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Parabolic nonlinear path-dependent PDEs

Let Q = {w € C°([0, T],RY),wp = 0}, B canonical process, ® the
corresponding filtration

Our objective : wellposedness theory for the equation :

{ — dwu— F(.,u, &,u,é)wwu)}(t,w) =0 for t< T, wel
u(T,w) = g(w)

where g(w) = g((ws)s<7) and F(t,w,y,z,7) is F—prog. meas.
map :

F:O,T]xQxRxRYx8 — R

and the unknown process u(t,w) is prog. meas. Pk
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Time and space derivatives

e Time derivative introduced by Dupire :

u(t + hywen)) — u(t,w)
h

Oru(t,w) := Ai{‘no if exists

e Space derivatives : u(t,w) € C12 if there exist continuous
process, denoted O, u, d,,u, such that 1td’s formula holds :

du = 8tudt—|—%8wwud(8>+8wd8 (...)

Remark If 0;u,d,u, d,,u in Dupire sense exist and continuous
bounded, then I1té6's formula holds true lﬂ
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Example : Backward SDE

Find F—progressively measurable processes (Y, Z) such that :
T T
Ye = g —/ f(s,w, Ys, Zs)ds +/ ZsdBs
t t

Pardoux and Peng 1990 : f Lipschitz, E fOT |£:(0,0)|?dt < oo, the
is a unique solution (Y, Z) in the space

T
|Y]ls2 :=E sup |Y:|* <oo and |Y|m:=E / | Z:|?dt < o0
t<T t
If Y(t,w) € C2, then Z; =9, Y; and

8tY+%awa:—f(-;YaawY) and Y(T7):g
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Example 2 : Second order BSDE

ePcP:={P°:0<0<7}:dWS =0, dB; is a P’-Brownian
motion and W and B induce the same P?-augmented filtration.

e Second order BSDE (Cheridito-Soner-T.-Victoir 07,
Soner-T.-Zhang 11) :

de_- = —f(t,w, Yt7 Zt,O'%)dt + thBt — th, YT = g(W),
P?-a.s. for all o.
o When f =0, Y is a G-martingale (Peng 06)
o If Y(t,w) € C?, then Z; = 0, Y+, and
BeY + F(t,w, Y, 0,Y,80,Y) =0, Y(T,)=g
F(t.w,7,2.9) = sWhpcocs {3021 + b0y 2,07}
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A larger class of fully nonlinear PPDEs

e Dynamic programming equation for a non-Markov stochastic
control problem

e Dynamic programming equations for non-Markov differential
games

Not accessible from the existing 2BSDE results
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Example 3 : Backward Stochastic PDE

e BSPDE :
du(t, x,w) = —f(t, x,w, u,Oxu, Oxxu, B3, 0xf)dt + B(t, x,w)dB;
e Functional Itd's formula :
du(t,x,w) = (Oru + %&M u)dt + 0,,udB;
Then 8 = O, u, Bx = Oxwu, and we arrive at the PPDE :
Oru + %QMU + f(t, x,w, u,Oxu, Oxx, Oyu, Ox,u) = 0.
Our approach allows to handle General mixed PPDE :
Oru + F(t, x,w, u, Oxu, Oy, Oxxcld, Oxey Uy Opytt) = 0

u(T,x,w) = g(x,w). ﬂ
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Applications of BSPDEs

e Solving non-Markov FBSDEs by the method of decoupling field
(Zhang 06, Ma-Yin-Zhang 10, Ma-Wu-Zhang-Zhang 10)

e Control of Stochastic PDEs
e Rate function for a large deviation problem (Ma-T.-Zhang)
1
Oru — 5‘8wu + &ma(t,x,w)}2 =0,u(T,x,w) = g(x,w)

(Path-dependent Eikonal equation)
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Why viscosity solutions of PPDEs

We want to adapt the theory of viscosity solutions to the
present case

e To obtain wellposedness for a larger class of equations
e Powerful stability result
e Easy!

Main difficulty : the paths space Q is not locally compact
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Recall standard viscosity solutions

f(x,y,z,7) nondecreasing in . Consider the PDE :

(E) {—f(,v,Dv,D?*v)}(x)=0, x€ O (open subset of R9)

Exercise For v € C2(0), the following are equivalent :
(i) v is a supersolution of (E)
(i) For all (xp,¢) € O x C?(O) :

(¢ = v)(x0) =max(é —v) = {—F(,v,D0,D*)}(x0) >0
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Intuition from consistency with classical solutions (1)

Since v(t, x) is a classical supersolution :

0 < { —Ov — F(., v, Dv, D2v)}(to./ X0)
= {—0:p—F(.,v,Dp,D*¢)}(to, x0)
(810 = V) +F() D(6 = V) +F,() DX(6 = v) ) (10, %0)
=0 =0 <0
< {—0wp—F(.,v,Dp,D*¢)}(to, x0)

by £, > 0, the first and second order conditions for
(0 — v)(x0) = maxp(¢p — v)
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Intuition from consistency with classical solutions (2)

Since u(t,w) is a classical supersolution :
0 < { — Oru— F(.,u,0,u, &,Mu)}(to./wo)
= { — Orp — F(.yu, 0, &anp)}(to,wo)
+ (0¢(p — u) + F2(-..)0u (0 — u) 4+ Fy(-..)0uw(p — 1)) (o, wo)
::R(to,wo);) Needed
{ — Orp — F(.yu, 0, 8ww<p)}(to,wo)

IN
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Intuition from consistency with classical solutions (2)

Since u(t,w) is a classical supersolution :
0 < { — Oru— F(.,u,0,u, &,Mu)}(to./wo)

= { - 8t§0 - F(7 Uvawlﬁﬂ auw@)}(thWO)
+ (0e(p — u) + F2(--)0u (0 — u) + Fy () 8uw( — u))(to, wo)

::R(to,UJo);) Needed
S { —8t§0—F(.7U,aw(,9,8ww§0)}(to,WO)

Remark d(y¢ — u)(to,wo) = R(to,wo)dt + Ou(p — u)(to, wo)dB,

P—a.s.
where P is the probability measure on Q under which

A

dB; = Grdt + BedWe, G = Fp(...), Bi=1/2F,(...)

W is a P—Brownian motion
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Intuition from consistency with classical solutions (3)

So we want

N

d(¢ — u)(to,wo) = R(to,wo)dt + d,(¢ — u)(to,wo)dB, P —as.
—_————

<0

i.e. ¢ — u P—supermartingale locally to the right of (to, wo)

e No control on P, so assuming F is Lo—Lipschitz

Choose ¢ s.t. ¢ —u P*? — supermart. locally (to+, wo)
for all |al,|38%| < Lo

Hence, for some stopping time h > tg :

o, 3
(o —u)(to,w) = sup supE""" [(p — u)rnp]
7 stop. . Pk
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Canonical space and continuity of random fields

Q:={we ([0, T],RY) : wo =0} and A := [0, T] x Q
B : canonical process, F the corresponding filtration

|wl|e == SUPg<s<t |ws|

Definiton An F-prog. meas. process u: A — R is in USC(A) if u is
right continuous in t, and there exists a modulus of continuity
function p s.t.

u(t,w) — u(t',w') < p(t' — t+ |lwen— wiup |[7) whenever t <t/

ue LSC(N) if —u e USC(N) ﬂ
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Capacity and nonlinear expectations

e[ >0, P, : set of prob. meas. P on Q s.t.
| <L, 0<p <V2LIly, dB:=prdW?E + oldt, P-as.

for some F—prog. meas. processes ol , 37, and some d-dimensional
P-Brownian motion W

* P :=Ui0PL
e For ¢ € LY(Fr,PL), define the nonlinear expectation :

€'l = sup E*[e] and £'(e] = inf EF = ~&'-¢]

PeP,
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Differentiability of processes

e For u € CO(A), the right time-derivative is defined by Dupire :

i 1
deu(t,w) = h_JBT»oE[U(tJF h,w.ae) — u(t,w)}, t<T
Oru(T,w) = t<|7i_n’t1TT8tu(t,w)

whenever the limits exist

e uc CL2(N)if ue CON), ru € CO(A), and there exist
dou € CON,RY), d,uu € CO(A,S?) such that for all P € P :

1
dut = 8tutdt + awut . dBt -+ anwut . d < B>7 P-a.s.

t

O, u and O, u, if exist, are unique 'ﬂ
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Optimal stopping under nonlinear expectation

e For X bounded prog. meas. define for (t,w) € A :

SeXI(w) = sup & [X7], and SHX](w) = ~Se[-X(w)

Theorem
Let X € USCp(N), h € H, and define

W o= gL[X./\h] and 7" :=hAinf{t:Y; =X}

: =L .
Then Y.« = X«, Y is an & —supermartingale, and an

&"-martingale on [0, 7*].
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Nonlinearity

Given a generator F: A x R x R? x S? — R, consider :
Lu(t,w) = —0ru(t,w) — F(t,w, u(t,w), dpu(t,w), Ou,u(t,w))
Want to solve :

Lu(t,w) = 0, 0<t< T, we
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Main assumptions

Assumption F1 F(t,w,y, z,v) nondecreasing in -y and satisfies :
(i) F(-,y,z,7) is F-prog. meas., and ||F(-,0,0,0)||c < 00.
(ii) F is uniformly continuous in w

(iii) F is uniformly Lipschitz in (y, z,7)
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Smooth test processes

Au(t,w)i={pe CH(N): Th € MY, (p=u™)e(0)=SE[(p—u™) ] |

%u(t,w)::{goe CM2(N): T h € HE, (o—ut*)(0)=S, [(ap—ut"”‘),Ah}}
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Definition

Definition u € USCp(A) (resp. LSC,(N)) :
e u viscosity L-subsolution (resp. L-supersolution) of PPDE if :

—0¢0¢(0) — F(t,w, u(t,w), Opr(0), uwpe(0)) < (resp. >) 0
for all (t,w) € [0,T)x Qand p € ALu(t,w) (resp. p € IlLu(t,w))
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Definition

Definition u € USCp(A) (resp. LSC,(N)) :
e u viscosity L-subsolution (resp. L-supersolution) of PPDE if :

—0¢0¢(0) — F(t,w, u(t,w), Opr(0), uwpe(0)) < (resp. >) 0
for all (t,w) € [0,T)x Qand p € ALu(t,w) (resp. p € IlLu(t,w))

e u viscosity subsolution (resp. supersolution) of PPDE if 3 L > 0
s.t. u is viscosity L-subsolution (resp. L-supersolution) of PPDE
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Definition

Definition u € USCp(A) (resp. LSC,(N)) :
e u viscosity L-subsolution (resp. L-supersolution) of PPDE if :

—0¢0¢(0) — F(t,w, u(t,w), Opr(0), uwpe(0)) < (resp. >) 0
for all (t,w) € [0,T)x Qand p € ALu(t,w) (resp. p € IlLu(t,w))

e u viscosity subsolution (resp. supersolution) of PPDE if 3 L > 0
s.t. u is viscosity L-subsolution (resp. L-supersolution) of PPDE

e u is a viscosity solution of PPDE if it is both a viscosity
subsolution and a viscosity supersolution

Nizar TOUZI Viscosity Solutions of PPDEs



PPDE in Q
Definition of viscosity solutions

Fully nonlinear path dependent PDE Hick (e

Remarks

e In the definition of Au(t,w) and Au(t,w), we may restrict
attention the those ¢ such that (¢ — u*“):(0) =0

e "min" and “Eax" can be further localized in the definition of
Au(t,w) and Au(t,w), i.e. we may use

H. = HA(t+e)Ainf{s>t:|Bf| > ¢}

e "min" and "max" in the definition of Au(t,w) and Au(t,w) can
be taken to be strict

e Change of variable
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Consistency with classical solutions

Let Assumption F1 hold and u € C; 2(A). Then the following
assertions are equivalent :

@ u classical solution (resp. subsolution, supersolution) of PPDE

@ u viscosity solution (resp. subsolution, supersolution) of PPDE
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Stability

Let (F¢,e > 0) be a family of coefficients
e satisfying Assumptions F uniformly,
@ F¢* — F ase — 0.

For fixed L > 0, let (u®)z>0 be such that

@ u° is viscosity L—subsolution (resp. L—supersolution) of PPDE
with coefficients F¢, for all ¢ > 0,

@ u® — u, uniformly in A.

Then u is a viscosity L—subsolution (resp. supersolution) of PPDE
with coefficient F.
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Partial comparison

Let Assumption F1 hold. Let
o u! be a bounded viscosity subsolution of PPDE,
o u? a bounded viscosity supersolution of PPDE,
o u}(T,) < u¥(T,).
Assume further that either u* or u® is in C12(N). Then

ulgu2 on A
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Terminal condition

Assumption G g is bounded and uniformly continuous in w
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Freezing w in the generator

e Define the deterministic function on [t, T] x R x RY x S :

s, y,z,7) = F(sAT,wnt,¥,2,7)

e Consider the standard PDE :

Liy = —9,v— f"(s,v,Dv,D?v) = 0, (t,x)¢€ O;"
where
o7 = [t,(14+nT)x{xecR:|x|<e}, e>0,7>0
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Additional Assumption on the generator

Assumption F2 For any small £ > 0,7 > 0 and any (t,w) € A,
PDE is wellposed in the following sense :
(i) Comparison principle : for any viscosity subsolution
vl € C%(O;™") and viscosity supersolution v € CO(O;"), if
vl <v2on 90;", then v < v2in O;".
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Additional Assumption on the generator

Assumption F2 For any small £ > 0,7 > 0 and any (t,w) € A,
PDE is wellposed in the following sense :

(i) Comparison principle : for any viscosity subsolution
vl € C°(O;") and viscosity supersolution v € CO(O;™"), if
vl <v2on 90;", then v < v2in O;".

(i) Peron’s approach : given a continuous function h: 907" — R,
the PDE with boundary condition h has a unique viscosity
solution v and it satisfies v = v = v, where

v(s,x) := inf{qﬁ(s,x): € CH2(0:™M), LE¢ > 0in O;", ¢ > hon 60?’77}

v(s,x) = sup{w(s,x): ¢ CL2(07M), Lh1h < 0in 07", ¢ < hon OOf’”}
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The main results

Theorem (Comparison)

Under Assumptions F1, F2 and G, let u' and u? be such that :

o u' is a bounded viscosity subsolution of PPDE

o u? is a bounded viscosity supersolution of PPDE
o ul(T,)<g<u?(T,)

Then u! < u? on A.
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The main results

Theorem (Comparison)

Under Assumptions F1, F2 and G, let u' and u? be such that :
o u' is a bounded viscosity subsolution of PPDE
o u? is a bounded viscosity supersolution of PPDE
o ul(T,)<g<u?(T,)

Then u! < u? on A.

Theorem (Existence)

Under Assumptions F1, F2 and G, the PPDE with terminal
condition g admits a unique bounded viscosity solution u € CO(N).
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Strategy of proof (1)

Follow Peron's approach defining

u(t,w) = inf {go(t, 0):p€ 5(t,w)},
u(t,w) = sup{go(t,O) T € Q(t,w)},

D(t,w) =3¢ e CH3(A): (Lp)s¥ >0, se[t, T] and p7 > gt¥
D(t,w) = ¢ € CL2(NY): (Lp)s* <0, s€[t, T]and o7 < g
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Strategy of proof (2)

Proposition 1 T (resp. u) is a viscosity Lo-supersolution (resp.
Lo-subsolution) of PPDE with terminal condition g.

Proposition 2 1 =u

Proof of wellposedness

@ Propositions 1 and 2 imply that u = T is a viscosity solution of
PPDE with terminal condition g.

@ By partial comparison, we have u! < @7 and u < u?. Then
Proposition 2 implies u! < u?.
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