
Algebraic Geometry Bootcamp

WhatisAgebra Geometre is the study of varieties, which are the zero-locus

of some set of polynomials VIn highschool algebra, we think of this y=x2

zegiven XweaeventHasdependento variabla ta I-perspective - this ↓Webset of 12, cut out** by F(x
,4) = 0

,
for +(x

,y:=y-y

From now on
,
will work over some fixed fieldKo

↓ef:VCAu:= ko" is an (affine algebraic) variety jover ko) if Ef, ...
-

, fo

Eko[Xy .. .
.

., Xn] S.
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. V= Eac/Avlf, (a)=... = fu(a) =03

Fact : There is a natural topology on Anocalledthezoviskitopology
we

a b-

even if Rotalk about "connected " varieties

zaviski topology,V (Ax closed-V a variety

#arning): (Zarisk) connected isn't the same as real connected

#detdoes
it foris
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Now
,
let's examine X some connected variety over Ko . In geometry for really math in

generaitisoften easiertostuythesonsomegeometricobject
ratherthan

a
a

variety, called regular functions.

Befif :Vo isregular if its the restriction of a polynomial In f :Ano ->Do



We call OCV :=regular frs on VJ Vs coordinate ring
. Because this

is aviny, we can use algebraic tool on it!

act:Ringshaveanotionofdimensionwhichcorrespondstothe
manis

Def For a variety X, we say dim (X)= him OCX= trdeg.

FracO(X)/Ko
A
contrivial-proved in Comm

Alg last class (requires a half sem

of comm aly)Why do we use this definition?

If Do aly closed
,

this dimension= length of chain of irred subvarities (ie a surface

containsacurrecontains
but this lets us tak about dimensa

quickly see that affineAG
, you'llWarningsetanthatmandetespecifirese

Det : An algebraic curve is an algebraic variety of dim

Eat:The zero locus of anyynomial in Ar is an alycurve
ai 3

h (thm7.
S in Milne) : Every cpt Riemann Surface X has a unique

Structure of a complete, nonsingular algebraic curve

↑ for a plane curve cut out by f, nonsingularESFceX,Think of thisas
some "cptness' condition - *(c)
Pretty muchNOattinecreate

Ridea Because we've lost so much generality, this proot is hard to

describebut aweraymedisderibetopology,andregularusoa

C
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Back to X.

(N) !
Because X

.
(N) a cpt RS

, by thm 71 a Kalg-curve structure for

X(N)
,
which we'll call Xo(Ne . By construct

,
we know what PHI fas on Xo(N)

,
are

- ((i(z)
,
iCNz)- thisactually.characterizes Xo (N), among

aplete housing carves

over $
, Since the theorem tells us such a curve is unique.

By Yiton's last Lectura
,

we know a curve / this field of off functions-

Y·TheCavedefineby wthemim integercoffeea
<plate nonsingular curve whose cord fas X

,y satisfy Fr(x,4)=0.

This is

· Keplote aly curve over Q liedsfined by a poly/ coefficientis- by uniqueness this

is isom to XoCN)c ,
all that sleft is to describe thissom [EXoWik

,
then will call

[ = Yo(N)a, our Canonical model of XoCN) over Q . We have a unique isom

making (x1g) on [correspond to (jc, jCNz)) on Xo[Nc (since both satisfy this minimal poly

D# so this is what establishes our isome
.


