
The Lace expansion for |ϕ|4

Recent developments in Constructive Field Theory

Columbia University

David C. Brydges
Prof. emeritus

Mathematics Department
University of British Columbia

March 13–15, 2018



Abstract

Akira Sakai has shown that a lace expansion exists for critical Ising
and scalar gϕ4 lattice models and used it to prove that

〈ϕaϕb〉 ∼
c(g)

|a− b|d−2

for d > 5 provided g > 0 is small.

With Tyler Helmuth and Mark Holmes we find a different more
general lace expansion which exists for n-component |ϕ|4 and the
continuous time lattice Edwards model (n = 0). Using it we extend
the results of Sakai to n = 0, 1, 2 component models.
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ν < 0, g > 0
Approximate O(n) model. O(1) is Ising.
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Theorem

Let d > 4 and n ∈ {0, 1, 2}. For g > 0 sufficiently small νc > −∞
and at ν = νc there exists constant C (g) > 0 such that

〈ϕa · ϕb〉∞ ∼
C (g)

|b − a|d−2
, as |b − a| → ∞.

The relation ∼ means the ratio of left and right-hand sides tends
to one in the designated limit.

Rest of lecture: parts of the proof.
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Theorem. Symanzik 1969, BFS82, Dynkin 1983

Let

Zt =
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1
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x+2tx )dϕx

Then

〈ϕa · ϕb〉 =
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∫ ∞

0
d` Ea

[
Zτ
Z0
1{X`=b}

]
(1)

for n ≥ 1.

expectation for random walk X

local time τ = (τx )x∈Λ for X
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Random walk X

a

Random walk s 7→ X̃s on
Zd .

generator ∆: (ϕ,∆ϕ) = −(∇ϕ,∇ϕ)

X̃0 = a ∈ Λ.

Kill on first exit from Λ,

X s :=

{
X̃s s < TΛ,

∗ s ≥ TΛ.

∆ need not be nearest neighbour.
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Local time

During the time interval [s, t] the time X spends at x is

τ[s,t],x :=

∫

[s,t]
1{Xu=x} du,

τx := τ[0,`),x

Recall (1).
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=

∫
d` e−`(−∆)(a, b)

= (−∆)−1(a, b),

Call this G(a, b)
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Outline of lace expansion

Lace expansion for dummies, Bolthausen, van der Hofstad, Kozma 2016
Hara – v de Hofstad – Slade 2003

(Brydges–Spencer 1985)

Define Π s.t.
G = (−∆ + Π)−1.

Equivalent

G = G free − G freeΠG .

Lace expansion: series representation for Π, terms bounded in
terms of G .
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The bootstrap (works for g � 1)

Let ν > νc . G ≤ 3G free means

∀a, b : G(a, b) ≤

3G free(a, b)

(i) G ≤ 3G free ⇒

I |Π(x , y)| ≤ O(g)|x − y |−3(d−2)+ε ,

I G ≤ 2G free .

Lace expansion.

G = (−∆ + Π)−1

and Π has O(g)

second moments if

d > 4.(ii) 



G ≤ 3G free ν � 1

forbidden interval (2, 3]

continuity of G (a, b) in ν

⇒
G ≤ 2G free, ν ≥ νc .
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Series for Π

z0,` = z`,` +

∫ `

0
ds Ls zs,` +

∫ `

0
ds

∫ `

s
dt rs,t zs,`.

:= − lim
t↓s
∂s log zs,t := −∂s∂t log zs,t

zs,` =
zs,tzt,`
zt,t

+

(∫ `

s
ds ′
∫ `

t
dt ′ rs′,t′

zs,t′

zt,t′
ds ′dt ′

)
zt,`.

factored zs,` Iterate

Apply to

G (a, b) :=

∫
d` Ea

[
Zτ[0,`]

Z0
1{X`=b}

]
.

z0,`

To get Π formula match terms with G = G free − G freeΠG .
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Comments

I This expansion exists for any positive smooth t 7→ Zt .

I But the bootstrap needs Π(i) to be bounded in terms of G .
This may be a rare property.
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Lace expansion continued

Πa,b =
∑

i≥0

Π
(i)
a,b.

Π(5)(a, b) =

∫
ds Ea




5∏

j=1

r[sj−1,s
′
j ]

Zτ [sj−2,s
′
j

]

Zτ [sj−2,s
′
j−1

]

1Xs5 =b




s ′3

s3

s ′1

s1

s2

s ′2

s4

s ′4s ′0 = s0 = 0 s ′5 = s5

rs0,s′1

rs,t := −∂s∂t logZτ[s,t]
.
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Lace is bounded by G

|Π(i)
a,b| ≤

∑

x ,x ′

∏

edges

Gedge

x1 x3 x5 = x ′5 = b

x ′3x2x ′1

x ′2

x4

x ′4x0 = x ′0 = a

x y
= G (x , y)

yx
= 16g 2G 2(x , y) + 8g1{x=y}
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Detail

s ′3

s3

s ′1

s1

s2

s ′2

s4

s ′4s ′0 = s0 = 0 s ′5 = s5

∫

[s′4,∞]
ds5 E

[
Zτ [s3,s

′
5

]

Zτ [s3,s
′
4

]

1Xs5 =b

∣∣∣Fs′4

]

=

∫

[s′4,∞]
ds5 E

[
Zτ [s3,s

′
4

]+τ [s′
4
,s′

5
]

Zτ [s3,s
′
4

]

1Xs5 =b

∣∣∣Fs′4

]

Markov
= Gτ [s3,s

′
4

]
(Xs′4

, b)

Griffiths
≤ G (Xs′4

, b).



The vertex function
For s < t and τ 7→ Zτ , define the random variable

r[s,t] = −∂s∂t logZτ[s,t]
.

Example. For Edwards model (omit ν)

Zτ[s,t]
= e

−
∑

x gτ
2
[s,t],x .

rs,t = ∂s∂t
∑

x

gτ2
[s,t],x

= ∂s
∑

x

2gτ[s,t],x 1{Xt=x}

= −
∑

x

2g 1{Xs=x}1{Xt=x}

= −2g1{Xs=Xt}, forces a self-intersection.
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The vertex function for |ϕ|4

r[s,t] = −∂s∂t logZτ[s,t]
,

Zτ[s,t]
=

∫
e−

1
2 (∇ϕ,∇ϕ)e−

∑
V (ϕ2+2τ[s,t])

2
,
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Formula that generates lace expansion

time

s

s+ s ′+

s ′

Gτ [s,s′](Xs′ , b)− G0(Xs′ , b) =

∫∫
ds+ ds ′+ E

[
r[s+,s′+]

Zτ [s,s′+]

Zτ [s,s′]

Gτ [s′,s′+]
(Xs′+

, b)
∣∣∣Fs′

]
.
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