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Dowbly Periodic Functions

Have Sonn Lattice &on K

A meromorphic function f(2) on K is doubly periodic ul respect to

if f(z + wl = f(2) we I
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how constant doubly periodic function has at least two poles (by degree

If

Holomorphic :

founded in a cload parallelogram by compactness

↳ exterds to K by periodicity

floos ,

Constant by Lionville's The

One pole of degree one :

Res p(f) = 0 Contradiction #

Simple pole
has non zero reside

What about a single pole but of higher order ?

CierstrassP-Function

We want to create some dowby parodic functions

How ?
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Easy who 6 is finite :

say 6 acts on S want some function invariat under 6.

Say we
have hist I

Construct (s)=Ehlgs

look at fly's) =Ephes
= fis) Every inverent function is of this form

What if not finite ?

need fis) =Ehiysh
to converse (absolute) (for unconditional converseal (failur of holomorphy

no Candy

On Compact sits Integral (

for S Riemann surface
,

he holomorphic
,

need unifice converse" for - to be holomorphic

Why : Iden from Neverstress Than which says that rouiform converse is needed on holomithic

Of Couns from Lanchy's formula
,

wed uniform to sup 2 with S.

Lets say Y(2) is a holomorphic function on T

# (2) =El
Let's assume that as 121 -& Y(2) +to fast enouch that 121 absolutely converges for I when

e(g2) isn't a pole .



So #(2) is doubly periodic wit

Going back to

& ord(t) = 0 & Res(H = 0

Intuitively ,
Simplest now constant doubly periodi function

is on with a double point at some point inX and nowher else

Let us look at f(z) which satisfies all of these conditions

The f(2)-fl-2) would be a doubly periodic fruction

with simple poss at the points in & if Rep+O .

(This come from Laurent Expansion

We showedcarlor that a now constant doubly prodic function cannot have just our pole of degree on

Thus this is constant
.

And by definition it is odd (f12) = -full so it must be identically zero.

So f is even.

So we can do somethy of the sort f(x) = t + 0(22) near z = 0 for normalization.

&++ do fanta

odd terms vanish .

Constant terms irrelevant because iff is valid
,

so is f +

This is a uniqu form

However summing over to wes sai this diverses

What we can do is subtract the n dependence to force conversace

p(z) = t +Esoas t

This lacks intuition .

Better way to do it is take the derivation

(2
- ) =22.

p' 12 19) = -1
.
Exactop which lands back to the original form.

pl is odd which forces p to be even
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If [Pi = [Q
;

mod + the then exists a doubly periodic function fizs

when its poles are P; and zeros are Q and f(i) is unique up to multiplication.
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weierstrass Sigma function (rather complicated look it up on wikipedia)
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Another Proof via RiemannRock

Sidefangent :

Quotient of C by lattices

T is a lattica in
[

Then un can make (14 a Rieman space

C
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Pic + /9

(V
,
p"(u)



Li" -> ( ((x
, 2) = Xw

,
+ you

((x2) = 9 so

IR" /722 =C /9

and IR2/72 =S'X s

Why came ?

C/9 is a Rieman surface genus

(mod2)

z -> (p(z) , p'(z))

creates a biholomorphism

from C/4 to fuld of doubly perodic functions ((p(21 . p())EK(x) / y2-4x* -yex +y

↑-
Eisensteins


