
My notes 25
.
9 .

25.

Zaroes and poles of a modular function

Reall

What it means for two points 2
. 2'ED to be congrent modulo C

Re(2) = +and z = 21 + 1 or 121 = 1 and = -1

-

#
a + bi = 2 St. 121 =

that at

& meromorphic on H
,

not identically zero PEIH

Integer n St
. f/czpi is holomorphic + non-zero at p is called the order of fat p.

ordpf = up(t)

f is a modular function of weight 21

Identity :

f(2l : (c2+dif
up(f) = vypSt) if ge C

g
= (42) + 62 S((7) C

,
d both can't he zeo because otherwise not part of Sh(TL)

yz= fi = 0 f : 0 fin :of : -

up(f) depends only on inuse of pin IH/6 is another way to put it

Sidebaris weakly modular function

f(ut) = f(2) f) -Yz) = 2 +(2)

The possible to express f as a function of g = e2
: 2

which we call I 9 servs

Meromorphic on
1911) without the center

IfF extends to meromorphic function at origin ,

the fis meromorphic at Infinity.

I has lawat expansion in a mighborhood of the origin Hill= -

an are zero who n is small finite negative power terms

modular if this holds
.

f(x) : F(0)



Long winded way of saying we can define west as order of go for Ecyl
W

ep-order of stabilizers of the point p

ep = 2 if p is Congrant modulo 6 to i

ep = 3 If p is congruent module 6 to p

ep = 1 otherwise

The
flu a modular function weight 2K not identially new

Vo(t)+ tvp=
Y
orbits in the quotht

Another way to express :

v (H) + tvi(H) + + vp(t) +Cu() = t

& devotes Sum over points in IH/6 distinct from :
. p

Intuition for finiteuss :

a
= e2tinz = x+iy

191 = e-2y E 10
.

11 Since upper Half Plan

#fatiloga) if fiz = flzl

↑ meromorphic at a = 0
- zeros/poles can only occur at a = 0 or at isolated nonzero points

choose r very small so that I has no zeros or pols on
O < 191

191 <r2) eith cr <y < E log
f has

no zeros or poles whe Imbil2logt except possibly at the cusp we can write

it like this

Look attruncated domain Dr = D13Fnz logt3 This is compact

f multiph zeros -zeros : o holomorphic on UC (

identify thoum imples y = 0 on Component contains

iv
limit point. If g #0 wordp the is# ↑ Taylor Sens polynomial y (2) = 32-pla UC2) hipto

L

W Poles : pole at phews by is holomorphic map

zeros and poles of muromorphic function On a Riemann Surface are isolated

and vanishes at p.
Since 2000s are isolated,

Isolated set inside a compact sot gives a finite set poles an isolated

Thus , combining with the rest
,

the are only finitely many zeros and poss off in fundamental domain

sidbr: f has 200 ordern at a Mara : fil : Craigs glas to holonorphia

I: I simple pole at a with reside m
.

me could be negate.



Proving Valence Formula :

Want to integrate at d on boundary of D

Why ? Suppose has no zero or pole on the bounday of Dexcept 1
. 0 , -5

por
,

2000 oth the.

- I I

Next : G = 222 turns EA into a circle w Center of a
= 0 With opposite orientation

with no zoros or pols except ata = 0

A

3= o

Taking integralt &f on circle containing arc BB' oriented negatively is - upl.

When radius +>0 -> so -t

For CC'DD'
al

↓
iii C * +- V : (H)

D'

iii --GrpSH
D

T turns AB into ED f(Ti) = f(2l
B D'

=
S turns B'C outo DC f/S2) : 22 "faul f(Sal = 22f(2) df(S2l : 2k2

*"f(z)d2 + 2
**

df(2)

= 2nd +d Since s" reverses direction
-L C

C

S So=
What if them is a zero or pole on bounding

21 Re(2) = - E Im(2) >

1At
Going back to g-series

f(u) = F(q) =E and

If go = 0
,

f is a cusp form - it vanishes at the cusp



If + :1 surpform ,
UDH

Soup

#sticSeriEd holomorphic Eisenstintorus for working with a-expansion

Exp(2) = 1 -Gui El:
Bik = 24th Bernoulli number

Eck- =Edi

What is an elliptic point ?

non trivial stabilizer

I then is sowe element in SLeST1) that stabilizes it other than 1
.

For T(1)
,

i
, p

f(z) = ((2 +d)
-

2 f(z)

if (2 +d)
- "

#1
, f(z)= 0

-21

if (32t2) = 1
,

then fliol is nonzero

u
root of unity

congrance tests to determine what the value formulas am

Discriminat

Oh= 11-gi discriment of characteristi polynomial of pr = up3-yep-g
Weight 12 casp form

Volt) = 1
,

no other interior zeros


