 pick one such Xp Take

g GIG

nota cusp form For fella turn into cusp formvia

f 9g

By Thm 4 iii f 7g oh for LeMu 6

By inductive hyp



By hy

h Epa CapG G

so

A GIG Efa 923 2793 CapGG

Now why is GIG a lin indep set

If
Caph G's 0

her divide through by some GIGS term

Ken everything is weightzero

CapG G 0

with 22 3ps so this is a polynomial

f Oweight mod form 1 But this poly

can only be 0 at finitelymany values its roots

Since is hot this means it is constant

Clearly not true 0atp



Secs 3
Consider

j 17289

weight0

Proffiffs a modular fin of weight 0

b It is hot inH1 simplepole at
a

c z j z HG is a bijection

clear

b clear Δ is 0 on H O at co 923 0atos

c

Surjective consider weight 12 mod form

falz 1728g 2
3 I Δ z

not identically 0 By
at 1



for fa so f can only be zero at
1 pt in

H1 G Thus at this zero I

j e Eggs A

injectivity Only one zero

ALFIE'a mero in on H1 These are equivalent

i f is a mod fn of weight 0

ii f is a quotient of 2 mod forms ofsameweight

iii f is a rational fn ofj

Poof

iii ii i clear

i I let f be a mod for We can get

rid of pole at co via g of

Since weight g 12h it is a lin comb of GIG

with 22 3β Gn



W β

If is enough to show one of these satisfies iii

Since 24 3β Gn p
are integers and so

f 91,11

But Δ 923 2793

E Far
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