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Abstract

Akira Sakai has shown that a lace expansion exists for critical Ising
and scalar go* lattice models and used it to prove that

(@atpp) ~ |a_c(1j)d_2

for d > 5 provided g > 0 is small.

With Tyler Helmuth and Mark Holmes we find a different more
general lace expansion which exists for n-component |¢|* and the
continuous time lattice Edwards model (n = 0). Using it we extend
the results of Sakai to n =0, 1,2 component models.
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Interacting field on A

Loln 140 L, |2
6*(?9“/1\ +5v|¢s| )d(pz

Replace dyy, by efv(“"xv)dcpx.

glo|* model:

|l
V(¢3) = glox|* + vlexl*.

Approximate O(n) model. O(1) is Ising.
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2 point function

expectation

1 1 _ 2
<S03 . 80b>A — ? /R . ©a-Pp € 2(V(p,Vgp) H e V(‘px) dSOX
x€EN

Z = 2(V¢v¢) QDX d -
/Rn/\ € H e ¥

x€eN

(©a - b))~ |Im (Lpa op)"  exists for d > 2.

= inf {v | (¢a - pb)™ summable in b} .
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Let d > 4 and n € {0,1,2}. For g > 0 sufficiently small v > —oco
and at v = v, there exists constant C(g) > 0 such that

C
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Rest of lecture: parts of the proof.
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Let
A V(g2
7, = e 2(VeVe) H e (¢X+2tx)d(px
A
R xEN
Then expectation for random walk X

\ local time 7 = (7x)xen for X
S [anEi)

(1)

for n > 1.
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Kill on first exit from A,

X = XS s < Th,
* s> T/\.

A need not be nearest neighbour.
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During the time interval [s, t] the time X spends at x is

Tls,t],x 3:/ ﬂ{XL,:x} du,
[s1]

Tx = To,0),x

Recall (1).
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Green's functions

Call this G(a, b)

Recall

ZT[OJJ
(o 0) = [ A By | B0y

Gfree(a, b) = /d@ E, [1{X5=b}]

= / dt e="=2)(a, b)

= (~8)"}(a,b),
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Outline of lace expansion

Lace expansion for dummies, Bolthausen, van der Hofstad, Kozma 2016
Hara — v de Hofstad — Slade 2003

(Brydges—Spencer 1985)

Define I s.t.
G=(-A+mL

Equivalent

G = Gfree o Gfreel—l G.

Lace expansion: series representation for 1, terms bounded in
terms of G.
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The bootstrap (works for g < 1)

G < 3Gfree
Let v > vc. < means
Va,b: G(a,b) <

36™%(a, b)

(i) G <3G =

> [N(x,y)| < O(g)lx — y| @2+,

Lace expansion.

> G < 2Gfree_

G=(-a+m?t
and M has O(g)

second moments if
(ii) d> 4
G <3G™e v>>1
forbidden interval (2, 3]
continuity of G(a, b) in v

G < 2Gfree, V> ..
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= LT; Os log zs¢ 1= —0s0¢ log zs ¢

l 0 l
200 = Zg o+ / ds L Zsy + / dS/ dt Is,t Zs g
0 0 s
factored zg o Iterate
\ ) Z
7 7tZt7£ 7 71_-/ /

Zsp = = + (/ dSl/ dt’ Ist ¢ ° dSldtl> Zt g

Ztt s t Zt ¢

20,¢

Apply to /

Zro 4
G(a, b) :/dg Ea ZO’ ]'{Xg:b} .

To get I formula match terms with G = Gfree _ Gfreen1G.
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Comments

» This expansion exists for any positive smooth t — Z;.

» But the bootstrap needs N to be bounded in terms of G.
This may be a rare property.

Zs tZ¢ g t/ .
>z = sz </ ds’ / dt' re v ZS’ ds’dt’) z: 4 is the
tt tt!

main new |dea
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LLace expansion continued

_ ()
na7b - na,b
i>0
5 T
[sj—2,s7]
5 _ J J
¢ )(a, b) = /dS E, Hr[sjfl»sf]z ]lsz:b
j=1 7-[ijz si_4
s S5 s Sa
rso,s{
s5s=5%=0 s1 S S A S =S

rs,t := —0s0: log Zr,

[s:]"
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Lace is bounded by G

NS < 37 T Geoee

x,x’ edges
X Xo X5 Xa
/ ! / /
Xo=Xp=a X1 X5 X3 X, Xs =Xg = b
- G(X> y)
X y

= 16g°G*(x,y) +8g11x—yy



Detail

S1 S S3 Sy
s5=5%=0 51 s 53 s, 5= s
ZT[53»S§]
d55 E 27]1)(55:[3 .7:51/1
[S‘lhoo] 7[53,5;']
ZT n+T
:/ dss E % 7/3‘?5/
[S‘l‘,oo] 7[53151/1]

Markov

= GT[S?NS;/;] (XSA, b)
Griffiths

< G(Xy.b).
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The vertex function
For s < t and 7 — Z., define the random variable

r[s,t] = —8581_» |Og ZT

[s.e]"

Example. For Edwards model (omit v)

Z —e 2o gT[zs»t],X.

T[s,t] -
rS,t = 858t Z gT[2svt]7X
X
=05 ) 2875 1x Lixemx)
X

=- Z 28 Lix,=x}L{x=x}

= —-2g1ix.=x.}> forces a self-intersection.
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Formula that generates lace expansion

Sy Sy

time

GT[s,s’] (X5,7 b) - GO(Xsla b) =

z.
, fs.5, ]
// ds; ds’, E[r[%si]ZiJrGT[s/,sjr] (ngr, b)

Tls,s]

J-"Sf] .



Q>
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