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Abstract

Heegaard-Floer homology, introduced around the turn of the millennium by P.
Ozsvath and Z. Szabd, employs holomorphic curves to study 3- and 4-dimensional
manifolds. The Heegaard-Floer package assigns to each 3-manifold Y a collection
of abelian groups }/IF(Y), HF*(Y), HF(Y) and HF*(Y); to bordisms of three-
manifolds, Heegaard-Floer homology assigns maps between these groups.

In this thesis, we extend the invariant HF from closed three-manifolds to three-
manifolds with arbitrary connected boundary. We assign to each 2-manifold S
a differential algebra A(S), and to each 3-manifold with boundary parameterized
by S a differential A(S)-module. Our invariants generalize the invariants of knot

complements constructed by Oszvath-Szabé and, independently, J. Rasmussen.
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Chapter 1
Introduction

In [OS04d], P. Ozsvath and Z. Szabéd associated to an oriented 3-manifold Y, to-
gether with a Spin®-structure s on Y, certain chain complexes CF (Y,s), CFH (Y, s),
CF™(Y,s) and CF>(Y,s), well-defined up to chain homotopy equivalence; the ho-
mology of these complexes, denoted ﬁF(Y, s), HET (Y, s), HF~ (Y, s) and HF>(Y, s)
respectively, is called Heegaard-Floer homology. In [OSb], they associate to a
smooth bordism W from Y; to Ys, together with a Spin®-structure t on W, a map
Fw: HF* (Y1, t|y,) — HF*(Ya, t|y,), where x € {A, 4, —, 00}, making the Heegaard-
Floer homology into some kind of “(3+1)-dimensional topological field theory.” The
Heegaard-Floer package also includes invariants of closed 4-manifolds ([OSb]), con-
tact structures ([OS05a]), and knots ([OS04b], [Ras03]); we will discuss the last of
these in somewhat more detail presently.

The Heegaard-Floer homology package contains a great deal of geometric in-
formation. For instance, the Heegaard-Floer groups of a 3-manifold Y detect the
Thurston norm on Hy(Y) ([OS04a]) and whether Y fibers over S ([Nia]), and the
4-manifold invariant, which is believed to be equivalent to the Seiberg-Witten in-
variant, is strong enough to distinguish many smooth structures on 4-manifolds.
Unfortunately, the Heegaard-Floer groups, and the maps between them, remain
hard to compute.

One of the original motivations for Heegaard-Floer homology was to compute the

Seiberg-Witten invariants of closed 4-manifolds by cutting them into simpler pieces
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and then reassembling the invariant of the closed manifold from certain invariants
of the pieces. Similarly, one might hope to compute the Heegaard-Floer homology
of closed 3-manifolds by cutting the closed manifolds into pieces and associating
some invariants to the pieces; these invariants should contain enough information
to reconstruct the Heegaard-Floer homology of the closed manifold, but still be
computable, at least in some interesting examples.

In a special case, this program has already been carried out. In [OS04b] and
[Ras03], Ozsvéath and Szabé and, independently, J. Rasmussen, defined invariants of
a knot K in a homology 3-sphere Y. We will focus on the case of C/ﬁ{(Y, K), which
takes the form of a filtered chain complex, well-defined up to filtered homotopy
equivalence. (This fits into the framework discussed above by viewing ﬁ(Y, K)
as associated to Y \ K, together with a framing of (Y \ K).) In [OSd], Ozsvéath
and Szab¢6 show that the chain complex C/PT{(Y, K) contains enough information to
reconstruct the groups }/IF(YT(K )), where Y,.(K) denotes r-surgery on K (r € Q); in
our language, this can be thought of as gluing a solid torus to 9(Y \ K). Building on
work of E. Eftekhary on longitude Floer homology and MFK of untwisted Whitehead
doubles ([Eft05]), M. Hedden showed in [Hed05] and [Hed] that the knot invariant of
cables on and twisted Whitehead doubles of K can be recovered from C/FT((Y, K).
In our language, this corresponds to gluing a manifold with two torus boundary
components to Y \ K.

The knot invariant C/PT{(Si)’, K) has been computed in many interesting exam-
ples. Indeed, remarkable recent work of C. Manolescu, Ozsvath, and S. Sarkar
([MOS]) provides an algorithm to compute ﬁ(S?’, K) for general K. The surgery
formula of [OSd] is, therefore, a powerful tool for computing Heegaard-Floer groups
of closed manifolds. It is also of use in answering abstract questions about surgeries;
for instance, it can be used to give restrictions on which surgeries on knots yield
Lens spaces ([OS05b]), and restrictions on cosmetic surgeries ([OSd], [Wan]).

In this paper, we present a generalization of (TFT{(Y, K) to manifolds with arbi-
trary connected, oriented boundary. To do so, in chapter 3 we associate a differential
algebra A to each 2-manifold S. Then, in chapter 5, we associate to each 3-manifold
Y with boundary parameterized by S a differential A-module CF(Y"), well-defined
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up to chain homotopy equivalence (over A). We conjecture in Section 8.1 that given
Y1 and Y, with 0Y; = —0Y, = S, one can reconstruct (/JF‘(Yl Ug Y3) from CF(Y]) and
CF(Y3). In the case that Y is the complement of a null-homologous knot, CF(Y)
contains, and is closely related to CFK (Section 8.2); it is not known at present
whether CF(Y') contains more information than CFK in this case.

Our construction falls short of our goals in two ways. The first is that, while
we can compute the invariant CF(Y") in certain cases, it seems to be substantially
harder to compute, in general, than CFK. The second is that, for now, the gluing
conjecture remains merely a conjecture.

Our construction involves studying holomorphic curves in ¥ x [0, 1] x R, where
Y is a special kind of Heegaard diagram, which we call a Heegaard diagram with
boundary, for a manifold with boundary. (In the closed case, this reduces to the
cylindrical formulation of Heegaard-Floer homology given in [Lip].) Rather than
being closed, the surface ¥ has a single puncture, so the space ¥ x [0,1] x R has
two kinds of infinities, 00 (in R) and “east oo” (in X).

At east 0o, holomorphic curves are asymptotic to certain Reeb chords, at certain
heights (in R). The R-coordinate gives a (partial) order on the Reeb chords at east
oo to which a curve is asymptotic; the algebra A keeps track of this partial order. In
codimension 1, the R-coordinates of Reeb chords can come together. Also, a Reeb
chord which is the concatenation of two other Reeb chords can split apart. These
phenomena are recorded in the differential on A.

With the correct definition of A, it is relatively easy to define the Heegaard-Floer
differential module: it is generated, over A, by the obvious analogs of generators
of ordinary Heegaard-Floer homology. The differential counts rigid holomorphic
curves. The asymptotics are tracked by coefficients in 4. One must then prove
that, up to chain homotopy equivalence, the Heegaard-Floer module is independent
of the choice of Heegaard diagram with boundary. This is done in chapters 6 and 7.

We stress that the invariant CF(Y') depends on not just Y but also the pa-
rameterization of Y by a fixed reference surface. (In fact, CF(Y) depends on the
reference surface S only through a Morse function which we pull back from S to

dY.) So, for instance, there are many different invariants associated to a solid torus,
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depending on a choice of framing for the boundary. (This is, of course, the case for
CFK as well, which depends on a choice of meridian for K.) One can not hope
to do much better: to specify a gluing of two 3-manifolds, one needs to specify
an identification of their boundaries; different identifications lead to different glued

manifolds.



Chapter 2

The topology of Heegaard

diagrams with boundary

2.1 Heegaard diagrams for 2-manifolds

Fix a closed, connected, orientable 2-manifold B of genus k. (B stands for “bound-
ary”.) Let f be a self-indexing Morse function on B with unique index 0 and 2
critical points. Let C' denote the circle f~'(1/2), and {bF}?*, denote the 2k de-
scending spheres of index 1 critical points in C. (That is, each by is a pair of points,
which is the intersection of the ascending disk of some index 1 critical point of f
with C.) We will call the data (C, {bi}) a Heegaard diagram for B. Fix also a point
3€C\ (U?il{bzi}) The data (C, {bF},3) is a pointed Heegaard diagram for B.
Note that the basepoint 3 allows us to order the points b;" canonically by starting
at 3 and then reading them off counter-clockwise.

We can recover the original surface B from the data (C, {bF}) as follows. Thicken
C to C'x[0,1]. Attach a 1-handle (thickened interval) to each pair of points b x {1}.
There is a unique way to do this so that the result is an orientable surface (with
boundary). If (C, {bF}) was the Heegaard diagram of some closed orientable surface
then after attaching these handles the result has two boundary components. Cap
each with a disk.

This construction also provides an explicit description for H,(B). Each pair b}
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gives a generator for Hy(B) by gluing the core of the 1-handle corresponding to bijE
with the arc in C\{3} between b=. Alternately, for a pointed Heegaard diagram
we can view H,(B) as being generated by a certain subgroup of H;(C,|J{bF}): the

subgroup generated by arcs connecting b to b; not covering j.

2.2 Morse functions on 3-manifolds with bound-
ary

Fix a 3-manifold with boundary Y and self-indexing Morse function f on Y such
that

1. The restriction (df)|,y) of df to the normal bundle to the boundary is zero.

2. The function f has a unique index 3 critical point. This critical point lies on

JY . It is also the unique index 2 critical point of f|gy.

3. The function f has a unique index 0 critical point. This critical point lies on

Y. It is also the unique index 0 critical point of flgy.
4. Every index 1 critical point of f|sy is an index 2 critical point of f.

Notice that it follows that the gradient flow of f preserves Y, and has no index 1
critical points on Y. There may be more index 2 critical points of f, as well as
index 1 critical points, inside Y. We show in Lemma 2.2.1 below that such an f
always exists.

In this thesis we will first construct invariants of the pair (Y, f|sy) which are
unchanged under deformations of f|sy through Morse functions (as well as any
changes of f in the interior of Y').

We call f71(3/2) the Heegaard surface corresponding to f, and denote it %,
where g is the genus of f~%(3/2). This is a surface with a single boundary component.
Let ay,---,, denote the intersection of the ascending disks of index 1 critical

points of f with g, and f3,---, 3, the intersections of the descending disks of
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index 2 critical points of f with ¥,. Order the 3; so that 3y, -, Ba are arcs and
Boks1, -, B¢ are circles.

From the data (X, & = {ay,- -+ , a4}, B={B, - ,B)}), which we call a Heegaard
diagram with boundary, we can recover (Y,0Y) as follows. Thicken ¥ to ¥ x [0, 1].
Recall (Section 2.1) that (0%, {8; N 0X}) specifies a surface B, which contains by
construction a copy of 93 x [0, 1]. We now plumb together ¥ x [0, 1] and B x [0, 1].
That is, identify a collar neighborhood of 9% C 3 with this 0¥ x [0,1] C B x [0, 1].
Glue a thickened copy B x [0, 1] of B to ¥x [0, 1] by identifying (p, s,r) € 0¥ x [0, 1] x
0,1] € Bx|[0,1] with (p,r,s) € 0¥ x[0,1]x[0,1] C £¥x[0, 1]. Call the result Y. The
arcs 3; x {1} extend to pairwise disjoint simple closed curves j3; in Y by joining them
with the cores of the 1-handles in B. Now glue 2-handles (thickened disks) along
the a; x {0} and the 3;. Call this new space Y;. It is a (topological) manifold with
boundary. The manifold Y; has two boundary components, each homeomorphic
to S2, and one boundary component homeomorphic to B. Fill the S? boundary
components with three-balls. The result is homeomorphic to the original manifold
Y. See Figure 2.2.

Observe that this construction gives a recipe for obtaining the homology of Y

from the Heegaard diagram. That is,

= coker ((®H; (o)) @ (H1(8;)) — Hi(X Uy B))
= ker (&H (o)) ® (®H\(B,)) — Hi(X Uy B))
= coker ((&H:(a;)) ® (@H1(5;)) — H1(X/0%))
= ker (®H1()) & (©H1(5;)) — H1(E/9%))

Note that there are restrictions on which [-curves are possible. In particular, if
there are 2k (-arcs, ¢ (-circles, and g a-circles then 2k + 2¢ = 2¢g. This follows by
considering the closed 3-manifold obtained by doubling Y along dY".

Another restriction is that the images of the S-curves in Hy (X, 0X) are linearly
independent. If they weren’t, in the induced Heegaard diagram for the double

Y Us =Y there would be a linear dependence between the (-circles.
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Figure 2.1: Constructing a manifold with boundary from a bordered Heegaard dia-
gram

That these are the only restrictions is clear, by the doubling construction.

Lemma 2.2.1 Fvery orientable 3-manifold Y with connected boundary admits a

Heegaard diagram with boundary.

Proof One can see this from the Morse-theoretic description as follows. Choose a
Morse function f in a neighborhood of Y with the desired properties; this is clearly
possible. Extend f to a Morse function on Y arbitrarily. We need to eliminate all
index 0 and 3 critical points of f in the interior of Y. Since Y is connected, for each
index 0 critical point a in the interior of Y there is an index 1 critical point b in Y so

that there is a single flow line between a and b. By a standard handle cancellation
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lemma (e.g., [Mil65, Theorem 5.4], one can cancel a against b. Reversing f, the
same argument applies to cancel any excess index 3 critical point d. In this case,
we need to check that the index 2 critical point ¢ used to cancel d is contained in
the interior of Y. This follows from the fact that the ascending sphere of an index

2 critical point of f in dY is contained entirely in Y. U

In Section 2.4 we will discuss how to construct Heegaard diagrams with boundary

in practice.

Lemma 2.2.2 Suppose that fi and fo are Morse functions on'Y inducing Heegaard
diagrams with boundary (X', &, 1) and (32,a2, 3%) for Y, and that the restrictions
of f1 and f> to a collar neighborhood of Y agree. Then (S', @, 3%) and (52, a2, 3%)

are related by a sequence of the following moves.

o [sotopies of the a- and (B-curves, fized near 0%,

Handleslides between a-circles,

Handleslides between (3-circles,

Handleslides of B-arcs over (3-circles,

Stabilizations (taking the connect sum with a standard genus 1 Heegaard dia-

gram for S3) and destabilizations (the inverse operation,).

Further, for given 3* € S\ (a' U 3%), we can assume all stabilizations occur in
the connected component of L2\(a* U 1) containing 3', prior to any isotopies and
handleslides, and all destabilizations occur in the connected component of ¥\ (a* U

3%) containing 32, after all isotopies and handleslides.

Proof The proof, which is standard handle calculus, is the same as the proof of
Proposition 2.2 in [OS04d]. (One might be concerned that handleslides of (-circles
over (3-arcs, whatever that would mean, could be necessary, but this is prohibited
by the fact that the ascending sphere of each index 2 critical point of f in 9Y is

entirely contained in 0Y'.)
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The second part of the statement is clear: performing a stabilization in any
other component of X'\ (&' U ') is the same as performing a stabilization in the
component containing 3! and then a sequence of handleslides, passing a- and 3-
curves over the new handle; similarly, one can trade an isotopy (or handleslide)
followed by a stabilization for a stabilization followed by isotopies and handleslides.
(Compare [OSb, Lemma 2.10].) O

2.3 Notation

-,

We will generally denote a Heegaard diagram with boundary by (X,d, )
where the genus of ¥ is g, @ = {a,---,0,} are g circles, and g =
{81, Bk, Bor1, -+ Bgrr} wWhere By, ---, Bop are arcs and Bopi1,- -, Bgqx are
circles. Let C'= 0% and b = 5 NC. Our Heegaard diagrams will always be pointed,
i.e., come with a choice of distinguished basepoint 3 in int(X) so that 3 can be con-
nected to 9% by an arc in X\ (#U ). We will sometimes think of 3 as a point in I%
(in the same connected component of X\ (& U 3)). The invariants will depend only

-,

on the connected component of ¥\ (& U ) containing 3, not on 3 itself.

2.4 Examples

Figure 2.4 shows a Heegaard diagram with boundary for a solid torus. Note that
if we glue two copies of this Heegaard diagram along their common boundary after
performing a half twist, we obtain a Heegaard diagram for S®.

This is not, in fact, the only genus one Heegaard diagram with boundary for a
solid torus. Others are given by taking the a-circle to be any other essential curve
in the the torus, disjoint from the boundary. See, for example, Figures 5.1 — 5.3.

Another interesting class of examples is knot complements. E. Eftekhary and,
independently, M. Hedden pointed out that a Heegaard diagram with boundary of
S*\ K can be constructed as follows. Let (3, {aq, -+, oz}, {f1, -, B,-1}) denote an
ordinary Heegaard diagram for S®\ K. Let A C X be a longitude of K, and y C ¥ a

meridian of K, and assume that A and p intersect in a single point. Obtain ¥’ from
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Figure 2.2: Heegaard diagram for a solid torus

¥ by deleting a small disk around AN p. Then (3, {ou, -+, a,}, {Br, - Bg=1, A\, p1})
is a Heegaard diagram with boundary for S\ K. (This generalizes in an obvious
way to complements of knots in other manifolds.)

More generally, suppose that one is given a relative handle decomposition of
(Y, 0Y") (with a single 3-handle and no 1-handles). Fix a point ¢ in Y and embedded
simple closed curves in 71(9Y, q) giving a mi-framing for Y and disjoint except at q.
Let ¥y be a surface with genus g(9Y) and fix p € ¥y. Choose simple closed curves
B, Par € m(9Y,q), k = g(9Y), giving a m-framing of ¥, disjoint except at gq.
Then the choice of the §; together with the m;-framing of ¥, identifies 3y with oY
(up to isotopy).

We are given a description of Y by attaching 1- and 2-handles, and a single
3-handle, to dY = ¥,. For each 1-handle, attach a cylinder in the corresponding
way to Yo, and let By.; be a belt circle for the 1-handle (in the cylinder). Call
the result of gluing the cylinders for the 1-handles (X1, 51, -+, Bkem). Next, let oy
be an attaching circle for the i*" 2-handle. Then (X1, v, -+, g, B1, -+, Brim) IS a

Heegaard diagram with boundary for Y.
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Y1 X {0} X R

/

ﬁdown (’Yl)

/

ﬁdoum(’Yl) X {0} x R

(a) Picture in X. (b) Picture in § x {0} x R.

Figure 2.3: (a) The definition of By, () and Baown (7). Shaded region shows the image
of mg o u for u a curve converging to ;. (b) Motivation for the terminology. The
curve is part of the intersection of u(0S) with the g-cylinders. The vertical line in
the center is east co.

2.5 Reeb Chords

By a Reeb chord at east oo we mean an arc in 93\ {3} with endpoints on b. We label
the Reeb chords at east oo by 71, -+ ,vn. Given a Reeb chord v at east infinity we
can define Byoun(y) and By,,(7y) of v as in Figures 2.3.

Given a Reeb chord ~; at east infinity, we write 7; = v; Wy, if 7; and 7, intersect
only at one endpoint, 7; = 7; U v, and ~; is north (counterclockwise with respect
to the “outward normal first” orientation) of i, i.e., Bup(Vj) = Baown(7k). See
Figures 2.3 and 2.4. We will say that v; runs from Baown (Vi) to Bup(7i). We will say
v Tuns between (3; and B if the endpoints of ~; are in (8; N 9X) U (G, N 0X). We
will sometimes drop the word “runs” from “runs between” or “runs from”.

Note that since each (-arc intersects 0% in two points, it is possible to have,
for instance, Bup(Vi) = Baown(Vi) (i-e., v; runs from f; to () and other similarly

confusing phenomena. See, e.g., Figure 3.1.
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z
South
North/
B
/71
B2 Y1 Wy =7
\72
B3
\73
B4
East
—_—

Figure 2.4: Example of W.

2.6 Maps, homology classes and Spin®-structures

Most of the preliminaries discussed in this section have analogs in traditional
Heegaard-Floer homology; see [Lip, Sections 1 and 2].

We will define Heegaard-Floer homology by studying curves in W = ¥ x [0, 1] xR.
Viewing 0% as a puncture p, W has three kinds of infinity: ¥ x [0, 1] x {+o00}, which
we call +o0, ¥ x [0, 1] X {—o00}, which we call —oo, and p x [0, 1] x R, which we call
east 0o. Let C, = a@x {1} xR and Cs = {gx {0} x R}. There are projection maps
s W — Y and mp: W — [0,1] x R.

By an intersection point we mean a g-tuple of points & = {z; € a; N B4},
so that exactly one x; lies on each a-circle, exactly one z; lies on each (-circle,
and at most one z; lies on each (-arc.! An intersection point specifies a g-tuple of
arcs {z; x [0,1]} in X x [0, 1] x {£oo}; with respect to a split symplectic form w on
Y x [0, 1] xR, such arcs are leaves of the characteristic foliation on X x [0, 1] x {£o0},
with endpoints on C, U C3. Sometimes when we write & we will in fact mean the
corresponding g-tuple of leaves; the meaning should be clear in context.

Fix intersection points Z and ¢/, and Reeb chords v;,, -+ ,7;, at east co. We will
be interested in holomorphic maps u : (S,05) — (W, C, U Cy), with respect to an
almost complex structure J on W satisfying certain properties explained in chapter

4.1, asymptotic to & (or rather, ¥ x [0, 1]) at —oo, i at +o00 and {v;; X {0} x {t;}}

!The term comes from thinking of # as an intersection point between certain tori in Sym? ().
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at east oo, and disjoint from {3} x [0, 1] x R. We say such curves connect & to g.
The space of curves connecting = to i breaks into homology classes in an obvious
way. Let mo(Z,7) denote the set of homology classes of curves connecting  to ¥.
(The use of m to denote homology classes is a holdover from™[OS04d], in which the
corresponding objects are homotopy classes of disks in Sym?(X).)

Let ¥° = (¥/0%)\3. Observe that

w7, 7) = Hy (37 x [0,1], (@ x {1H) U (F x {0})) .

There are concatenation operations my(Z,y) X ma(y,Z) — m(Z, 2) and inversions
(%, ) — mo(y, 7). If m(Z,y) is nonempty, concatenation of mo(Z,Z) with any
given element of my(Z, 7) gives a bijection 7o (¥, ¥) — mo(Z, 7).

-,

Given w € ¥\(d U ) and a (topological) representative u of an element A €
o (%, 7), write n,(u) to mean the local multiplicity of 7s o u at w. The number
ny(u) does not depend on w, so we may write n,(A) to mean n,(u) for some
representative u of A. Note that if w and w’ are in the same component of X\ (FU )
then n,(A) = ny, (A). Our requirement that curves be disjoint from {3} x [0, 1] x R
means that n;(A) = 0 for any homology class A.

By a cellular 2-chain in ¥ we mean a formal linear combination (with integer
coefficients) of connected components of X\ (@ U 3). (Note that this is a slight
abuse of terminology, since some components may not be disks.) Given an element
A € my(Z,7) there is a corresponding cellular chain in ¥, called the domain of
A, where the coefficient of a component D is n,(A) for some point w € D. The
concatenation operations on my correspond to addition of domains, and inversion

corresponds to negation.

Lemma 2.6.1 There is a natural isomorphism mo(Z, ) = Hy(Y,0Y).

Proof Recall that m(7,7) =~ H, (20 % [0,1], (@ x {1} U (F x {0})). From the
long exact sequence for the pair (ZO x [0,1], (@ x {1}) U (3 x {O})), since Hy(X°) =
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0, we have

0 —— Ha (2° % [0,1], (& x {1}) U (F x {0})) ——— Hy (@x {1} U (5 x {0})) ——= Hi(¥°)

T el

Hq(Q)
ker @ — Hy(X°)
Hi(B)

Since Hy(Y,0Y) = ker (Hl(o?) ® Hi(P) — H1(2/82)> (Section 2.2), the result
follows. O

Notice that, as a consequence of the proof, a homology class is completely de-
termined by its domain. We shall use the words interchangeably.

We next turn to the question of when my(Z,7) is empty. The situation is simi-
lar to the closed case as described in [OS04d, Section 2] or [Lip, Section 2] Given
intersection points & = {z;} and ¢ = {y;}, choose g arcs 7, in the a-circles con-
necting the z; to the y;. Choose g arcs 73 in AU (03\3) connecting the z; to
the y;. Then, v, — 73 defines a one-chain in 3°. Let £(,¢) denote the image of

Yo — g in coker (Hl(d’) ® H,(p) — HI(ZO)) = H,(Y,0Y). We will see that ¢ is the

obstruction to the existence of (topological) curves connecting & to ¥.

Lemma 2.6.2 For a pair of intersection points  and ¢, £(Z,7) = 0 if and only if
(%, 7)) is nonempty.

Proof If my(Z, %) is nonempty then let A € mo(Z, 7). Then OA is a chain defining
e(Z,Y), so e(Z,¥) is zero in homology. Conversely, if £(Z, ) = 0 then for an appro-
priate choice of 7, and 75, v, — 73 bounds in . It is easy to see that the domain

bounded by 7, — 73 corresponds to an element of m(Z, /). O

Next, we construct a map from intersection points & to Spinc—structures 55(%)
on Y. We will see that # and i represent the same Spin®-structure if and only if
e(Z,9) = 0. In fact, PD(e(Z,9)) = s,(Z) — s;(y) € H*(Y). (Here, PD denotes the
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Poincaré duality isomorphism H;(Y,0Y) — H?*(Y').) The construction is a simple
adaptation from [OS04d, Section 2.

Recall from [Tur97] that a non-vanishing vector field v on Y specifies a Spin®-
structure as follows. The choice of v, together with the orientation of Y and a
Riemannian metric on Y reduces the structure group of T'Y to U(1). The inclusion
U(1) < SO(3) lifts to the standard inclusion U(1) < U(2) = Spin®(3). This gives
a Spin“-structure on TY. It is not hard to check that two vector fields specify the
same Spin®-structure if and only if they are homotopic through nonvanishing vector
fields in the complement of some ball (or equivalently, finite disjoint union of balls).
So, it remains for us to construct a non-vanishing vector field on Y, well-defined in
the complement of some balls.

For convenience, fix a Morse function f on Y inducing the Heegaard diagram
(3, a, 5) as in Section 2.2. Fix an intersection point & = {z;}?_,. For notational
convenience, assume that z; € a;N B4 (so the first k& f-arcs are not used in 7.). The
basepoint 3 lies on a flow from the index 0 critical point of f to the index 3 critical
point; let By denote a tubular neighborhood of this flow line. For i =1,--- | g, the
point z; lies on a flow line from the i*" index 1 critical point of f to the (i + k)%
index 2 critical point of f; let B; be a small tubular neighborhood of this flow line.
Finally, for i = 1,--- ,k let B; denote a hemiball neighborhood of the i*" index 2
critical point of f (which lies on 9Y). Let B = Uf:f /2 B;. The gradient Vf of f
is non-vanishing on Y\B. Further, V f|y\p admits an extension to all of ¥ as a
non-vanishing vector field, and so specifies a Spin“-structure s5,(Z). It is clear that
5;(Z) does not depend on the choice of Morse function f inducing (¥, &, ﬁ) We may
sometimes write 7 € s to mean s;(7) = s.

The proof of the following lemma is the same as [0S04d, Lemma 2.19] or [Lip,

Lemma 2.2], and we refer the interested reader there.

Lemma 2.6.3 For intersection points & and y, €(Z,y) = 0 if and only if s,(Z) =

$3(¥)-

Next we turn to an issue which does not exist in Heegaard-Floer for closed 3-

manifolds: how domains interact with 0X. The role of this discussion in the present
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paper will be minimal, but these results are almost certain to be useful in future
developments. Call an element A of my(Z, ¢) provincial if in 0A the multiplicity of
any arc in 0% is zero or, equivalently, if the coefficient in A of any component of
¥\ (@UJ) adjacent to 9% is zero. Let nd(Z, ) denote the subset of my(Z, if) consisting
of provincial homology classes. Notice that, as with my (%, %), if 79 (&, i) is nonempty

then 79 (%, ¥) = 9 (¥, ¥), non-canonically.

Lemma 2.6.4 73(%,7) = Hy(Y).

Proof Observe that 7 (#, Z) = Hy(X x [0,1],@ x {1}U3 x {0}). The proof is then

the same as the proof of Lemma 2.6.1, replacing ¥° with 3 everywhere. OJ

Next we discuss when 79 (%, %) is nonempty. Let B(Z) denote the set of 3-arcs
containing ¥ (so B(Z) is a k element subset of {3y, -+, (}). Observe that if
7d(Z,9) # 0 then certainly B(ZF) = B(%). Suppose B(Z) = B(%). Then we can
define an obstruction £?(Z, ) to the existence of elements in 79 (Z, 7/) as follows. Let
{a;} be a g-tuple of arcs in & with d(a; +---+ay) = ¥ —Z. Let {b;} be a g-tuple of
arcs in § with 9(by + - - -+by) =y —2. Then (a1 +---+a,) —(by+---by) is a cycle in
3. Let €9(%, i) denote the image of this cycle in Hy(Y) = H,(X)/ (Hl(d') + H,y (ﬁ))

Fix a Morse function f and metric ¢ on Y inducing (%, &, 5) An equivalent
description of £ is given by considering the g flow lines (%) of f containing Z, and
the g flow lines F'(§) of f containing 4. Then £?(Z, %) = F (%) — F(%).

Fix a Spin®-structure t on a collar neighborhood D of dY, such that t extends
over Y. (The Spin®-structure t extends over Y if and only if (¢, (t), [0Y]) = 0. Since
dY is connected, this characterizes t|5y.) Let Spin®(Y,dY") denote the set of distinct
extensions of t over Y. Using the fact that Spin®(n) — SO(n) is a fibration with fiber
S, it is not hard to see that Spin®(Y,dY) is an affine copy of H?(Y,0Y) = H,(Y).

Fix a k-tuple of (-arcs B; B corresponds also to a k-tuple of index 1 critical
points of f|sy. Let crit(B) denote the union of this k-tuple with the index 0 and 2
critical points of f|sy. The Spin®-structure t on D is specified by a non-vanishing
vector field on D; we can choose a vector field which agrees with V f away from
crit(B) %[0, 1] € D = 9Y x|0, 1]. Then, given an intersection point & with B(¥) = B,
the Spin®-structure specified by the restriction of V f to the complement of the flow
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lines containing Z U {3} extends t. Denote this extension by s?(Z). We have the

following lemma, the proof of which we leave to the reader.

Lemma 2.6.5 For intersection points ¥ and y with B(Z¥) = B(Y), the following

conditions are equivalent.

Further, (s2(Z) —s2(y)) = PD (e°(Z,9)) € H*(Y,0Y). (Here, PD : Hy(Y) —

H2(Y,0Y) denotes Poincaré duality.)

2.7 Admissibility for Heegaard diagrams with

boundary

As is standard for Heegaard-Floer homology, in order to insure that various counts
of curves are finite we will have to impose certain “admissibility conditions” on the
Heegaard diagrams under consideration. A satisfactory condition is the “weak ad-
missibility” of [OS04d]. Since our setting is somewhat different from theirs, however,
we will explain the requirements from the beginning, making the necessary minor
adaptations to their proofs. (When proofs are exactly the same, we will simply refer
to the original.)

Recall that homology classes in (&, ¢) correspond to certain cellular chains in
Y. Also, unlike in [OS04d] or [Lip], m2 (&, %) denotes only those chains with local
multiplicity 0 at 3. The following definition is equivalent to the “weak admissibility
for all Spin©-structures” of [0S04d, Definition 4.10):

—

Definition 2.7.1 A pointed Heegaard diagram with boundary (3, d, 3,3) is called
weakly admissible if every element of mo(Z, Z) has both positive and negative coeffi-

cients.
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The proof of the following proposition is exactly the same as [OS04d, Lemma
4.12).

Proposition 2.7.2 A pointed Heegaard diagram with boundary (X, @, /?, 3) s weakly
admissible if and only if there is an area form on ¥ with respect to which every

element of mo(Z,Z) has zero signed area.

Corollary 2.7.3 Given intersection points ¥ and vy in a weakly admissible Heegaard
diagram there are at most finitely many domains in mo(Z, §) all of whose coefficients
are positive.

Proof Fix an area form on ¥ as in Proposition 2.7.2. Suppose A, A" € my(Z, 7).
Then A" = A+ B for some B € my(7,Z). It follows that A and A’ have the same
area. Obviously only finitely many domains with positive coefficients can have the

same area. O

Next, we turn to existence and “uniqueness” of weakly admissible Heegaard

diagrams.

Proposition 2.7.4 Given any pointed Heegaard diagram with boundary (X, &, ﬁ,g)
there is an isotopic weakly admissible pointed Heegaard diagram with boundary
(E,d”,@,g). More precisely, the & and 3 are isotopic to the & and (3 in the com-

plement of 3, via an isotopy fixed near 0X.

Proof (Compare [0S04d, Lemma 5.4].) The idea of the proof is that admissibility
can be ensured by deforming the a-curves so that 3 lies on both sides of each a-curve.

Let D denote the component of ¥\ (& U 3) in which 3 lies. Then dD is a linear
combination of arcs in various a- and (-curves. Suppose that for each ¢ there is an
arc of a; occurring with a negative coefficient in 0D and another arc of a; occurring
with a positive coefficient in dD. (In this case, we will say that 3 lies on both sides
of a;.)

Claim. 1If 3 lies on both sides of each «; then the Heegaard diagram (X, &, 3, 3)

is weakly admissible.
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To see this, let P € mo(Z, Z). Then OP is a linear combination of - and -curves.
Since the (; are linearly independent, if P # 0 then some «; occurs with a non-zero
coefficient in JP. Since the local multiplicity of P at 3 is zero, it follows from the
fact that 3 lies on both sides of «; that P has both positive and negative coefficients.
This proves the claim.

It is easy to arrange that 3 lies on both sides of each «;, proving the proposition.

O
Proposition 2.7.5 Suppose that (3, ﬁ,g) and (X,d, ﬁ’,g) are isotopic weakly
admissible Heegaard diagrams. Then (X, &, 5,3) and (3, d, ﬁ’,g) are isotopic, in the

complement of 3, through weakly admissible Heegaard diagrams.

Proof (Compare [OS04d, Lemma 5.6 and Lemma 5.8].) Preliminary to the proof
proper, notice that an element P of my(Z, &) is completely determined by 0P, a linear
combination of a- and F-curves. It follows that there is a natural correspondence
between elements of my(%,Z) and mo(y,y) for different intersection points Z and
¥, and a natural correspondence between elements of mo(Z,7) and my (2, &) for
intersection points in isotopic Heegaard diagrams.

Throughout the proof, objects without primes (’s) will correspond to the

—

Heegaard diagram (X, d, 3,3) and objects with primes to the Heegaard diagram
(,d,3,3).

To make the proof more transparent, we will prove the following slightly weaker
statement: given P € my(Z,Z) we can find an isotopy between (X, 4, 5,3) and
(3, a, g, 3) so that the image P” of P in any intermediate Heegaard diagram has
both positive and negative coefficients. (To prove the proposition, one needs to find
a single such isotopy for all P simultaneously. How our argument generalizes to
prove this will be clear.)

Fix a point wy (respectively w_) in ¥ at with P has positive (respectively neg-
ative) local multiplicity. Fix a point w’_ (respectively w’ ) in ¥ at with P’ has
positive (respectively negative) local multiplicity. For appropriate choice of v/, and
(E,d’”,ﬁ”,g) it is possible to find an isotopy I; from (%, d, 5,3) to (2,0_2”,5”,3)
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and an isotopy I from (2,07”,5”,3) to (E,d”,ﬁ’,g) so that I; is supported in the
complement of wy and I is supported in the complement of w/,.

Suppose that () is the image of P in some Heegaard diagram occurring during /5.
It is clear that n,, (Q) = n,, (P) so @ has both positive and negative coefficients.
Suppose that ' is the image of P in some Heegaard diagram occurring during Is.
It is clear that n,/ (Q') = nu, (P) so Q" has both positive and negative coefficients.
This proves the claim. U
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Invariants of 2-manifolds

3.1 Ordered lists of Reeb chords

By an ordered list of Reeb chords at east infinity we mean a sequence of Reeb chords
at east infinity separated by < signs. If o denotes an ordered list of Reeb chords we
define |o| to be the number of Reeb chords appearing in o.

Fix an ordered list of Reeb chords 0 = 7;, < -+ < v;;, and fix also k distinct
B-arcs at —oo, B = {fj,,---,0;,}. (Later, B will be the §-arcs appearing in some
intersection point Z.)

We try to use o to obtain a sequence of j+1 k-tuples of B-arcs By, - - - , B;, which
can be thought of as the -arcs in the image of u at various heights. (See Figure
3.1.) If we are successful we will call the pair I' = (0, B) admissible; otherwise, I" is
inadmissible. Set By = B. Inductively, if Baouwn(7i,) € Be—1 and Bup(vi,) € Be-1 \
{Baown(7:,)} then By is obtained from By_y by replacing Buown(7i,) With Bup(vi,). I
at any stage either Bioun(Vi,) € Bi—1 0 Bup(Vi,) € Br—1\{Bdown(7s,)} then I' = (0, B)
is inadmissible.

Remark. There are (many) ordered lists of Reeb chords o for which there does
not exist B such that (o, B) is admissible.

Remark. Later, we will consider holomorphic curves in ¥ x [0, 1] x R, where X
is a Heegaard diagram with boundary. Such curves will be asymptotic to various
Reeb chords, at various heights (in R). Ordered lists of Reeb chords will keep track

22
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Figure 3.1: The pair (y1, {1, F3}) shown in (a) is admissible. By = {01, 35} and

By = {fa, 33}. The pair (y12,{51,Fs}) shown in (b) is inadmissible. By = {1, 35}
but By = {03, #3}, which is not allowed. Note that the pair (7, < 9, {51, 03}) is also
inadmissible. (The vertical line in the middles of the pictures, labeled p, denotes
east 00.)

of the order induced by these heights. The motivation, then, for the concept of

admissibility is as follows. Suppose (X2, @, ) is a closed manifold. In the cylindrical

definition of Heegaard-Floer homology ([Lip|), the holomorphic maps
w: (S,05) — (S x[0,1] xR, (@ x {1} x R) U (3 x {0} x R))

have the following property: for each t € R and 1 < i < g, u='(8; x {0} x {t})
consists of a single point. In other words, du runs monotonically up each (-cylinder.
In the relative case, we must loosen this condition to the condition that for each
1<i<g+kandeachteR, u (3 x {0} x {t}) consists of at most a single point.
Admissibility is a combinatorial requirement on the asymptotics for such a curve to
be conceivable. The B; can be thought of as the sequence of sets of F-arcs for which
u™!(B; x {0} x {t}) is nonempty (as t goes from —oo to 0o). (See Figure 3.1 and
Lemma 4.3.1.)
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By a two-level ordered list of Reeb chords we mean a sequence of Reeb chords
separated by < and <, signs. From a two-level ordered list O we can obtain an
ordered list 0o(O) be replacing the <. signs with < signs. In a two-level ordered
list O, we refer to the maximal chains of Reeb chords separated by <. signs as
the microscopic partitions of O and the ordering of each microscopic partition the
microscopic ordering. We call the partial order on O induced by the < signs the
macroscopic ordering.

Remark. When we consider holomorphic curves in 3 x [0, 1] x R, part of the
boundary of the spaces of curves will correspond to the heights (in R) of different
Reeb chords coming together. The <.’s will be used to keep track of this boundary.

If O is a two-level ordered list of Reeb chords and B a k-tuple of B-arcs, we say
(O, B) is admissible if (0(O), B) is admissible.

If (O, B) is admissible, B; is defined to be the i*" k-tuple of S-arcs induced by
(0(O), B). Define |O] = |o(O)|. We say that O collapses to O' if O" can be obtained
from O by replacing some < signs with <. signs. Note that if O collapses to O’
then (O, B) is admissible if and only if (0’ B) is.

We will use the symbol < to denote either < or <., so v;; < -+ < 7;,, is the
general two-level order with m terms.

Given admissible I'; = (O!, B!) and 'y = (O?, B?), if B|101| = B? define I'; < T’y
to be the admissible pair (O; < Oy, Bt), where O; < O is the ordered list of Reeb
chords obtained by concatenating O; and Oy with a < sign in between. Let G denote
the collection of all admissible pairs. We make A = F5[G] into a ring by defining
1] - [Ie) = [y < T'g) if I'y < Ty is defined and 0 otherwise.

Remark. The unit in A is > 5(0, B).

There is an operation join : 4 — A given by

join(0, B) = (7, < -+ <%, =< Yirr Wi, < Yippr <+ < Y B)

J

where O = (v;, < -+ < ) and the sum is over those j such that Yi; <e Vijpa i O,
Yi;+r Wi, is defined, and the pair on the right hand side is admissible.
Remark. Later (Proposition 4.6.1) we will see that part of the boundary of the
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space of curves in 3 x [0, 1] x R corresponds to a Reeb chord splitting into two Reeb
chords. The operation join will be used to record this part of the boundary.

Define a second operation decol : A — A by

decol(O, B) = Z (Yir < =Y =< Yy < Vi = Vigr < = Y, B).

Vi <5’yij+1 occurs inO

That is, decol(O, B) is the sum of all possible ways of replacing a single <. in O
with a < sign. (The symbol decol stands for “decollapse.”)

Remark. Later (Proposition 4.6.1) we will see that part of the boundary of the
space of curves in ¥ x [0, 1] xR corresponds to the heights of two Reeb chords coming
together. The operation decol will be used to record this part of the boundary.

Note that we can regard any element of A as a subset of G. So, the expres-
sions (O, B) € decol(O’, B’) and (O, B) € join(O’, B") have a natural meaning.
(In fact, since the terms in the sum defining decol(O’, B) (respectively join(O’, B))
are distinct, (O, B) € decol(O’, B) (respectively (O, B) € join(0’, B)) if (O, B)
appears in the sum defining decol(O, B) (respectively join(O’, B)).) Observe that
decol(O, B) N join(O, B) = (.

Ezxample. Consider the Heegaard diagram for T? shown in Figure 3.1. There
are Reeb chords 71,72,73, 74 =71 W72,75 = 72 W3 and 76 = 71 W2 Wys. The pair
(O,B) = (72 < 73 <c 72 <74 <c 73 <75, {F2}) is admissible. We have

decol(O,B) = (72 <73 <72 <1 <ec73 <75, {02})

+(72 < v3 <e Y2 <Y1 <73 < V5, {F2})
join(O,B) = 0.

Remark. Tt is not hard to see that in the case k = 1 (i.e., the surface is a

torus), join is always zero. This is presumably related to the fact that, in the k =1

case, the boundary conditions correspond to a pair of nonsingular tori in Sym?(32)
(see Section 8.2). (Here, ¥ denotes ¥ with the puncture filled-in.) For k > 1, the

boundary conditions correspond to 2k choose k singular tori in Sym?(Y).
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B
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2 V3
I

Figure 3.2: A pointed Heegaard diagram for T2,

3.2 The 2DHF DGA

Define a differential on A as follows: given an admissible pair I', define
d(I') = join(I") + decol(T").
Proposition 3.2.1 d’=0.

Proof It is clear, in fact, that join and decol form a pair of commuting differentials,
ie.,
join(join(I)) = 0
decol(decol(I")) = 0
join(decol(I")) + decol(join(I')) = 0.

O

Proposition 3.2.2 d satisfies the Leibniz rule.  That is, d(I'1T'2) = d(T'1)T's +
T1d(Ty).

Proof It is clear from their definitions that join and decol each satisfy the Leibniz
rule. 0]
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Remark. M. Hedden and E. Eftekhary point out that there is a homological
grading gr on A, defined by gr(O, B) is the number of <_.’s appearing in O.

3.3 The homology of A

Observe that to every two-level ordered list of Reeb chords O one can associate a
homology class H(O) € H,(C'\ {3},b) = Z"l. In fact, since a Reeb chord can only
appear a non-negative number of times, H(0) € N¥.! Let H(I' = (O, B)) = H(O).
The map H makes A into a Nl-graded algebra. The differential on A preserves
this grading in the sense that H(d(I')) = H(I'). (That is, it is an “internal” rather
than “homological” grading. Later, we will be interested not in graded .A-modules
but rather in filtered .A-modules, so the reader should perhaps think of H as giving a
NP®l_filtration rather than a grading.) So, H(A) = @z H (Ay), where Ay is the part
of A in grading 7. Each Aj; further decomposes according to the B in I' = (O, B),
as Ai p.

There is a filtration on Aj; g by the number of Reeb chords appearing in O, that
is, the total length of O. Let gr(.Az 5) denote the associated graded complex. There
is a spectral sequence from the homology of gr(Az ) converging to the homology of
Aj p. The differential on gr(Az p) is just decol. The complex gr(Az g) is a direct
sum of complexes of the form (Fg Y IF2>®Z, where (O, B) lies in (IF2 LY F2>®IOI
Thus, the homology of gr(A; p) is a free Fy-vector space on admissible pairs (O, B)
where O is either empty or consists of a single Reeb chord, and H(O) = 7. For each
pair 77, B there is at most one such (O, B). So, there are no higher differentials in the
spectral sequence, and the homology of A is the free [Fo-vector space on admissible
pairs (O, B) where O consists of either a single Reeb chord or the empty list of Reeb
chords. Notice, in particular, that the homology of A is finite-dimensional.

For computations of the homology of the three-dimensional invariant below, we
would like to use spectral sequence arguments like the one we used above. For
technical reasons, to do so we must work not with A but rather with the completion
A of A with respect to the filtration H.

Here and later N = {0,1,2,---} denotes the set of non-negative integers.
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Let Ay denote the part of A in H-filtration level zero. That is, Ay is generated
by pairs (), B). Recall from the definition that

0 ifB, # By

(0, By) - (0, B) :{ 0.B)) By =By |



Chapter 4

Structure of the moduli spaces

4.1 Almost complex structures, moduli spaces

and transversality

Fix a neighborhood U, of the puncture p in ¥. Let jp denote the standard complex
structure on [0,1] x R and jx some complex structure on . We will work with
almost complex structures J on ¥ x [0, 1] x R satisfying the following properties.

(J1) The projection map mp is (J, jp)-holomorphic.

(J2) For (s,t) coordinates on [0,1] x R, J2 = -2,

(J3) J|W£1(Up) is split, i.e., J\ng(Up) = jg X Jjp.

(J4) J is R-translation invariant.
The choice of such a J is equivalent to choosing a family jx, ; of almost complex

structures on ¥ parameterized by s € [0,1] (with j5 |y, = jx). Observe also that
with respect to such a J, the fibers of 7wy, and mp are J-holomorphic. Further, for wy,
and wp positively-oriented area forms on ¥ and D respectively, such a J is tamed
by the split symplectic form m§ws, + mhwp on X x [0, 1] x R.

Let ¥ denote ¥ with the puncture filled-in, so ¥ is a closed surface. Observe
that any almost complex structure J satisfying (J3) extends over ¥ x [0, 1] x R; we

will denote the extension by J as well.

29



CHAPTER 4. STRUCTURE OF THE MODULI SPACES 30

We will be interested in J-holomorphic maps
u: (S,85) — ((2\3) % [0,1] X R, (@ x {1} x R) U (F x {0} x R))

which extend to proper, finite-energy (in the sense of [BEHT03, Section 5.3]) J-
holomorphic u : S — ¥ x [0, 1] x R for some partial compactification S of S. (Here,
S is a surface with boundary and punctures on the boundary.) It follows from
[BEHT03, Proposition 5.8] that at each puncture of S, u is asymptotic to either
z % [0,1] at +oo or —oc for some x € @ N 3 or to v x {0} x {t} for some Reeb
chord v at east infinity and ¢ € R. For a given almost complex structure J, let
M(J) denote the moduli space of all such curves. The space M(J) has different
components corresponding to different sources S, asymptotics, and homology classes
of maps, but for the time being we do not care. Let Mp_ga¢(J) denote the subspace
of M(J) of those curves u : § — X x [0, 1] x R for which there is some component
of S on which 7 is constant. Let My_g.:(J) denote the subspace of M(.J) of those
curves u : S — X x [0, 1] x R for which there is some component of S which is not
a twice-punctured disk on which 7y, o u is constant.

The following proposition is proved in exactly the same way as [Lip, Proposition
3.8].

Proposition 4.1.1 For a generic choice of J, M(J)\(Mp_giat(J) U Ms_gat(J)) s

transversely cut out by the 0-equation, and as such is a smooth orbifold.

We next turn to maps to 0% x R x [0, 1] x R, which will appear as parts of the
limits of sequences of maps to ¥ x [0,1] x R. We begin with some notation. Let
0% be a circle, which we identify with east co in 3. We will consider holomorphic
curves in (0X\3) x R x [0, 1] x R with respect to the split complex structure. Let
s (0X) X R x [0,1] x R — (0X) x R denote projection onto the first two factors
and 7 : (0X) xR x[0,1] xR — [0, 1] xR denote projection onto the last two factors;
observe that both projections are holomorphic. We refer to 0% x R x [0, 1] x {400}
as +00, 0¥ X R x [0,1] x {—o0} as —oo, 0% x {—oo} x [0,1] x R as west oo, and
O% x {400} x [0,1] x R as east co. Recall that b = 3N JX. Arcs in % between
points in b specify Reeb chords at (both) east and west co.
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The following lemma will be useful in restricting which types of degenerations

can occur in codimension 1.

Lemma 4.1.2 Let S denote a disk with at least three boundary punctures, and
u:(S,08) = (O xR x[0,1] xR, b xR x {0} xR) a holomorphic map with respect
to the split complex structure js X jp on (S X R) x ([0, 1] X R) asymptotic to certain
Reeb chords at east and west co. Then the linearization D,0 at u of the O-operator

18 surjective.

Proof For notational convenience, let M; = 0¥ x R and My = [0, 1] x R. Recall
that
D, : Ty (WT(M; x My)) — T (A" T(M; x My)),

where I' and I';, denote certain weighted Sobolev spaces of sections, which in the
case of I';, are required to be tangent to the Lagrangian planes b x R x {0} x R.
Observe that

U*T(Ml X Mz) = ((72 © U)* TMI) D ((WJDJ ° “)* TM2)7

as complex vector bundles with Lagrangian subbundles over 0S. It suffices to
prove, therefore, that both D, 0,0 : T'y ((mg 0o u)* TM;) — T (A% (7g 0 u)* TM,;)
and Dy, 0,0 : T'p ((mp 0 u)* TM;) — T (A% (7mp o u)* TM,) are surjective.

We check Dmoug is surjective first. Observe that since 7 o u is constant, (mp o
u)* TMj is, in fact, a trivial line bundle. Let Op1 denote the trivial holomorphic line
bundle over complex projective space P. Viewing ID as half of P!, it follows from a
standard doubling argument (see for instance [HLS97, Section 4]) that the cokernel
of Dy0,0 embeds in coker(9) : ['(Op1) — T'(A%(Op1)). By Hodge theory, this is
the sheaf cohomology group H'(Op1) = H(IP'; C) = 0. This proves surjectivity of
Dipoid.

The proof of surjectivity of Dy.0,0 is similar. Again, (7y o u)* TMy doubles
to a holomorphic line bundle L over P!, so that coker(Dmmﬁ) is a subspace of
coker (9 : I'(L) — I' (A%'(L))). This cokernel is isomorphic to H*(L). So, it suffices

to show that H'(L) vanishes, or equivalently that the degree of L is non-negative.
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By the Riemann-Roch theorem, the degree of L is
lind(9: (L) — I'(A“(L))) — 1 which by the nature of the doubling proce-
dure is just ind(D;y0,0) — 1. Thus, it suffices to show that for s o u holomorphic,
if S has at least three boundary punctures then ind(Dmoug) > 1. But it follows
from any of the standard formulas for the index of D that ind(Dyy.0,0) is two less
than twice the number of branch points of 7y 0 u (where branch points on 9S count

for 1/2). This proves the result. O
Note that the only holomorphic disks in (0¥ xR x [0, 1] xR, bxRx {0} xR) with

fewer than three boundary punctures are trivial strips, mapped homeomorphically
onto a strip in (92 x R, b x R).

4.2 Compactness and gluing

In this section we discuss the most general objects into which a sequence of holo-
morphic curves in ¥ x [0, 1] x R can degenerate. In the next section, we will discuss
restrictions on what degenerations can, in fact, occur in codimension 1.

Degenerations will include curves mapped to “east infinity”, and before dis-
cussing them we need appropriate notation.

By a one-story holomorphic comb in ¥ x [0,1] x R we mean
e amap u: (S0,05) — (S\(3}) x [0,1] x R, (@ x {1} x R) U (F x {0} x R)),

defined up to translation in R, and

e maps v; : (S;,05;) — ((OX\{3}) xRx[0, 1] xR,bxRx {0} xR),i=1,---,k,

defined up to translation in both R-factors!
such that the following technical conditions are satisfied.

e Each S; is a surface with boundary and punctures on the boundary.

e The map u extends to a proper map @ : Sop — % x [0,1] x R where S is a
partial compactification of Sy, and @ is finite-energy in the sense of [BEHT 03,
Section 5.3].

n this section, k has nothing to do with the genus of Y.
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e For each 4, 7y, o v; and mp o v; is proper.
e For each i, mp o v; is contained in a compact subset of [0, 1] x R.

e The maps wand v; (i =1,--- , k) are stable. That is, there are no infinitesimal

automorphisms of w or v; (i =1,--- k).

The technical conditions imply that u is asymptotic to certain Reeb chords at +oo
and Reeb chords 7o; x {(0,%0;)}, j = 1,---,np, at east oo, and that each v; is
/

asymptotic to Reeb chords ~;; x {(0,%;
{(0,t;;)}, j=1,---,n; at east co. We further require that

)}, 7 = 1,---,n; at west oo and ~;; X

. _ /
o fori=0,---,k—1,n; =n; , and

e for an appropriate ordering of the punctures on each S;, v;; = iy, and
tl,] = t;-‘rl,‘]'

By an (-story holomorphic comb in ¥x [0, 1] xR we mean ¢ one-story holomorphic
combs {uy, vy}, ,{ueve;} such that the asymptotics of u; at 400 agree with
the asymptotics of u; 11 at —oo for ¢ = 1,--- £ — 1. That is, if u; is asymptotic to
x1 x[0,1],- -, 2, %[0, 1] at 400 then u;44 is asymptotic to zy x [0,1],- -+, 2., X [0, 1]
at —oo.

Remark. The surfaces S; may be nodal. We say that the comb is smooth if all
of the S; are smooth.

The topology on the space of holomorphic combs is a straightforward generaliza-
tion of the topology on the space of multi-story holomorphic buildings described in
[BEHT03]. That is, roughly, a sequence of maps u™ : S — ¥ x [0, 1] X R converges
to a holomorphic comb {u; : Sp; — X x [0, 1] xR, v;; : S;; — 0X xR x [0, 1] x R} if
after adding N marked points (some N) to stabilize all of the components of all the
Sij, one can add N marked points to each S™ so that the sources S™ converge, in
the sense of Deligne-Mumford, with the marked points and punctures, to {S;,}. In
the process, a collection I' of arcs and circles in the S™ collapse. The maps u™ should
converge uniformly on compact subsets of S"\I' to {u;,v; ;}. Write ' =T'y UT'x UT's

where I'; corresponds to arcs collapsing to punctures of the Sy ; mapped to +oo, I'
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to arcs collapsing to punctures of the S; ; mapped to Reeb chords at east/west oo,
and the I'; to nodes of the S, ;. For convenience, assume I's = (). Then, near the I'y,
Tyx[o,1] © u" should converge uniformly, and mg o u™ should converge uniformly on
compact sets (up to vertical translation of each u™). Near the I's-arcs, up to vertical
translation of each u", mpou™ should converge uniformly on compact sets, and up to
horizontal translation of each u™ (i.e., in the R-coordinate of a collar neighborhood
of 0Y), ms, o u™ should converge uniformly on compact sets.

A precise definition of convergence is that, after adding a sufficient number of

marked points to the S™ and S ;,
e the mpou™ converge in the sense of [BEHT03, Section 7.3] to {mpou;, mpow; ;}

e the Tx 0 u"|(ryoun)-1(7,) converge in the sense of [BEH'03, Section 9.1] to

{ms o ui|(ﬂzoui)fl(0p)a T 0 v;;} and

o the u”|(zyoun)-1(x\v,) converge in the sense of [BEH™03, Section 7.3] to
{uil (rgoun-1 (=10, }-

(Here, U, is the neighborhood of the puncture of ¥ fixed in chapter 4.1.)

The next proposition gives the compactness result we will need.

Proposition 4.2.1 Let {u" : S™ — X x [0, 1] x R}, be a sequence of holomorphic
curves in the same homology class. Then there is a subsequence {u™} converging
to a holomorphic comb. More generally, any sequence of holomorphic combs in the

same homology class has a convergent subsequence.

Proof We will prove the result for a sequence of holomorphic curves; the proof
of the result for sequences of combs is essentially the same, but notationally more
cumbersome. Actually, the definition of convergence essentially spells out how to
deduce this result from the compactness results of [BEHT03].

By [BEH'03, Theorem 10.1], we can find a subsequence of {u"} for which mp o

u™ converges to some multi-story holomorphic building.? (In the process, we add

2The compactness theorems [BEHT03, Theorems 10.1 and 10.2] are stated in the absolute case
(i.e., for curves without boundary). See Section 10.3 of that paper for the generalizations to the
relative case.
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enough marked points to the sources S™ to stabilize each component of the limit
curve.) From now on, let {u"} denote this subsequence. Call the limit {mp o u,; :
Sai — D}_; here, u; denotes the i™ level of the limit.

The 753 0 U"|(7y0un)-1(77,) form a sequence of holomorphic curves with Lagrangian
boundary conditions 0U,. By [BEH"03, Theorem 10.2], we can find a convergent
subsequence. (Again, more marked points are added to the sources in the process.)
Let {ms oup; : Spi — U, C X, 0wyt Tpi; — 0% x R} denote the limit; the
meaning of the indexing needs to be explained. Forgetting the new marked points
and collapsing unstable components gives a map from the source of the limit curve
(U; S.)U(U; Tvig) to U; Sai- This defines the index . The index j comes from the
level structure in XJ; as the notation indicates, the S, ; are the components mapped
to X and the Tj; ; the components mapped to east oo.

Observe that 7p o u,; is naturally defined on { Sy, Thi;}- Set sl (ryou,.) -1 (U,) =
(7D © Ug,i, T2 © Up;) and vy = (Tp © Ug,i; T3 © Vpyi5) o0 {Shi, Thij}-

Turning to the rest of X, let L, = {mp o u™ ((mx o u™)~*(dU,))}. By considering
a slightly larger neighborhood V,, D U, in ¥, one sees that {L, } forms a convergent
sequence of smooth curves. Then, u"|(zyoun)-1(x\v,) i @ sequence of holomorphic
curves in ¥ x [0,1] x R with Lagrangian boundary conditions (@ x {1} x R) U
(3 x {0} x R) U (OU, x Ly). The compactness theorem [BEH'03, Theorem 10.2]
now applies to give a convergent subsequence of the u"|(zgou)-1(x\v,), With limit
Ue,il(rsoue,) =1 (S\Uy)-

Observe that  uy | (rsou, )-1(,) A Ueil(rpou. )1 (=\v,) fit together to form a
smooth curve u, ;. (This follows, again, by considering the neighborhood V, D U,,.)

We are left, finally, with a sequence u" so that u"|(zgou)-1(x\v,), T © u™, and

Ty, O u"\(moun)fl(gp) all converge. This proves the result. 0

We next turn to the main gluing result necessary for our theory. We need a little
more notation before stating the result. For a holomorphic map u : S — X x[0, 1] xR
let M(u) denote the moduli space of holomorphic maps S — ¥ x[0, 1] xR homotopic
to u, modulo the R-action by translation. Similarly, for v : S — (0X) xRx[0,1] xR
holomorphic, let M(v) denote the moduli space of holomorphic maps S — (9%) x
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R x [0,1] x R homotopic to v, modulo the R*-action by translation in both R-
factors. (We allow the asymptotics to vary continuously during the homotopy.) If u
is asymptotic to Reeb chords 7, --- ,7, at east oo then there is an evaluation map
ev : M(u) — RY/R. (Here, R acts on R by simultaneous translation.) Similarly,
if v is asymptotic to Reeb chords ~{",-- -,y at west oo and 77, -+, 7/ at east oo
then there are evaluation maps ev,, : M(v) — R* /R and ev, : M(v) — R%/R.
The proof of the following proposition is a trivial adaptation of the gluing argu-
ments of [Bou02, Section 5.3] to the relative case, or [Lip, Proposition A.1] to the
Morse-Bott case; the local nature of the gluing result means that the fact that our
spaces have “two infinities” does not introduce new difficulties. (There would be

new difficulties if holomorphic curves could approach both infinities at once.)

Proposition 4.2.2 Let {u;,v;;} (i =1,---,m, j =1,---,n;) be a holomorphic
comb. Suppose that the linearized 0-operator is surjective at each u; and v; ;. Suppose
further that

[d(ev)(TuM(u:))] M [d(evi)(To,, M(vin))]

for each i, and
[d(eve)(To, , M(vig))] h [d(evi)(To, ;4 M(vigea))]

for each i,j. Then near {u;,v;;} the moduli space of holomorphic curves is modeled
on RN x [0, )M where N = 37, dim(To,, M (us)) 4>, dim(T,, M (vi ) =37, (Kij—

Vi,j

1) where k; ; is the number of Reeb chords of v; j at west 0o, and M =m+Y " | n;.

In words, the proposition says that if all of the pieces of the holomorphic comb
are transversely cut out by d, and consecutive evaluation maps are transverse to
each other then the moduli spaces can be glued.

Remark. During the invariance proof later we will be interested in holomorphic
curves in ¥ x [0,1] x R with a non-cylindrical almost complex structure or non-
cylindrical boundary conditions, and in holomorphic curves in ¥ x T for T a disk

with more than two boundary punctures. There are obvious generalizations of the
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definition of a holomorphic comb and Proposition 4.2.1 to these settings. The ob-
vious generalizations of Proposition 4.2.2 to these cases are also true — though we
will actually need something slightly more general in chapter 7 when working with

33 x T'; the necessary modifications will be discussed when needed.

4.3 The Heegaard-Floer moduli spaces

By a (height 1) decorated source S® we mean

A Riemann surface S with boundary and punctures on the boundary.

A labeling of each puncture of S with either +o00, —o0, or eco.

A labeling of each puncture labeled +o00 or —oo by a Reeb chord at +oo (i.e.,
a point x € a; N G).

A labeling of each puncture ¢ labeled eco by a Reeb chord 7(q) at east oco.

e A partition of each 7(q) as v(q) = 71(q) W - - & Yi(q) ().

We will assume that exactly g punctures are labeled by —oo (respectively +00), and
that the Reeb chords corresponding to —oo punctures (respectively 4+o0o punctures)
form an intersection point. Given intersection points ¥ and 7/, it then makes sense
to talk about the decorated sources connecting Z to .

Notice that for each ¢ there is an induced two-level order on the v;(q) by setting
Y1(q) < 72(q) <c - <e V(g (@)- Let v(S°) = Ug{m1 (@), -+ () (@)}

Given a decorated source S°, we say that a map u: S — X x [0, 1] X R respects
the decorations of S if the asymptotics of u are those specified by S°. That is, we
assume that at each puncture labeled by +o00 and y; (respectively —oo and z;) the
map u is asymptotic to y; x [0,1] x {+oo} (respectively z; x [0,1] x {—o0}), and
at each puncture ¢ labeled by 7v(¢), u is asymptotic to y(q) x {0} x {¢t,} for some
t, € R.

Note that every map u : S° — 3 x [0, 1] X R respecting the decorations belongs

to some homology class in 7 (Z, i), as defined in Section 2.6.
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Given a map u respecting the decorations of S¢ and a two-level order O of v(S°)
we say that u is consistent with O if the macroscopic ordering of O is induced (from
the standard ordering on R) by 7 ou and the microscopic ordering of O is consistent
with the microscopic orderings v1(q) <c v2(q) <e -+ <c Vi(q) ()

Fix a generic almost complex structure J on ¥ x [0, 1] x R satistying (J1)—(J4).
Given a homology class A € my (%, %) and a two-level order O let M4 denote the
union over all decorated sources S° of the moduli space of J-holomorphic curves
u: S — ¥ x[0,1] x R, modulo vertical translation, respecting the decorations of

5S¢, consistent with O, and satisfying the following technical conditions:
e The source S of u is smooth (not nodal).
e The map u is an embedding.

e The map u extends to a map u : S — % x [0,1] x R (for some partial com-
pactification S of S) such that @ has finite energy in the sense of [BEH*03,
Section 5.3].

e There are no components of S on which 7 o u is constant.

Since we quotiented by the R-action by translation, the expected dimension of
M40 is ind(A, O) — 1.
Given an intersection point & = {x;}{_,, define B(Z) = {f;|3z; € f;and j < 2k}

to be those [(-arcs occurring in .

Lemma 4.3.1 Suppose that (O, B(Z)) is admissible. Let A € mo(Z,Y), and u €
MAO . Then for each o; (respectively 3;) the restriction of mrou to u™!(a; x {1} xR)
(respectively u='(8; x {0} x R)) is bijective (respectively injective).

Proof We know that near —oo, u is close to the g-tuple of strips Z x [0, 1] x R. Tt
follows that mpow is a g-fold covering map. Since there are g a-circles, the statement
about u™!(a; x {1} x R) follows.

Similarly, if there are m Reeb chords at east co occurring at punctures ¢; with
mr o u(g;) < t then for 8; € B(Z)m, u='(8; x {0} x {t}) # 0. So, since there are k
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distinct S-arcs in B(Z),,, u='(8; x {0} x {t}) # 0 for each of the g — k S-circles j3;,
the result about u™1(3; x {1} x R) also follows. O

4.4 Embeddedness determines y

-,

We recall a result of [Lip]. Let (3, d, 3) be a Heegaard diagram for a closed three-
manifold, and u : S — ¥ x [0, 1] x R an embedded holomorphic curve. Given a point
x € a; N f; define n,(u) to be the average local multiplicity of ms, o u at . That is,
identify a neighborhood of  with ID so that « is identified with R and ( with iR.

Then
1
ng(u) = 1 <n%6ﬂ/4(u) + n%egﬂ/4(u) + n%esﬂ/4(u) + n%e7w/4(u))

where 13 kx4 (1) is the local multiplicity of 7y o u af Lekm/4,

Given an intersection
point & = {z;} define nz(u) = >°7  ny,(u). Observe that nz(u) depends only
on the homology class A of u, and so we may write nz(A) to mean nz(u) for any
representative u of A.

Given a Riemann surface D with boundary and right-angled corners, k£ with
internal angle 7/2 and ¢ with internal angle 37/2 define the Euler measure e(D) of
D to be e(D) = x(D) — % + £ € 1Z. The number e arises naturally in the Gauss-
Bonnet theorem: for a metric on D for which the boundary is geodesic and the
corners are right angles, e(D) = % [, KdA where K denotes the Gauss curvature
of the metric.

Extend the definition of e linearly to formal sums of Riemann surfaces. Then,
since every homology class in my(Z, %) corresponds to a formal sum of connected
components of £\ (@ U j3), there is a map e : mo(Z, 7) — 17 defined by e (3 a;D;) =
> a;e(D;). (The image actually lies in $Z since the number of corners of a domain
is always even.) If u is a map in the homology class A we may write e(u) to mean
e(A).

The following is [Lip, Proposition 4.2]:

Proposition 4.4.1 If u : S — X x [0,1] x R is an embedded holomorphic curve
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connecting T to vy in the homology class A then
X(5) = g — nz(A) — ng(A) + e(4).
In particular, x(S) is determined by the homology class of .

Three remarks are in order. The first is that the result holds for u holomorphic
with respect to any (cylindrical) almost complex structure on ¥ x [0,1] X R; no
genericity is required. In fact, the result holds for curves satisfying certain topo-
logical restrictions. The second is that the proof does not use the homological
linear independence of the «; (respectively (;): it holds if the a- (respectively [-)
curves are any g-tuple of disjoint embedded circles. The precise formula does de-
pend on the fact that there are g each of a- and [-circles, but a similar formula
holds in the case of ¢ a- (respectively (3-) circles, £ # g. The third remark is that
for curves with j double points, a similar formula holds, by the same argument:
x(S) = g — nz(A) — nz(A) + e(A) + 2j. So,

Proposition 4.4.2 Let ¥ be a closed Riemann surface, aq,---,ay (respectively
B, -+, Br) pairwise disjoint embedded circles in X, © = {x; € a; N ﬁa(i)}le and
7= {yi € @i N By }y two k-tuples of Reeb chords in (¥ x [0,1] x R, (ag U--- U
ap) X {1} xR, (B U---UFg) x {0} xR). Fori=1,2 let

ui:(Si,aSi)H(Zx[O,l]xR,[(alu---Uak)x{l}xR]U[(ﬂlu---uﬁk)x{O}xR])

be holomorphic curves with respect to some cylindrical almost complex structure on

Y x [0,1] x R with the same number of double points. If uy and us are homologous
then x(S1) = x(S2).

We next deduce a similar result for curves in a Heegaard diagram with boundary

from the closed case.

-

Proposition 4.4.3 Let (X, d, ) be a Heegaard diagram with boundary,

i (Si,08;) — (z % [0,1] x R, (& x {1} x R) U (§ x {0} xR)),
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i = 1,2, embedded holomorphic curves connecting T to i in MAC. Assume u; and

uy are transversely cut-out by the O-equation. Then x(S1) = x(Ss).

Proof Roughly, we will construct a Heegaard diagram with boundary (X', &, 4 )
so that ¥ and ¥’ can be glued together to give a closed Heegaard diagram ¥ Uy Y,
and a holomorphic curve v’ : S” — ¥ x [0,1] x R so that u' can be glued to each w;
to give a holomorphic curve u; Uu' @ S; Uy S" — (X Up X') x [0,1] x R. The result
then follows from Proposition 4.4.1 or 4.4.2. (Actually, we will first perturb the u;
slightly, and will be forced to use Proposition 4.4.2.)

Let ng, denote the number of times (3; occurs as By, or Baown Of a Reeb
chord in O. For convenience, we will assume ng, > 0 for all ¢; the general
case is a simple adaptation of our argument. For ¢ = 1,--- k, let {3, ;Lil be

ng, parallel (disjoint) copies of f3;, in a small tubular neighborhood of ;. Let

gmany = {Bu1," s Brng,s B2, 5 Bokng,, » Dokt - , Bg+x}- Deform u; to a map
ui,now : (SuaSZ> - (E X [07 1] X Rv (O_Z X {1} X R) U (gmany X {O} X R}>

as follows. There are ng, different arcs b;q,--- +Ojing, of S mapped by u; to 3
{0} x R. We choose the ordering of the b, so that mg o w;(b;x) < mr 0 u(bj4+1) for
all j, k. (Lemma 4.3.1 is used here.) Then w; yey is a small deformation of u; so that
Uinew(Djk) € Bjk x {0} x R.

If w; is transversely cut out then one can choose u; many to be holomorphic.

Let (X', Je4 ) be a Heegaard diagram with boundary with the following prop-

erties.

e In a collar neighborhood of 9%, (¥, &, 5’ ) is diffeomorphic to a collar neigh-
borhood of 9% with the opposite orientation. (The collar neighborhood of 9%

should be chosen small enough not to intersect @.)

e Near 0%’ there is an a-circle oy and for each Reeb chord ~, points z, ., €
a1 N Bup(7) and oy down € a1 N Baown(7y) so that there is a holomorphic disk
D, in ¥’ x [0, 1] x R asymptotic to & down at —00, Ty yp at +00 and 7 at east

infinity. (The various 2. gown and ., need not all be distinct.)
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Such (X', 5’) are easy to produce; see Figure 4.1.

0%

Tup(71)

71
L down ('71 )

4 —
Ve
V2
\; xup (73)

— 5 / &
N 7
| | \ T down (’)/3 ) 52

Figure 4.1: A possible (3, &, ﬁ’) Observe Ty (Y1) = Tdown(72) = Tdown(75), and so
on.

=/
Let a7 .,

, be the collection of circles obtained by replacing a; with |O| parallel

copies o j of ;. Let ﬁ_;;lany be the collection of arcs and circles obtained by replacing
f3; with ng, parallel copies 3; ; of 3;. Each point x., ,;, corresponds to a point 2, up jx €
a1 N Bup(7)k (and similarly for each . dgown), and each disk D, to disks D, j s i
asymptotic to . down, jk at —00 and x. p ji at +oo.

For a suitable union u? of disks D, ; s, depending only on Z and O, the ordered
list of Reeb chords (between the Byany NOY') of u® at east oo is exactly the ordered
list of Reeb chords of u; new at east 0co. Observe also that u? is transversely cut-out
by 0.

Observe that

—

(2% [0,1] X R, (@any % {13 X R) U (Fpuny x {0} x R))
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can be glued to
(2 % [0,1] x R, (@ X {1} x R) U (Bunany x {0} x R))
to give
(252 [0, 1) % B, (8 U &) X {1} X B) U (B 8nany) x {0} X B))

Here, 33 is a closed surface and @ U a7, (respectively ﬁmanyhﬂ_;’nany) a union of
pairwise disjoint simple closed curves in X', Further, it follows that u; new can be
glued to u® (i = 1,2) to give a holomorphic curve ; pewfu® in this glued manifold.
Observe that ulmwhuo and uz,nowhuo have the same number of double points (all of
which correspond to double points of u?). It follows that the Euler characteristics
of the sources of ui,newhuo agree.

The Euler characteristic of the source of ui,newbuo is exactly x(S;). It follows

that x(S1) = x(S2), as desired. O

Remark. The assumption that the u; were transversely cut-out was convenient
for the proof, but not essential. Indeed, there are much softer requirements than
holomorphicity in which the result of Proposition 4.4.3 holds; compare [Lip, Lemma
4.1]. The more general result, however, requires considerably more fuss, and for us

is unnecessary.

4.5 A formula for the index

In this section we derive a formula for the expected dimension of the moduli spaces
M40 which extends the formula [Lip, Formula (6), Section 4.1] in the closed case.
Before doing so we introduce another ‘capping’ operation.

For the moment, view X as a surface with boundary. Let X denote the result
of gluing a collar 0¥ x [0,¢) to 9%. Inside (0X\3) x [0,¢), choose arcs connecting
every pair of (ends of) B-arcs, as shown in Figure 4.2; call the new arcs Egap. Call the
resulting [-arcs in 3P 5”“". (This “caps-off” the Reeb chords at east infinity.) We
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call the result the capped Heegaard diagram. For an appropriate choice of almost
complex structure on X x [0, 1] x R, stretching the neck along 0% x [0, 1] x R gives
a chain of symplectic manifolds (3 x [0,1] x R, 0% x R x [0,1] x R).

For each Reeb chord 7; there is a holomorphic disk D, in (0¥ x R x [0,1] x
R, 35 x {0} x R) asymptotic to 7;. Given a map u: S — X x [0, 1] X R consistent
with a list of Reeb chords O one can glue (really, “preglue”) u to (J, ., D, in an
obvious way to obtain a map cap(u) : cap(S) — X x [0,1] x R.

Recall from Section 4.4 the definition of the Euler measure, e. Extend e to
domains going out to east infinity by viewing ¥ as a surface with boundary so that
the [-arcs meet 0% at right angles.

Fix a homology class A € my(Z, ¥/), a two-level ordered list of Reeb chords O such
that (O, B(Z)) is admissible, a decorated source S¢ connecting 7 to ¢, and a map
u: S — 3 x[0,1] x R in the homology class A respecting the decorations of S® and
consistent with O. Let |O| denote the number of Reeb chords in O and £(O) the

number of <.’s occurring in O.

Proposition 4.5.1 The expected dimension of the moduli space of holomorphic
maps S — X x [0,1] x R in the homology class A respecting the decorations of

S¢ and consistent with O 1is
g — x(S) + 2¢e(A) + |O] — £(0).

Proof First, suppose that €(O) = 0. Recall ([Lip, Section 4.1, Formula (6)]) that in
the closed case the index at amap u : S — X x [0, 1] xR is given by g —x(S)+2¢(A).
We deduce our formula from the closed one via the capping construction; the reader
may find the details easier to produce than to read.

The closed formula applies to the linearization of the d-operator at cap(u), giving
ind(cap(u)) = g — x(cap(S)) + 2e(cap(A)) = g — x(S) + 2e(cap(A)). Observe that
the index of D at D, is 1. It follows that the index at u is

ind(u) = g —x(5) + 2(e(A) +0[/2) - [O] + |0,
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Figure 4.2: The capping operation.
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where the |O]/2 comes from the effect of capping on the Euler measure, the —|O|
from the fact that ind(D,) = 1, and the +|O| comes from the matching conditions
at the punctures (because of the Morse-Bott nature of the gluing). This proves the
proposition in the case (O) = 0.

Now suppose £(0) > 0. Write £(O) = €1 + €3 Where €1 = Y nesg (@) — 1,
so €1 is the number of <.’s corresponding to partitions of punctures of S and &, the

number of constraints on different punctures of S. Then, we have
. . 0] — &
ind(u) = g = x(5) +2 | e(4) + —5— ) = (|0] =€) + (|O0] = &1) — &

where most of the terms are as before, the —e; terms corresponds to the fact that
fewer punctures are being capped, and the —es comes from the fact that we are

imposing €5 point constraints in the R-direction on the punctures. O

Remark. Proposition 4.5.1 could also have been proved by adapting the gluing
argument from Section 4.4. In that argument, the computation for €(O) = 0 would
be ind(O) = g + |O] — x(S) + 2e(A) where the +|O| comes from the fact that the
glued curves have g + |O| ends at +o0.

The following is immediate from Propositions 4.4.3 and 4.5.1.

Corollary 4.5.2 The expected dimension of the space of embedded holomorphic
curves in the homology class A consistent with O near a curve u depends only on A
and O. (We will denote this expected dimension ind(A, O).)

4.6 Restrictions on codimension 1 degenerations

This section brings together most of the technical results proved so far to analyze
completely the codimension 1 degenerations of our moduli spaces. Proposition 4.6.1
is the culmination of the analytic work in this paper; almost all of the rest of the
paper consists of interpreting this result algebraically.

By a join curve we mean a map S — (0X) x R x [0, 1] x R with one component

a disk with three boundary punctures, one mapped to east co and two mapped to
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Figure 4.3: A join component and its image in 0% x R.

west 0o, and all other components disks with two boundary punctures (one mapped
to east co and one mapped to west 00). See Figure 4.3. Such curves will correspond
to the operation join defined in Section 3.1. We may also speak of backwards join
curves, which are the reflections in the first R-factor of join curves.

We call a holomorphic curve S — (0X) x R x [0,1] x R trivial if it is a disjoint
union of disks with two boundary punctures each. Such curves are not stable, and

hence do not appear in limits of sequences of holomorphic curves.

Proposition 4.6.1 Fix intersection points ¥, i, a homology class A € mo(Z,Y), and
an ordered set of Reeb chords T'. Assume ind(A,T") = 2. Then, for a generic choice
of J satisfying (J1)-(J4), the boundary of MY consists of the following pieces:

1. Holomorphic buildings, split at +00. That is,

U MAl,Fl % MAzJ"z.

Al +A=A
I'i1 <Ty =T

2. Holomorphic buildings split at east infinity, where the level at east infinity is
a join curve. That is, |J MY where I" is obtained from T by replacing some

Y=Y W by vy <c Vo, and I is admissible.

3. A single collapse in the ordering. That is, | J MY where the union is over T”

obtained from I' by replacing one < by a <..

Proof The proof is in several steps. By Proposition 4.2.1, any sequence {u'}$2, of

curves in M“! has a subsequence converging to some holomorphic comb {u°, vi5
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Using Proposition 4.4.3, we will show first that all of the v?; must be topological

disks, and eve : M(v5%) — R and evy, : M(v5%,,) — RN are transverse. It
then follows from Lemma 4.1.2 that the linearized d-map is surjective at the v
We know by Proposition 4.1.1 that the linearized d-map is surjective at the u2°. For
a generic choice of J, ev : M(u®) — R and ev,, : M(v;o) — R are transverse.
The result will then follows from Proposition 4.2.2, an explicit computation of the
moduli spaces of disks in (0X) x R x [0,1] x R, and a few words about why cusp
degenerations are impossible.

We begin by deducing from the fact that A, " determine the Euler characteristic
of the source S that all of the v; are unions of disks and, further, that if for each ¢
one glues the vy (in the obvious way) the components are still unions of disks. Let
v; denote a curve obtained by gluing the v5 at east/west oco. There is a curve v; in
0% x [0,1] x R all of whose components are disks and with the same asymptotics
as v; at east and west co. By Lemma 4.1.2 and Proposition 4.2.2 can glue the v; to
the u® at east/west 0o, and glue the resulting curves at oo, to give a new curve in
MATIf the components of the v; were not all disks then the Euler characteristic of
the new curve will not be the same as that of the old ones, contradicting Proposition
4.4.3.

Note in particular that this means that for each component C' of v; ; and C” of
i j+1, the west oo of C" meets the east oo of C'in at most one Reeb chord. It follows
that the evaluation maps ev,, from M(v; j1+1) and ev, from M(v; ;) are transverse.

Now, for a map v : S — 9% x R x [0, 1] x R, the dimension of M (v) is

—2 + (#components of v) + 2(#of branch points ofry; o v)

(The —2 comes from the fact that curves in 90X x R x [0, 1] xR are only defined up to
translation in the two R-factors. Boundary branch points count for 1/2.) Observe

also that ev,,(v) is contained in a subset of codimension
(#of Reeb chords of v at eastoo) — (#of components ofv).

Using Lemma 4.1.2 and Proposition 4.2.2 and the fact that the vf are unions of
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disk components, it follows that at most one of the v7% is nontrivial, and that one
is either a join curve or a backwards join curve.

It also follows that if any v7; is nontrivial then the comb has only one story, and
that the comb never has more than two stories.

Observe that the appearance of a backwards join curve corresponds to a collapse
of I' (item 3 above). If 7; < v; appears in I with Bu,(7;) = Baown(7;) this is the only
way a collapse can occur. If 5y,(7i) # Bdown(7;) then collapses can still occur but
do not split off backwards join curves.

A sequence splitting into two stories corresponds to item 1.

A sequence splitting off a join curve corresponds to item 2. Forgetting the new
component at east oo gives an element of MAT" where I” is obtained from I' by
replacing the east infinity of the join component v = v, W 7, by its west infinity
Yp <e 7Vq. For this splitting to occur, by Lemma 4.3.1, the new ordered list of Reeb
chords IV must be admissible.

Bubbling of disks or spheres is ruled out since mo(X) = mo (2, @) = m (%, §) =
0. Deligne-Mumford degenerations in the interior of S are codimension 2.Cusp
degenerations (not corresponding to splitting curves at oo of east 0o) could occur.

This is, however, ruled-out by Lemma 4.3.1. (Compare [Lip, Proposition 7.1].) O



Chapter 5

Heegaard-Floer invariants of

bordered 3-manifolds

5.1 Definition of the Heegaard-Floer differential

module

Given a pointed Heegaard diagram with boundary (X, «,(,3), let A denote the
differential algebra associated to the boundary of 3. To the Heegaard diagram with
boundary we will associate a left differential .A-module CF. In later sections we will
show that CF depends only on the bordered three-manifold specified by (X, «, 3, 3).

Let CFy be the free [F3-module on the intersection points in . Then CFy is
naturally a left Ag-module: define

0 ifB # B(%)

(@’B)‘f:{ # itB=B(#)

Let CF = A® 4, CFy, a left A-module. Observe that CF is spanned by elements of
the form (O, B) ® ¥ where B(Z) = Bjo|. We define a map d : CFy — CF by

di=%_ Y = (#M*°)(0,B(x))®7F.
Y Aem(q)
ind(4,0) =1

50
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Extend d to a map d : CF — CF by requiring that d satisfy the Leibniz rule, i.e.,
d((0,B)® ) =(d(0,B))® 7+ (0,B)® dz.

Lemma 5.1.1 If the pointed Heegaard diagram with boundary (X%, &, 5,3) 1s weakly

admissible then the sum defining dx is finite.

Proof This follows from Corollary 2.7.3 and the fact that for ¢ € ¥, {¢} x [0, 1] xR
is J-holomorphic. O

Proposition 5.1.2 d? = 0.

Proof Since
d? (O, B)x] = [d2(0, B)} 7+ 2[d(0, B)][dZ] + (O, B)[dzf],

it suffices to show that d?Z = 0 for & an intersection point. This will follow from

Proposition 4.6.1.

PE =D Y # (MO x M%) [(0,0,, B(x))Z]
Z 0 A em(@ D)
AQEWz(g,Z)
ind(A;,0;) = 1

+3 S (#MMO@F ) [(dO, B(x)) 2.
7 Aem(E 2)
)

ind(4,0) = 1

So, we need to check that for given z and O with (O, B(¥)) admissible,

3 (M3 )+ S MO M)~

A€ ma (3, Z) U A em(&7)
O € decol(O’) U join(O’) Az € m2(¥, Z)
ind(A4,0') = 1 0102 = O

ind(A;,0;) =1
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To see this, observe

[y
} : (#MA’O (x, z)) + E : i (MAl,Ol % MA2’O2)
A€ my(T,5) U A em(zg)
O € decol(0’) U join(0’) As € (¥, Z)
ind(A,O/) =1 0102 =0
ind(A4;,0;) =1

Il
Ik
/N
Q
N

b
Q
o
N
SN—

I
=

Here, the first equality follows from Proposition 4.6.1. 0J

Lemma 5.1.3 The differential module CF decomposes, as a differential module, as

a direct sum over Spin®-structures on'Y,
CF = @4espinc(v) CF7

Proof Clear from Lemmas 2.6.2 and 2.6.3. O

Observe that the filtration H on A by total homology class induces a filtration
on CF. Let CF" = ﬁ@A CF denote the completion of CF with respect to the
filtration H by the total homology class of the Reeb chords at east infinity. For
some computations it is easier to work with CF” than with CF.

Remark. Asin traditional Heegaard-Floer homology, there are twisted versions of
CF, keeping track of the homology classes A. The totally twisted version, from which
all other versions can be reconstructed, is defined as follows. Fix s € Spin®(Y).
Let A™ = Fy[Hy(Y,0Y)] ®F, A, with differential induced by the differential on
A, and as a module let CF;, = A™ ®4 CF. To define a differential on CFy,, fix
an intersection point 7, € CF{. For each intersection point & € CF{, choose an
element Az € my(Zp, Z). These choices identify mo(Z,y) with mo (%o, Zo), which in
turn is identified with Hy(Y,0Y) (Lemma 2.6.1). Now define for ¥ € CF}, define
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@ € CF, by

dwZ=Y_ > (#M)[(A)®(0,Bx)]@§
¥ Aem(zq)
ind(4,0) = 1

where (A) denotes the image of A in Ho(Y, dY') under the identification induced by
the Az. Extend this definition to a map CFy, — CFy,.

Note that since both A and Hy(Y,0Y") keep track of the total homology class of
the Reeb chords of a domain at east oo, there is some redundancy in CFg,.

One can check that this chain complex is independent of the choices of the Az.
Further, the proof of invariance of CF given below extends to prove that CFj,

depends only on (Y, s). That said, we will not discuss CFy,, further in this thesis.

5.2 Remarks on the convergence of spectral se-

quences

To compute the homology of CF we would like to exploit the filtrations by total
homology class and number of Reeb chords. Unfortunately, convergence of these
spectral sequences is somewhat subtle. To illustrate, consider the following toy
example, which captures the spirit of the issues involved.

Consider the differential algebra Fy[z,y]/(z*) with differential specified by
d(zy*) = y**1 + y*2 and d(y*) = 0. On the one hand, the homology of
(Fo[z,y]/(2%),d) is Fo, generated by y. On the other hand, there is a filtration
FY > F' D .. of Fylz,y]/(2?) where F* is generated by all monomials of total
degree at least s. The homology of the associated graded module is zero, so the
spectral sequence associated to the filtration F*® converges to zero, not Fy. Ob-
serve, however, that if one completes Fylx,y]/(z*) with respect to F** then the
homology is also zero: the completion is just (Fy[z|/2z?) [y], and in (Fy[z]/2?) [y],
y=d[l+y+y*+--)z].

The convergence results we need are contained in [Boa99].
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Definition 5.2.1 Let (C,d) denote a differential module and --- > F*~' O F* D
Fstt 5 ... q decreasing filtration of C.

e The filtration F is exhaustive if | J.o___ F* = C.

S=—00

e The filtration F is left-boring if for some sy, F* = F*° for s < s.
(The terminology left-boring is not standard.)

Proposition 5.2.2 Let (C,d) be a differential module and F an exhaustive, left-
boring filtration of (C,d). Let (C’, d) denote the completion of (C,d) with respect
to F. Let ES denote the s™ graded part in the r'™ page of the spectral sequence
associated to (C,d, F), and d3 : E5 — ES*" the differential on the r'" page. Assume
that for each s there are finitely many r for which d; is nonzero. Then the spectral

sequence E? converges strongly to the homology of (C’, d).

Proof Unwinding the definitions, this is immediate from [Boa99, Theorem 9.3] and
[Boa99, Theorem 7.1]. (See also the remark following [Boa99, Theorem 7.1].) [

Corollary 5.2.3 Let (C,d) be a differential module and F' an exhaustive, left-boring
filtration of (C,d). Let (C’, d) denote the completion of (C,d) with respect to F.
Suppose that the spectral sequence associated to (C,d, F') collapses at some stage.

Then the spectral sequence converges strongly to the homology of (C,d).

5.3 Examples

Consider first the Heegaard diagram with boundary Hy shown in Figure 5.1. (Here,
opposite sides of the square are identified and the corners of the square deleted.)
Observe that this diagram is weakly admissible as in Definition 2.7.1. Let v, 72 and
~3 denote the irreducible Reeb chords indicated in the figure, and let v, = 71 W 72,
Y5 = Yo Wy3 and 5 = v1 W e W y3. There are three intersection points, r, s and .
Let Dy, Dy and D3 denote the three regions indicated in the figure (so, for instance,

Dy € my(r,s)).
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" \,y Z‘."

Figure 5.1: The Heegaard diagram H, for D? x S1.

The admissible pairs consisting of a single Reeb chord are (v, 51), (72, 52),
(73, 01), (94, 51), (75, 52) and (6, 31). This will be important for our calculation
of the homology.

We have differential

dir) = 0
d(s) = 1+ (72, 8)t + (72 <c 73, B2)r + (75, B2)7
d(t) = (’)/3, 51>7’.

We can check directly that d?> = 0: certainly d?r = d*t = 0, while

d*s = d[r + (v2, Bo)t + (2 <c 73, B2)r] = 0+ (72, B2) - (73, B1)7 + (72 < 73, B2)7 = 0.

It is easier to compute the homology of CF"(H,) than CF(Hy) because for
CF”"(Hy) we can use the spectral sequences associated to the filtrations by homol-
ogy class and number of Reeb chords. Let gry,(CF) denote the graded complex
associated to the filtration of CF(Hy) by the homology class of the Reeb chords
at east infinity. There is a spectral sequence with Ej-term H, (gry(CF)), which
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converges, by Proposition 5.2.2, to the homology of CF"(H,).
To compute H, (gry;(CF)), notice that, as a differential module, H, (gry (CF)) =
(A®y, Folr,s)) & (A @y, Fa(t)). The homology of A ® 4, Fa(t) is just

Fo((B1, 0)t, (B2, Y2)t, (Br, 75)t).

On each graded piece of A @ Fy(r, s) there is a finite filtration by the number of
Reeb chords appearing. Let gr,, (A®Fa(r, s)) denote the associated graded complex;
there is a spectral sequence with F;-term gr, (A®Fy(r, s)) converging to the homol-
ogy of A® Fy(r,s). On gry, (A ® Fy(r, s)) there is a further filtration by minus the
number of <. appearing. Let gr, (gr#(A ® Fo(r, s>)) denote the associated graded
complex. There is a spectral sequence with Ey-term H, (gr. (gru(A ® Fa(r, s))))
converging to H, (gr,(A® Fa(r,s))).

In gr, (gru(A @ Fa(r, s))) the internal differential of A has been completely elim-
inated, so d (I'r) = 0 and d(I's) = I'r. It follows that H, (gr. (gru(A® Fa(r,s)))) =
0, so H.(gryu(A ® Fao(r,s))) = 0 so H,(A® Fao(r,s)) = 0, so H,(gry(CF)) =
Fo (51, D)t, (B2, 72)t, (B1,75)t). Tt is now clear that there are no higher differentials
in the spectral sequence converging to H,(CF"(H,)), so

H.(CF"(Ho)) = Fo((B1, 0)t, (Ba, 12)t, (Br, ¥5)t.)

Next, consider the Heegaard diagram with boundary H; shown in Figure 5.2.
This is another Heegaard diagram for a solid torus, but with a different framing
(parameterization) of the boundary. As before, let let 74 = 71 Wya, 75 = 12 W 3
and s = 71 Wy Wy3. The module CF(H;) is generated by {a, b, c,d, e, f}; it is easy
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B2

Figure 5.2: The Heegaard diagram H; for D? x S1.

to check that the differential is given by

da = (y3,01)f

db = 0

de = b+ (0, B)d+ (71, Br)a+ (1 <c 72, b)a+ (76, 51) f
+(71 <e 5 B)f + (a <c v3, B0)f + (11 <c 2 <e 73, 81) f

dd = (72, 82)a+ (75, 82) f + (v2 <c 73, B2) f

de = f+ (72, 5)b

df = 0.

Let us compute the homology of CF"(Hy). In gr.(gry(gry;(CF(H1)))), d(I'c) =
I'b and d(T'e) = T'f; all other differentials are zero. So, the homology
of gr (gry(gry(CF(Hy)))) is generated by a and d. Next, the homology of

gru(gry (CF(Hy))) is

Fz((@, 51)& (72, 52)@, (747 51)& ((Z), 52)61, (717 51)657 (737 51)65, (75, 51)61, (%', 51)d>-
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Figure 5.3: The Heegaard diagram H,, for D? x S*.

The homology of gr,(CF(H;)) is the same. Finally, the homology of CF(H;) is

Fz((@, 51)% (712, 51)% (717 61)d7 (737 61)d7 (7237 61)657 (7123, 51)d>-

since now d((0,82)d) = (72,02)a. This verifies the (unremarkable) fact that
CF(Y,0Y) is indeed sensitive to the parameterization of JY .

(Another way to prove the same would have been to consider the change of
coefficient homomorphism A — Fy which takes (O, B) — 0 unless O = (), and
(0, B) — 1. It is obvious that H.(Fo®4CF(H,)) = Fc(U), which is one-dimensional,
while H,(Fy ® 4 CF(H;)) = Fs(a, d), which is two-dimensional.)

Finally, consider the Heegaard diagram with boundary H,, shown in Figure 5.3.
This is yet another Heegaard diagram for the solid torus. Here, the module CF(H)
is generated by {w,z,y}, and the differential is given by

dw = 0
dx = w4 (91, 80)y + (v, B)w + (71 <c 72, fr)w
dy = (72, 5)w.
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Observe that there is a short exact sequence of A-modules
0 — CF(Ho) — CF(H;) —= CF(Hu) — 0 (5.1)

where ® and WU are given by

(

O(s) = d+e Y

() = a+b V(e
(
(
(

o w e 8 g g

It is easy to check that ® and ¥ give chain maps.

Recall ([OS04c, Theorem 9.12]) that if ¥ is a 3-manifold, K — Y a knot, u
the meridian of K, and A € H;(0nbd(K)) any longitude of K (i.e., p-A = 11in
H.(Onbd(K))), there is an exact triangle relating }/IF(Y)\(K)), }/IF(Y,\JW(K)) and
}/IF(YN(K)) = }/IF(Y) (Here, Y)\(K) denotes surgery along K with framing A, and
so on.) This surgery exact triangle is obviously closely related to the short exact
sequence (5.1) above. Indeed, if Conjecture 8.1.1 holds, then the surgery sequence

for HF follows from the short exact sequence (5.1).



Chapter 6

Isotopy and stabilization

invariance

We have associated to the data <Z, a, 5, 3), together with an almost complex struc-
ture J on 3 x [0,1] x R, a filtered differential module CF over the algebra A. In
this section and the next we show that CF, up to chain homotopy equivalence, de-
pends only on the bordered manifold (Y, 9Y") specified by (Z, a, 0, 3). The proof is
a modification of the one given in [Lip, Section 9] to the relative case; the reader

may find it helpful to read the proof in the closed case first.

Definition 6.0.1 Two differential A-modules M and N are homotopy equivalent if
there are maps ® : M — N and &' : N — M of A-modules such that

e The maps ® and ®' are chain maps, i.e., do®+Pod =0 and do®' +d'od =0

and

e There are maps Hy : M — M and Hy : N — N of A-modules such that
O od=doHy+Hyodand Pod =do Hy + Hyod.

Proposition 6.0.2 Suppose that <Z,c?, 5,3, J) and (Z,&’,ﬁ’,z’, J’) are related by

e isotopies a; and /6:, t € [0,1], of the a- and [(-arcs, constant near 0%, not

crossing 3, with every intermediate Heegaard diagram weakly admissible, and
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e a homotopy J; of complex structures, constant near 0.

Then CF (2,0_2, 5,3, J) and CF (2,62’,5’,3’, J’) are homotopy equivalent A-
modules. The homotopy equivalence respects the decomposition of CF into Spin®-

structures.

As a first step in the proof, observe that we can assume the isotopies of the a- and
(-arcs are Hamiltonian: any isotopy can be broken up as a sequence of Hamiltonian
isotopies introducing or eliminating pairs of intersection points between a- and (-
circles (i.e., finger moves) and a deformation of the almost complex structure; see
[0S04d, Theorem 7.3] or [Lip, Section 9]. The proofs of both parts of Proposition
6.0.2 are essentially the same, so from now on, we will assume that @; and 6: are
Hamiltonian deformations.

Fix almost complex structures J;, ¢ = 1,2, on X x [0, 1] x R satisfying (J1)-(J4)

and achieving transversality for index < 1 holomorphic curves in
((2\3) x [0,1] x R, (@ x {1} x R)U (; x {0} x R))

respectively. Choose a g-tuples C, (respectively Cp) of Lagrangian cylinders in
¥ x {1} x R (respectively ¥ x {0} x R) agreeing with dy x {1} x R (respectively
Bo x {0} x R) near —oo and @ x {1} x R (respectively 5 x {0} x R) near +oo,
and constant near 0X..

Choose an almost complex structure J on ¥ X [0,1] x R agreeing with Jy near
—00, J; near 400, such that .J is split near 0%, tamed by the split symplectic form,
and the fibers of both 7y, and mp are J-holomorphic.

Given an intersection point Z° in (X, &, 3) and Z* in (X, dy, 51), the set of ho-
mology classes of curves (7, #!) connecting 7° and 7! has an obvious meaning.
Given an admissible pair I', and A € mo (70, 71), we let M“© denote the moduli space
of J-holomorphic curves in ((2\3) x [0,1] x R, (@ x {1} x R) U (8 x {0} x R)) sat-
isfying the same conditions as the corresponding object in Section 5.1. The new fea-
ture is that since J is not translation invariant, M may be generically nonempty
even if ind(A,O) = 0; the expected dimension of M%© is now ind(A,O), not
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ind(A, O) — 1. We assume that J is chosen so that the M“:© are transversely cut
out; this can easily be arranged (cf. Section 4.1).
Define a map @ : CF(dy, ;) — CF(dy, 51) by

(1°) = > (#M™29) (0, B(i) @ 7.

A€ mp (20,7
(O, B(z°))admissible
ind(A4,0) =0

Extend ® to a map @ : CF(dy, ) — CF (1, 51) by (') = I'd ().
Lemma 6.0.3 The map ® is a chain map.

Proof As usual, the proof proceeds by considering the boundary of the index 1
moduli spaces. The obvious analogs of Propositions 4.2.1 and 4.2.2 imply that this
boundary consists of level splittings, collapses in the order, and splitting a join curve.

This implies d o ®(F) + @ o d(Z) = 0. Consequently,

do®(TZ)+ Pod(l7) = d(I o))+ ((dl)Z+T - (d7)
= (dD)®(Z) + Tdd(Z) + (dT)B(Z) + D (d)
=0

as desired. 0

Similarly, choosing a family of Lagrangian cylinders CY, (respectively C7}) agree-
ing with @ x {1} x R (respectively f; x {0} x R) near —oo and @ x {1} x R
(respectively Gy x {0} x R) near 400, together with an appropriate almost complex
structure J' on ¥ x [0, 1] x R, we have a map &' : CF(ay, ﬁl) — CF(&O,go) defined
in exactly the same way as ®. We will check that &' o ® is chain homotopic to the
identity; the proof that ® o &’ is chain homotopic to the identity is symmetric. This
will, of course, immediately imply Proposition 6.0.2.

Let R > 0 be large; we will say exactly how large presently. Let ¢ be the R-
coordinate on ¥ x [0, 1] x R. Translate the C,, Cj and J so that C,, (respectively Cp,
J) agrees with @ x {1} x R (respectively 3 x {0} xR, J;) for t > 0. Translate the
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C}, Cj and J' so that (7, (respectively C7, J') agrees with d; x {1} xR (respectively
B1 x {0} x R, J;) for t < R. Define

C, ift<R Csg ift<R J ift<R
Cl= - and Cj = . - and J!' = -

C, ift >R Cy ift > R J'ift > R
Given intersection points Z° and §° in (3,80, 3), A € m(Z,7) and a two-
level ordered list O, let ./\/lf’o denote the moduli space of holomorphic curves in
(Z x [0,1] x R,CL U Cé) satisfying the conditions from Section 5.1 in the homology
class A with asymptotics O at east co. For R sufficiently large, /\/lf’o is homeomor-
phic to
U MAl,Ol % MAQ’OZ.

an intersection point of (3, &1,51)
Ay € ma(Z0, 1Y), Ag € ma (1, 7))
0102 =0,A1 + A=A

7l

(This statement uses analogs of Propositions 4.2.1 and 4.2.2 in the case of splitting
along a hypersurface.) Let C0 = @y x {1} x R, C9 = fy x {0} x R and J° = J,. Let
C!, (respectively C%), t € [0,1], be a family of Lagrangian cylinders interpolating
between CJ and Cj (respectively Cj and C}). Let J* be a generic almost complex
structure interpolating between J° and J!. We assume that C’é and J' are constant
near east co. For t € (0,1), define /\/ltA’O in exactly the same way as Mf’o, with
respect to Cf,, Cj and J".

Given A and O with ind(A, O) = —1, there is a finite list of ¢; for which ./\/lf:’o #
(). So, it makes sense to define a map H : CFO(E,O_ZO,EO,j) — CF(E,&O,ﬁo,g) by

H(&") = > # | J M) (0.B(@) @
A€ ma(29,4°) t€[0,1]
(O, B(#°))admissible
ind(A4,0) = -1

Extend H to a map CF — CF by setting H(I'z2") = TH(2°).

Lemma 6.0.4 & o® —Id=do H+ H od.
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Proof This follows by considering the boundary of

U Ume

A € (29, 9°) t€[0,1]
(0, B(2°))admissible
ind(A,0) =0

The parameter R was chosen large enough that the boundary at ¢ = 1 corresponds
to ® o ®. The boundary at t = 0 consists entirely of trivial disks 2% x [0, 1] x R, and
so corresponds to the identity map. Boundary components occurring at t € (0,1)
correspond to either collapses of the order, level splitting, or splitting a “join curve”

at east co. The sum of these phenomenon is, clearly, do H + H o d. ([l

As we remarked earlier, Proposition 6.0.2 is now immediate.
Next we turn to stabilization. By a stabilization we mean taking the connect sum
of (X, d, ﬁ) with the standard (genus one) Heegaard diagram for S3. A stabilization

occurs in some component of X\ (& U /).

Proposition 6.0.5 If the Heegaard diagrams (Zg,&, ﬁ,g) and

(Sor @ = @U{agu}. F = BU{Gy}.5)

-,

differ by a stabilization in the component of X\(& U () containing 3 then
CF (Zg, a, ﬁ,g) and CF (ZgH, 07’,5’,;,’) are isomorphic differential A-modules.

Proof Let Zpew = og+1 N Byy1. Define a map
@: CF (,,6,4.3) = CF (S0, 7.5)

by sending I'® 7 to I'® (FU{Zpeyw }). This is obviously an isomorphism of .A-modules.
There is an obvious correspondence between 73’ (%, i) and 75 (ZU{Znew b TU{Tnew })-
Further, since the holomorphic curves we considered are not allowed to cover 3, for
A € 3Z, ) =73 (T U {Znew }, TU {Tnew }), the moduli spaces Ma® and ML are

homeomorphic. O

Recall from Lemma 2.2.2 that this is all the stabilization invariance we need.



Chapter 7

Holomorphic triangles and

handleslide 1invariance

In this section we adapt the holomorphic triangle construction of [0S04d, Section
8] and [Lip, Section 10] to prove invariance of the Heegaard Floer complex under
handleslides. The proof of invariance under handleslides between the a-circles is the
same as in the closed case ([O0S04d, Section 9], [Lip, Section 11]), so we omit it. The
proof of invariance under handleslides between (3-circles or of a 3-arc over a (3-circle
involves a few new complications; after some preliminary definitions about triangles

in Section 7.1, we prove this handleslide invariance in Section 7.2.

7.1 Generalities on triangles

In this section, let 3 be a surface of genus g with a single boundary component, which
we still sometimes view as a puncture. Let aq,-- -, agg, (respectively (i, -, Bok,,
Y1yt Yoks) De a 2ki- (respectively 2ko-, 2k3-) tuple of arcs with boundary on
0%, and Qo 41, , Qgik, (respectively Bog,+1, - s Bgthas V2katls " > Vg+hs) DE &
(g — k1)- (respectively (g — k2)-, (g — k3)-) tuple of circles in ¥. We assume that
the a; (respectively 3;, v;) are pairwise disjoint, that oy th 5;, B; M vk, a; My, and
a;NB;NOY = B;N7NIE = o Ny NI = ;N BNy, = . We call such a quadruple
(5,d@ = {a;}, 5 = {6;},7 = {}) a Heegaard triple. As before, we choose a point
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3 € (82\(& U BU '7)) The quintuple (X, &, 8, 7,3) is a pointed Heegaard triple.

There are obvious generalizations of various definitions introduced for pointed
Heegaard diagrams to pointed Heegaard triples. By a intersection point between a
and 3 we mean a g-tuple of points {z; € o) N Br;)} such that exactly one x; lies
on each a-circle and (-circle, and no two distinct x; lie on the same a-arc or the
same (-arc. There are obvious corresponding notions of intersection points between
5 and 7 and intersection points between & and . If it is clear from context, we may
not specify which circles an intersection point is between.

By a a Reeb chord we mean an arc in 0X\3 with endpoints on @ N 9Y; there are
corresponding notions of 3 Reeb chord and v Reeb chord. We will be interested in
two-level ordered lists of Reeb chords. Let O be a two-level ordered list of o Reeb
chords and B a set of k; a-arcs. Then the definition of (O, B) being an a admissible
pair carries over from Section 3.1; the same is true for § Reeb chords and (-arcs,
and v Reeb chords and ~-arcs.

Let T denote a disk with three punctures on the boundary. Let ey, e; and e
denote the three arcs on JT', enumerated clockwise, and p;; the puncture between
e; and e;. Given intersection points & between & and ﬁ, i/ between 5 and ¥ and 2’

between @ and 7 let mo(, 7, Z) denote the homology classes of maps
(S,85) — (z x T, (& % e1) U (5 x e2) U (7 % 63))

asymptotic to ¥ at pio, i at po3 and 2" at pi3.
Fix almost complex structures J, 3, Jz, and J,, on 3 x [0,1] x R satisfying
properties (J1)—(J4). Fix an almost complex structure J on ¥ x 7" such that
(JT1) m: X x T — T is J-holomorphic
(JT2)
(JT3)

(JT4) J agrees with J, 5 near pig, with Js., near ps3 and with J, ., near p;3.
There is an obvious generalization of the definition of decorated sources from

the fibers of 7y, : ¥ x T" — X are J-holomorphic
J is split near the puncture p of ¥ and

Section 4.3 to the context of triangles, as well as the notion of respectful holomorphic
maps S°® — X X T consistent with ordered lists (O1,05,03). Let A € mo(Z, ¥, 2)
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and (Oq, B(%)), (04, B(¥)) and (O3, B(%)) be admissible pairs of a-, 8- and 7-Reeb
chords respectively. Let MA:01:02:.05 denote the union over all decorated sources
S¢ consistent with (Oy, Os, O3) of the moduli space of smooth, embedded, finite-
energy holomorphic maps u : (S°,05°) — (2 X T, (@ x e1) U (f x ex) U (7 x 63))
in the homology class A without components on which 77 owu is constant. (Compare
Section 4.3.)

Given a homology class A and ordered lists of Reeb chords O;, Oy and Os, it
follows from the arguments in Section 4.4 that for (u: S — ¥ x T') € MA:01:.02.05,
the Euler characteristic of S is determined by (A, Oy, Oy, O3). It follows that there is
a well-defined expected dimension ind(A4, Oy, Os, O3) of MA:91:02:03 depending only
on (A, 01,04, 03).

If any of &N o, 5 N oY or YN OX is empty then we will omit the corresponding
(necessarily empty) list of Reeb chords from the notation. So, for instance, if k; =0

then we write M#492:03 to mean M4:0:02:0s

7.2 Handleslide invariance

We will focus on invariance under sliding a [(-arc over a [-circle; the proof of in-
variance when sliding a (-circle over a [-circle is similar but slightly easier. (As
noted earlier, invariance under handleslides between a-circles is essentially the same
as in [OS04d] or [Lip].)

As always, fix a pointed Heegaard diagram with boundary (X, &, 5, 3). To 5 =
{61, -+, Bok, Bak+1, - -+, By} We associate a lists g = {81 5 Byt and gH =
{B{",---, B} of arcs and circles as follows. For i = 1,---,2k, let (] be a small
perturbation of 3;, intersecting (; transversely in one point 6/, disjoint from ; for

i # j, so that there are two holomorphic disks D; , in
(Ex[0,1] xR, (8; x {1} x R) U (8! x {0} x R))

asymptotic to 0; x [0,1] at —oo and a Reeb chord v; , between §; and ] at +east
infinity; see Figure 7.1. Fori =k+1,---,g+k, let 8! be a small perturbation of /3;
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intersecting (; transversely in two points. Let 6. be the intersection point between

i and f3; so that there are two holomorphic disks Dj . in
(Zx[0,1] xR, (8; x {1} x R) U (B x {0} x R))

asymptotic to 6, x [0,1] at —oo; see Figure 7.1. For B’ a k element subset of
{1a T ,2]{5}, let ©" = {9”2 S B/} U {eék-i-la to >9;+k}~

Figure 7.1: The (- and (#'-arcs and circles. [, and 3 are omitted.

Fori=2,---  k, let 87 be a small perturbation of 3; so that
e 31 and f3; intersect transversely in a single point 67.

e 37 and f3! intersect transversely in a single point §7",
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e there are two holomorphic disks D7 in

(Zx[0,1] xR, (8; x {1} x R) U (B{" x {0} x R))

asymptotic to 67 x [0,1] at —oo.

e there are two holomorphic disks Dfi/ in
(£ % 0.1 x R, (87 x {1} x B)U (8 x {0} x )

asymptotic to 07 x [0,1] at —oo.

See Figure 7.2. Let B be a circle obtained by handlesliding 3; over 34,1, disjoint

Figure 7.2: Two regions in .

from the §; and 3! for i # 1, intersecting (3; in a single point #7 and ] in a single

point 07’ so that there is a unique holomorphic disk D{_ in
(2% [0,1] xR, (B x {1} x R) U (8" x {0} x R))

(respectively DI" in <Z x [0,1] x R, (37 x {1} x R) U (8] x {0} x R))) asymp-

totic to 07 x [0,1] (respectively 01 x [0,1]) at —oo and /7, (respectively 7I7})
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at +east infinity. See Figure 7.3. For i = 2k + 1,---,g + k, let 3 be a small

Figure 7.3: Yet another region in 3. Capital letters label components of 2\(5 U 5’ U
g1,

perturbation of 3; intersecting (3; and 3/ transversely in two points each. Let 6
be the intersection point between 3; and B so that there are two holomorphic
disks D, in (2 x [0,1] x R, (8; x {0} x R) U (8 x {1} x R)). Let 6"’ be the in-
tersection point between 87 and 3! so that there are two holomorphic disks Dfi/ in
(Zx[0,1] x R, (B x {0} x R) U (8! x {1} x R)). See Figure 7.2. For B# and B
k element subsets of {1,---,2k}, let ©F, = {6|i € B"} U{05;,,,---,0f,,} and
@g, = {ez'H,H € B}U {egcﬂla o 79£+g,}'

Let CF(a, 3), CF(a, ) and CF(a, 3%) denote the Heegaard-Floer differential
modules associated to (X, &, 5,3), (3, a, ﬁ’,g) and (X, d, BH,Z,) respectively.

Notice that there are obvious identifications between the algebras A associated
to (8%, N IT), (8%, F NIX) and (9%, F7 NIT), and we will denote each of these
three algebras by A.

We first define a map F, g5 : CF(a,) — CF(a, ). Given an intersection
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point Z € CFy(«, 3), define

Fopp() =) > > [# (MA9202) (0, B(2))] 7

Y B c{1,--,2k} O=01-09
A€ ma(7,0),7) ind(4,01,02) =0
(0,B(7)) € A

Define Faﬂ’ﬁ/ ((O, B)f) = (O, B)Faﬂ’ﬁ/(f).

Observe that F,, 35 respects the decomposition of CF into Spin®-structures.
Lemma 7.2.1 The map F, 34 is a chain map, i.e., do Fy s = Fypp od.

Proof In the closed case, this is a special case of [Lip, Lemma 10.18]. In our setting,
the proof is more involved. As one would expect, the proof involves an analysis of
the one-dimensional moduli spaces. As we will see, while these moduli spaces can
degenerate in new and interesting ways, they do so an even number of times.

Suppose that A € my (7, 0%, %) and ind(4, Oy, 02) = 1. Then M4:91:02 poten-
tially has four kinds of ends:

1. Degenerations at p; (i.e., ), corresponding to M4 01:92 x MBOT where B €
mo(Z, 7)), A € my (2, ©', ), and O7 = OF-O}. These correspond to F, g g od(Z).

2. Degenerations at ps (i.e., © ). These will require further consideration.

3. Degenerations at ps (i.e., %), corresponding to M4 01:92 x MP:9% where B €
(7, 1Y), A" € mo(Z, 0", y), and Oy = O) - O. These correspond to the part of
do F, g (%) coming from differentiating the generator of CFy.

4. Degenerations at east oo, not at p;. These correspond to the other part of

do F, g3 (%), coming from differentiating the coefficient in A.

Except for 2, this would prove that F, s is a chain map. We will show that
degenerations at py come in pairs. (Essentially, type 2 degenerations correspond to
Reeb chords passing from I'; to I'y.)

A degeneration at p, yields a curve u in

<E>< [0,1]xR,(ﬁx{uxR)u(ﬁfx{()}xR))
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and a curve v in X xT'. Inspecting (X, ﬁ, 5’ ), the only such curves u consist of disjoint
unions of some of the disks D; ; and some trivial disks. For simplicity, assume for
the moment that v consists of a single nontrivial component. (Generically, this will
be the case if O has no nontrivial microscopic partitions. To prove this requires the
remark on gluing a few paragraphs below.) Without loss of generality, assume the
nontrivial component is D | .

If the nontrivial component D; , is contained in the interior of X (i.e., i > k),
then there is also a family degenerating to (Dj _,v), so such degenerations come in
pairs.

If the nontrivial component D; , touches east infinity (i.e., ¢ < k) then in u
there is Reeb chord + between E and ﬁ’ mapped by v to ps; and east oo. Either
Baown(7) = Bi or Bup(v) = B;. In the former case, let B,(y) = ;. Then u can be
glued to one of D . to produce a family of curves converging to the chain (D} _, u).
(See the remark on gluing a few paragraphs below.) (This has the effect of passing
a Reeb chord from Oy to O;.) In the latter case, let Gaown(y) = Bx. Then u can
be glued to one of Dj . to obtain a family of holomorphic curves converging to
(Dj.1>u). (This has the effect of passing a Reeb chord from O; to O,.) It follows
that type 2 degenerations at a single Reeb chord occur in pairs, as desired. See
Figure 7.4 for an example illustrating this phenomenon.

If there is more than one nontrivial component, the preceding discussion applies,
but with a microscopic partition of Reeb chords rather than a single Reeb chord ~.

Remark on gluing. The argument appears to require a new gluing lemma, but in
fact does not: one can fill-in the puncture of 3 so that the 3; meet the /3] transversely
at p. The result then follows from the obvious non-cylindrical analog of Proposition
4.2.2. OJ

Lemma 7.2.2 The map F, g is an isomorphism of differential A-modules.

Proof The analogous statement in the closed case is [0S04d, Proposition 9.8] or
[Lip, Proposition 11.4]. The proofs of these two results given in the closed case are
somewhat different; we will adapt the former to our setting. The idea, which goes

back at least to Floer ([Flo95, Lemma 3.6]), is that the map F, g3 preserves the
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Figure 7.4: Part of a Heegaard diagram illustrating a pair of degenerations. The
curves with domain A+ B + C degenerate to (A+ B, C'). The triangle with domain
C+ D+ E degenerate to (D+E,C). Observe that A+ B = D] and D+E =D .

w-energy filtration, and the lowest filtered part is an isomorphism; this is enough
to imply F, 34 is a homotopy equivalence. (This is analogous to the statement
that an upper triangular matrix with nonzero entries on the diagonal is invertible.)
Formally, we will use the following algebraic lemma, which is [OS04d, Lemma 9.10],
the proof of which is left (by both them and us) to the reader.

Lemma 7.2.3 Let I': A — B be a map of filtered groups, which is decomposed as a
sum F = Fy+{, where Fy is a filtration-preserving isomorphism and ¢ has (strictly)
lower order than Fy. Suppose that the filtration on B is bounded below. Then F is

an isomorphism of groups.

Remark. If A and B have additional structure, i.e., belong to some category C

with a forgetful map to the category of groups, and isomorphisms in C are bijective
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morphisms, then the lemma obviously implies that if F'is a morphism in C then F
is an isomorphism in C. This applies, in particular, if C is the category of differential
A-modules.

Turning to the proof proper, choose an area form on X as in Proposition 2.7.2
so that every domain in w5y P (Z,7) has zero signed area. Further arrange that
Area(D;") = Area(D;) for i = 1,---,g + k; this is easy to do. It follows that
every domain in 75"’ '(Z, ) has zero signed area.

Now, for each Spin®-structure s € Spin®(Y) we define a filtration F on CF*(av, 3).
We will define F by giving a map F : CF§(a, ) — R with discrete (in fact, finite)
image, extending F to a map F : CF*(«a,3) — R by F(I'Y) = F(&), and then
inducing a filtration on CF*(«, 3) from the filtration R = Uicr{s € R|s < t} of R.

Choose a generator ¥ of CF{(a, ), and define F(Z) = 0. For ¢ any other
generator of CF(a, §) let A € 7y (Z, 1) and define F(7) = — Area(A). Since the
area of any element of my(Z, Z) is zero, the definition of F(¥) is independent of the
choice of A. If the coefficient of 2" in dy is nonzero then there is some A € my (¥, 2)
with non-negative coefficients, and hence positive area. This implies that F does in
fact induce a filtration. Extend F to CF*(«, ) by F(I'%) = F(Z).

Define a filtration F} on CF*(«, #') in exactly the same way as F on CF*(&, 3),
using the same area form and some intersection point z’ in CF§(e, ). Let Az €
mo(Z, 7', 0") and let F' be the filtration F shifted by Area(Azz). That is, F'(¢) =
Fo(§') + Area(Az ). Since elements of 7, (Z, Z) and 7, (7', #') have zero signed area,
the definition of F’ is independent of the choice of Az 7.

We check that F, 3 respects the filtrations F and F’. Fix intersection points
y € CF*(a, ) and ¥ € CF*(a, /') and B € ma(Z, ). Then F(y) = — Area(B).
For any positive A € my(y,¢,0'), A+ B — Azz € m(Z,y') and Area(A + B —
Az ) > Area(B) — Area(Az#). It follows that if ¢ occurs with nonzero coefficient
in F, g5 (y) then Fi(y) < F(y) + Area(Azz) so F'(¥') < F(y) as desired.

Since there are only finitely many intersection points, both F and F’ are finite,
and so in particular bounded below.

For convenience, choose a Riemannian metric on ¥ inducing the chosen area

form. If the - and (#'-curves are sufficiently close with respect to this metric then
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for every point z € a; N f; there is a closest point 2’ € ;N 3} and a small embedded
triangle T}, in ¥ with 0T, C (o; U 3; U B} and corners at x, 2/, and ¢7. (The triangle
T, is characterized by these properties and being entirely contained in the isotopy
region between 3; and (3j.) See Figure 7.4, in which regions A and E are both
examples of such triangles. If the - and [’-curves are close enough then each T,
has smaller area than any region in X\ (& U §) or X\ (@ U 7).

Given an intersection point ¥ = {z;} € CFj(«, ) let & = {z}}, the “closest
intersection point in CF§(«, #') to 7. It follows that given & = {x;}, the domain
> Ty € mo(Z,27) has smallest area among positive domain in mo(Z, y') (for all ).
So, Fopp = Fo+ £ where Fy({z;}) = {2} and ¢ has strictly lower order than Fj.
Obviously CF*(&, 3, 3) — CF*(a, g, 3) is an isomorphism of filtered groups. Thus
Lemma 7.2.3 implies the result. O]

Next, we define and study a map F, 341 : CF(a, 3) — CF(a, 7). Given an
intersection point ¥ € CFy(«, [3), define

Foppn(@) = > > [# (MAO92) (0, B(Z))] 7

Y BHC{,.- 2k 0=01-02
A€ m(# 08, 5 ind(4,01,02) =0
(0,B(7)) € A

(This formula should look familiar: it is the same formula we used to define F, g g (Z)
with ©%, in place of ©%,.) Define F, 541 ((O, B)Z) = (O, B)F, 4 31(Z). Observe

that again F, 3 gn respects the decomposition of CF into Spin®-structures.
Lemma 7.2.4 F, 341 is a chain map.

Proof The proof is the same as the proof of Lemma 7.2.1, except that the analysis of
the curves occurring in (Z x [0,1] x R, (3 x {1} x R) U (B x {0} x R)) is some-
what more complicated than for (E x [0,1] x R, (B x {1} xR)U (F x {0} x R))
Fortunately, this analysis was already carried out in the closed case, so we need only
quote relevant results.

Notice that in (%, 3.0 ) there is an annular region A; from 0 with boundary

on 3, B2 and B asymptotic to vf_ at east infinity and a second annular region A,
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from A" with boundary on £, f{" and (3" asymptotic to y{’_ at east infinity.

We must check that the homology classes of DY, each admit (algebraically) one
representative in (Z x [0,1] x R, (6 x {1} x R) U (GH x {0} x ]R)), and one of the
regions A; or Ay admits one representative (algebraically) and the other zero rep-
resentatives (algebraically). The statement about the Df ', is clear. The statement
about A; and A, follows from the proof of [OS04d, Lemma 9.4]. The rest of the

proof is the same as the proof of Lemma 7.2.1. 0J

There is also a map F, gn g : CF(a, 8%) — CF(a, ') defined in the same way
as Fa,ﬁ,ﬁH'

Lemma 7.2.5 The composition F,, gu g o I, 5 gr 1s chain homotopic to I, 5.

Proof The proof involves considering maps to ¥ x R where R is a rectangle. The
idea, which is the same as in [OS04d] or [Lip], is the following. The moduli space
of conformal structures on a rectangle is an interval, whose endpoints correspond to
the two possible degenerations of a rectangle into two triangles glued at one point.
Up to chain homotopy, the map defined by counting holomorphic curves in ¥ x R
is independent of the choice of conformal structures on R. It follows that the two
compositions of triangle maps corresponding to the degenerations of R are chain
homotopic. One composition is obviously F, gu g o F,, 3 gz while it is not hard to
check the other is F, g 3. More details follow.

The argument decomposes naturally into two parts: generalities on holomorphic

rectangles and a detailed study of holomorphic curves in

(ZxT,(ﬁxelungeguﬁ’xe3)>.

We discuss the second first.

We need to understand index 0 holomorphic curves
u: (S,08) — (Z x T, (6 x e UBH xeguﬁ’xe3)>

asymptotic to @gH and O "at pro and pos respectively. Inspecting the diagram, if
BH # B then no such curve exists. Further, for j # j', 4,5/ € {1, k}, the punctures
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mapped by u to HJH and (9;] " must lie on different connected components of S. It
follows again from inspection that for j ¢ {1, k} the component asymptotic to QJH
must be the small triangles with corners at QJH , HJH " and 6, (see Figure 7.2; this is
slightly more obvious for j > k than for 1 < j < k). By the Riemann mapping
theorem, each of these regions has a unique holomorphic representative in > x T
with respect to any split almost complex structure.

The components asymptotic to 87, 87" 9 and 0!’ require a more complicated
analysis. Again, inspecting the diagram there are three annular domains which
might support index zero holomorphic curves: the domains A+ D + E + 2F + G,
A+B+FE+F,and A+ B4+C+2F 4G in Figure 7.3. We will show by a somewhat
indirect argument that, for a generic perturbation of the 3-, #'- and 3”-curves (or
generic complex structure J on ¥ X T'), the total number of holomorphic curves
among these three domains is (algebraically) one. (Presumably this also follows
directly from a sufficiently clever conformal mapping argument.)

One can choose another Heegaard triple-diagram with boundary
(3o, Bo, B(I)LI , 56) so that ¥ and X, glue to a closed Heegaard diagram
(363, 3460, 67455, 3'43,) which corresponds to a single handleslide in the
standard Heegaard diagram (Euzo,ﬁuﬁo,ﬁ’uﬁg) for #(29 + 2k)S1 x S2
Let ©7,10) (respectively O, 10, @g/h@{){ ") denote the top-dimensional
generator of CF(X4%g, 18, F53)) = CF(#(29 + 2k)S' x S?) (respectively
@(Euzo,ﬁuﬁo,ﬁffuﬁgf), @(EhEO,ﬁHhﬁé{,ﬁ’hﬁé)). It is proved in [0S04d, Lemma
9.7) that Fyyg srysn g (O:108, 018'400") = ©/45,40). (They prove this for a
slightly different Heegaard diagram, but the result for this Heegaard diagram follows
since the differentials vanish and the triangle maps in homology are invariants of
the bordism specified by the Heegaard triple diagram.) It follows that algebraically
exactly one of the three annular domains under consideration must support a
holomorphic curve.

In summary, there is algebraically a single holomorphic curve u with index 0

. / . . . .
connecting ', @gH and ©X". The image of 7y o u is contained in a compact
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subregion of . There are no other index 0 holomorphic curves in
(EXT,(BX €1U5HX62U5/X€3)>

asymptotic to @gH at p12 and @g/ at pog.

Now that we understand holomorphic curves in (3, 3,82 3 ) we return to the
main argument. Let R denote a topological rectangle (disk with four boundary
punctures), with edges fi,-- -, fi (enumerated clockwise). For consecutive edges f;
and f;, let wy; be the vertex between f; and f;. Let a € (0, 1) denote a parameter for
the moduli space of conformal structures on R so that as a — 0 (R, j,) degenerates
along an arc connecting f; and f3 and as a — 1 (R, j,) degenerates along an arc

connecting fy and f4. See Figure 7.5.

)
Was fd W34
€ e
€3 2
€ [ f2 fa €9 es
e !
! é Wig f W14 €1
a=0 a=1/4 a=1/2 a=3/4 a=1
o'
g ¥
z Fagig o Faggn (£)
« st ad «a A

z

Figure 7.5: The conformal structures on a rectangle R, and boundary conditions for
maps to X X R.
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Fix almost complex structures J, g1, Jagg, Josrp and Jggnp satisfying (JT1)-
(JT4) and achieving transversality for index 0 holomorphic curves in X x T" with
the obvious corresponding boundary conditions.

Fix a family {J,}.er of almost complex structures on ¥ x R so that for each
a, J, satisfies the obvious analogs of Properties (JT1)-(JT4), with respect to the

almost complex structure j, on R. Further assume that

e Asa — 0 the family J, degenerates to J,ggn on (X x T, d X e; UG x eaUBH x es)
and J,grg on (XXT, ax e} UGH x eguﬁfxeg). Here, e; and €] each corresponds
to “half of” fi; ey to fo; e3 and €, to half of f3 each; and ¢} to fy.

e Asa — 1 the family J, degenerates to J,ps on (X xT,d x e; UGB % ea U x es)
and Jggrg on (3 x T,ﬁ X ey U BH x eh U 5’ x €4). Here, e; corresponds to fi;

es and €] to fo; €, to f3; and ez and €} to fy.

See Figure 7.5.

Given intersection points & € CFj(a,3), ¥ € CFj(a,3), and BE,B C
{1,---,2k} let mo(Z, O, 0% §) denote the homology classes of maps to (3 x
R,d x eg U--+) asymptotic to & at wis, @gH at wo3, @g, at wsy and § at wyy.

Given a homology class A € (7, @gH, @g/,gj) and two-level ordered lists of
Reeb chords Oy, O and Os let MZ101:02:03 denote the moduli space of embedded,
finite-energy J,-holomorphic curves in the homology class A from sources with dec-
orations consistent with (O1, Oy, O3), for which no components have 7, ou constant.
(Compare Section 4.3.) Let M4:01:02:05 — Uaeo) M101,02,05

By the index ind(u) of a map u : (5,05) — (£ x T,d x f1 U---) we mean the

027

expected dimension of the component of MA:01:9205 containing u. By essentially the

same argument as given in Section 4.4, ind(u) depends only on the homology class A
and the asymptotics (O, Os, O3) at east infinity, and so for A € my(Z, @gH, @g/, )
and (Oq, Oq, O3) ordered lists of Reeb chords we may write ind(A, O, Oy, O3) to
denote this expected dimension.

Choose the family J, so that it achieves transversality, as a family, for index < 0

holomorphic curves in (X x R, @ x fi UG x faUBH x f3U [ x fi). Define a map
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H : CFy(a, 8) — CFy(a, 5') by

H(Z) =Y > > [# (MA010205) (0, B(7))] ¢

Y BH BcC{l, - 2k} O=0,-03-03
A€ m(z, 01, 08" 7)) ind(4,01,02,03) =1
(0,B(Z)) € A

If (3,4, 5, 3) was admissible then this expression makes sense. Extend H to a map
H : CF(a, ) — CF(«, #') by setting H(I'Y) = 'H(Z).
We will show that

FaﬁHﬂ/ 9] FaﬁﬂH + Fa’ﬁﬂ/ =doH+ Hod.

This follows by considering the boundary of

U U MA701702,03

BH7BC{1772k} 0201'02'03
Aem(z 0, 0" ) ind(4,01,02,03) =0
(O,B(Z)) e A

This space has several kinds of ends, corresponding to different degenerations of the

holomorphic curves:

e Ends corresponding to degenerations into two-level curves at wys. These cor-

respond to H od.

e Ends corresponding to degenerations into two-level curves at wy4. These cor-

respond to part of d o H(Z).

e Ends corresponding to degenerations into two-level curves at w3 or ws4. These

cancel in pairs, as in the proof of Lemma 7.2.1.

e Ends corresponding to degenerations at east oo, not at any wj;. These corre-
spond to the rest of d o H(Z).

e Ends corresponding to {0, 1} C [0, 1]. These correspond to F, gu g0 F, 5 g1 (Z)
and F, 3 (%) respectively.
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This proves that F, gu g o F, 3 gu is chain homotopic to F, g5 O

Observe that if the - and (#'-curves are sufficiently close then CF(a, ) and
CF(a, #') are exactly the same differential .A-module.

Proposition 7.2.6 If the 3- and [('-curves are sufficiently close then the maps
F,gu g and F, 5 gu are homotopy inverses to each other, and in particular, CF(c, 3)

and CF(a, B7) are chain homotopy equivalent differential A-modules.

Proof From Lemma 7.2.5 we know that F, gu 3 o I, 5 3u is chain homotopic to
F, 5,3, which by Lemma 7.2.2 is an isomorphism of differential .A-modules.

We could define a fourth set of curves 3, isotopic to the 3%, and intersecting
the 8- and [#'-curves in the same way the ('-curves intersect the 8- and S*-curves.
We would then have an isomorphism F, 4u gu : CF(er, ) — CF(a, ') and chain
maps F, gu g : CF(a, %) — CF(a, ') and F, 4 4ur : CF(a, 3) — CF(a, 87) so
that F,, 5 guroF, gu g is chain homotopic to F, i gn, which is also an isomorphism
of differential A-modules.

If the 8- and ['-curves are sufficiently close then CF(«, ) and CF(a, ") are
exactly the same differential A-module. Similarly, if the 87- and B"'-curves are
sufficiently close then CF(a, 57) and CF(a, 5) are exactly the same differential
A-modules. Further, the maps F, 45 sn and I, g gu are exactly the same. It follows

that F,, g su and F, gn 3 are homotopy inverses to each other, proving the result. [J

The fact that, up to chain homotopy, CF is independent of the choice of Heegaard
diagram follows immediately from Lemma 2.2.2 and Propositions 6.0.2, 6.0.5 and
7.2.6.



Chapter 8

Topics for further study

8.1 The gluing conjecture

The main reason to introduce invariants of bordered 3-manifolds is to be able to
study the Heegaard-Floer homology of closed manifolds by cutting and gluing. We
conjecture that the invariant introduced in this paper is strong enough to compute
fF of a glued manifold. We make this conjecture precise presently. Fix, for now, a
closed, oriented surface S and a Morse function f : S — R (with a single index 2
and a single index 0 critical point). Let A be the algebra associated to f : S — R
in chapter 3, and let A denote the algebra associated to f : (—S) — R, where
—S denotes S with the opposite orientation. Let A — Mod denote the category
of finitely generated, free differential .A-modules, and Fy — Mod the category of

differential Fy-modules.

Conjecture 8.1.1 There is a covariant functor G : (A — Mod) x (A — Mod) —
Fy — Mod with the following properties:

1. The functor G is exact in each factor.
2. The functor G descends to a map of homotopy categories.

3. Given 9YP = S and 0Yy = -5, (/JF‘(Yl Us Y3) is chain homotopy equivalent to
G (CF (Y1), CF(Y2)).

82
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In the rest of this section, we describe a program for proving the gluing conjec-
ture. We start by precisely describing how to define the Fy-vector space G (M, Ms).
Let I be the ideal of A generated by all (O, B) with O # 0, so Ay = A/I. This
makes Ay into an A-algebra. Observe that there is an obvious isomorphism Ay = Aj;

identify Ay with A via this isomorphism.. Define a pairing P : Ay ®r, Ag — Fy by

P( (@, By), ((Z), By))

{1 ifBlﬁBQIQ)

0 otherwise

This makes Fy into a (A ®p, Ag)-algebra.
Now, define

G(My, Ma) = F2 ®@ 4y, 4, (Ao @4 M1) @r, (Ao @4 Ma)).

If My = CF(%, &’1,51) and My = CF(X,, ds, ﬁg) it is easy to see that G(M;, Ms) =
(/JF(Zl Up X, a1 Uy dla, 51 Us gg)as a [Fo-vector space.

Next we discuss how one might define a differential on G(Mj, Ms). Given Hee-
gaard diagrams with boundary (X1, aj, 51,31) and (X, 0_22,52,32) with

3(217071751731) = —8(227072752732)7

let ¥ = 21 U()Eg, a= O71UO_22, g: 51 Uagg and3 = 31 = 32- Suppose that ¥ = flu.l_’Q
and i = ' U g% Given A; € mo(Z, 4') and an ordered list of Reeb chords O; there

is an evaluation map
ev : MALOT L RIOI/R

given by recording the R-coordinates of the various Reeb chords at east oo. Here,
RIOI/R is the quotient with respect to the diagonal action by addition, and m
is a compactification this quotient obtained by allowing the distance between Reeb
chords to go to zero or infinity. (Topologically, m is a cube of dimension

|O] —£(0).) It is not hard to show that for A € mo(Z, ), and an appropriate choice
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of complex structure on X x [0, 1] x R,

MA = U M40 o MA2O. (8.1)

A=A 45 A2
Ocompatible with Ay

Here, O corresponds to the map A — A given by (O, B) — (=0, BI°), where —O
is obtained from O by completely reversing the order. (This decomposition of M4
requires a compactness and a gluing theorem, but both can be deduced easily from
standard results.)

Observe that even though A may have index 1, the (41, O) and (A2, O) into which
A decomposes may have high index. On the other hand, the invariant CF(Y;, 9Y;)
takes into account only the index 1 moduli spaces. Therefore, to prove the gluing
conjecture, one wants to reconstruct the higher index moduli spaces from the index
1 moduli spaces.

The M9 satisfy the relation

OMMO = N MO MO N PMA) Y MY
Al — All +A/1/ O:F(O/) OEdeCOl(O/)
O — O/ . OII
(8.2)

Here, F' corresponds to maps induced by gluing-in curves at east oo; the simplest
instance of such is gluing-in a join-curve; in this case, F' is essentially just the
operation join.

Via the evaluation map ev, M#1:© represents some chain in m; by formula
(8.1) this chain is all we care about. Since m is contractible, up to homology,
this chain is determined by its boundary. By formula (8.2), the boundary is deter-
mined by simpler chains. Inductively, one can see that up to homology, all chains

are determined by (counts of) the zero-dimensional moduli spaces.*

!The attentive reader may object that homologous chains have the same boundary. What we
really mean is some kind of iterated homology, deforming first the zero-dimensional corners, then
the one-dimensional corners, and so on up. These homologies can be chosen to enjoy certain
coherence properties for different moduli spaces. In particular, they can be chosen so that formula
(8.2) remains true.
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It remains to check two things.

1. Changing the moduli spaces by (coherent) homology changes the glued chain

complex by chain homotopy equivalence.

2. Changing the differential A-module CF by chain homotopy equivalence

changes the glued chain complex by chain homotopy equivalence.

If both of these hold, one would have proved at least parts (2) and (3) of the gluing
conjecture. The proof of at least the first point is likely to proceed along relatively
standard lines.

Note that if this description of gluing is correct, it is explicit enough to be

computed combinatorially. Recall that RICI/R is a cube. One could deform the
MAC so that their images are affine linear subspaces of this cube with specified

corners. The gluing problem, then, reduces to linear arithmetic.

8.2 The relationship with knot Floer homology

This section assumes familiarity with knot Floer homology; see [OS04b] otherwise.

In Section 2.4 we showed how to obtained a Heegaard diagram with boundary
(3,d={ag,- - ,ag},ﬁ: {B1,--+,By=1, A, pu}) for the complement of a knot K —
S3. Fix such a Heegaard diagram. Choose the basepoint 3 € 9% so that -y, runs from
A to . Fix also a point w € v, C 0%. Let ¥ denote ¥ with the puncture filled-in;
A and p specify circles in Y. The points 3 and w specify connected components of
Y\ (au E), we will sometimes view 3 and w as points in these connected components.
Let 4 =1 W2, 15 =2 W3 and 6 = 71 W ya W 3.

Let S§(K) denote zero surgery along K. Let ﬁ,\ = {f, -+, B4-1,A} and
B;L = {1, -+, Bg-1,p}. Observe that (X,d, BL,g,w) is a doubly pointed Heegaard
diagram for (S3, K) and (%, a, ﬁ_;\,;,, w) is a doubly pointed Heegaard diagram for
(S3(K), K). )

Let CF = CF(X,d, f3,3) denote the Heegaard-Floer differential module associ-
ated to S? \ K. As discussed in Section 8.1, there is an algebra map A — Ay =

Fy @& Fy. The differential in CF ® 444 counts only provincial curves, i.e., curves with
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multiplicity zero near the puncture. It is easy to see, therefore, that the homology
of CF ® 44, is AFK(S?, K) & OFK(S3(K), K).

More generally, the entire filtered chain complex @T{(S‘g, K) is contained in CF.
For ¥, € (TFT{(S?’,K) C CF, terms of the form (y5 < 75 < -+ < ¥, 0)¥ in d¥
correspond to the filtered differential on C/PT{(Si)’, K) of dZ. However, it does not
seem possible to extract just these terms in a homotopy-invariant way.

Let O, (respectively O, ,, Ox, O,,) denote a top-dimensional generator of
CE(S, B, Br,3) = FY" (respectively CF(S, By, B,,3) = FS~!, CF(S, By, v, 3) = FY,
CF(S, B, Bu,3) = FY). For T € CFK(S%, K), terms of the form (yo, u)7 in di
correspond to the triangle map F'(Z7® 0, ) induced by the Heegaard triple-diagram
(%, a, ﬁﬂu,ﬁﬁ)\,g,w). For 7 € ﬁ(Sg(K),K), terms of the form (vy1, )y or (73, A\)y
in dZ correspond to the triangle map F(Z ® ©, ,) induced by the Heegaard triple-
diagram (X, @, By, ﬂl,g, w). To determine which triangles correspond to (71, A) and
which to (73, A) would require an appropriate twisted coefficient system. Higher
order terms in dz should correspond to considering n-gons, for n > 3, with one
puncture mapped to Z, the next puncture mapped to ¢, and all other punctures
mapped to O, .. In this case, in addition to the issue of twisted coefficients, some
technical discussion of appropriate perturbations of the [(-circles is necessary. It
would be nice to have these details completely understood.

It would be interesting to know whether our invariant of S3\ K is completely
determined by C/PT{(Si)’, K). In light of the discussion in this section together with
the arguments in [OSc|, this seems plausible, but not obviously true. There are,
fortunately or unfortunately, a dearth of small knots with isomorphic Heegaard-

Floer invariants, so there is no computational evidence one way or the other.

8.3 Future directions

Assuming the gluing conjecture is correct, or perhaps even if it is incorrect, there are
a number of potential applications and generalizations of the invariant developed in

this thesis. We mention some of them here.
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8.3.1 Other homologies, disconnected boundary

It would be nice to generalize our invariant to include analogs of HF*, HF~ and
HF*. While the geometric picture is clear — one would still study curves in > x
[0,1] x R with certain asymptotics — how to algebrize that picture is less obvious.
In this picture, there would be infinitely many Reeb chords (as one would allow
them to cover 3), as well as closed Reeb orbits. Reeb orbits could split into Reeb
chords, and Reeb chords could coalesce into Reeb orbits. The algebra should make
allowances for these phenomena.

In another direction, this theory should generalize to Heegaard diagrams with
more than one boundary component. If one places basepoints 3; on all of the bound-
ary components, the generalization is obvious. However, for some applications one
might want to have many boundary components but a single basepoint; in this case,
difficulties similar to those for HF ", HF~ and HF* are likely to arise.

8.3.2 Contact structures

It is likely that one can imitate the construction in [OS05a] to define an invariant
of contact structures on manifolds with boundary; it seems reasonable to expect
that this invariant would take the form of an element ¢(§) € CF(Y') associated to
a contact structure £ on Y, and that this invariant would glue to give the invariant
of a closed manifold. This might allow one to relate the Heegaard-Floer contact
invariant with the technique of cutting contact manifolds along convex surfaces.
One conjecture one might hope to be able to prove using a relative contact

invariant is the following, due to P. Lisca and A. Stipsicz ([LS, Conjecture 1.4]):

Conjecture 8.3.1 Suppose that the closed contact 3-manifold (Y, &) admits a con-
tact embedding of

(7% x [0,1], ker (cos(2m nz) dx — sin(27 nz) dy)) .

(Here,  and y are coordinates on T? and z on [0,1].) Then the Heegaard-Floer

contact invariant c(Y, ) vanishes.
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As noted by Lisca and Stipsicz, this conjecture has as a corollary the follow-
ing conjecture of Eliashberg, recently proved by D. Gay using completely different
methods in [Gay]:

Theorem 8.3.2 (Gay) If the closed contact 3-manifold (Y, ) admits a contact em-
bedding of
(T? x [0, 1], ker (cos(27 nz) dx — sin(27 nz) dy))

then (Y, &) is not strongly fillable.

8.3.3 Knots

As mentioned at various points earlier, in [0S04b] and [Ras03], Ozsvath and Szabd
and, independently, Rasmussen, used Heegaard-Floer homology to define a knot
invariant. Briefly, their invariant is defined as follows. Fix a Heegaard diagram
(3, a, 5’) for S3 coming from some Morse function f and metric g on Y. Fix also
points z,w € X\ (@ U 3). The point z (respectively w) lies on a flow line £, (respec-
tively ¢,,) between the index 0 and 3 critical points. Then ¢, U/, is a knot K in
S3: any knot can be obtained this way for an appropriate choice of Heegaard dia-
gram. Recall that @(53) is defined by counting curves in (X\{3}) x [0, 1] x R. The
Heegaard-Floer knot invariant is defined by counting curves in (X\{z, w})x[0, 1] xR.
More generally, replacing f by a Morse function with & index 0 and 3 critical points
and choosing points zq, -+, 2x and wy, - -+ ,wg in X one can obtains an invariant of
links with & components; see [OSal.

It should be possible to combine their construction with ours in at least two
ways. The first was suggested to me by Hedden. Choose a Morse function on
D? x S with one index 0 (respectively 3) critical point on (9D?) x S* and a second
index 0 (respectively 3) critical point in the interior of D? x S*. Associated is a
(generalized) Heegaard diagram with boundary (X, @, §). Let z be a point in 9%\,
and z1,w; points in int(X)\ (a4 U ﬁ) For appropriate choices of z; and w;, these
points specify a knot P in D? x S. (P stands for “pattern.”)

Suppose we are interested in the knot Floer homology of a satellite knot, with
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pattern P and companion K. (K stands for “kompanion.”) Assuming the glu-
ing conjecture, this homology should be completely determined by CF(S3\ K) and
CFK(D? x S', P), where the second differential module denotes the obvious modifi-
cation of CF taking into account the new basepoints z; and wy. This result should
be particularly useful for the many patterns in D? x S' admitting genus 1 Heegaard
diagrams, for which computations can presumably be carried-out relatively easily.

The second way to combine the two ideas seeks to produce invariants of tangles.
Choose a Morse function on S? x [0, 1] with k; 4+ 1 index 0 (respectively 3) critical
points on the boundary component S? x {i}, and k index 0 (respectively 3) critical
points in the interior of S? x [0,1]. This gives a generalized Heegaard diagram
(%, a, ﬁ) with two boundaries 0,3 and 9;¥. Fix a point 3; on 9;X. Choosing
ki + ko + 2k basepoints w; appropriately in ¥ then specifies a tangle in S? x [0, 1]
with k; + ko arcs and k circles.

Imitating the construction of chapter 3, one can associate to 0;% a differential
algebra A;. Imitating Section 5.1, one can associate an (A, .A;)-bimodule CF to
(3, a, ﬁ) Assuming the (appropriate) gluing conjecture holds in this setting as well,
one can then view CF as a functor from Ap-modules to .A;-modules. (This would be
analogous to the functor-valued invariant of tangles associated in [Kho02] to Kho-
vanov homology.) In particular, the invariant of a knot would be determined by the
bimodules associated to elementary tangles. If the proof of the gluing construction
is sufficiently explicit, this would presumably lead to a combinatorial algorithm for
computing knot Floer homology.

One could apply similar ideas to studying the Heegaard-Floer homology of the
branched double cover of a link. Let D(L) denote the double cover of S* branched
over L. In [OS05¢|, Ozsvath and Szabd show that ﬁ‘(D(L)) is an invariant of L
with remarkably similar properties to the Khovanov homology Kh(L). Using these
similarities, they construct a spectral sequence from Kh(L) to @(D(L)) Using
Heegaard diagrams with two boundary components, it should be possible to extend
this invariant to a (functor-valued) invariant of tangles. It would be interesting to
know, then, how the spectral sequence would generalize to this context. Again,

assuming an explicit gluing theorem, this should make combinatorial computation
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of HF(D(L)) possible.

8.3.4 Other potential applications

Several other applications of the invariant of bordered manifolds suggest themselves.
Heegaard-Floer homology detects the genus of a knot or link (JOS04a], [Nic]) and,
in fact, the Thurston norm on Hy(Y') for Y closed or Y a link complement ([OSe],
[Nib]). It would be interesting to know, therefore, what the bordered invariant has
to say about the minimal genus problem in 3-manifolds with boundary.

Another conceivable application, suggested to me by 1. Agol, is to try to use the
bordered invariant to bound the Heegaard genus of a manifold. In [Gar98], S. Garo-
ufalidis shows that any unitary (2 4 1)-dimensional TQFT gives a Heegaard genus
bound for 3-manifolds. It seems plausible that by “categorifying” his arguments one
could use our bordered invariant to obtain a, presumably stronger, Heegaard genus
bound.

Finally, Heegaard-Floer invariants of sutured 3-manifolds have recently been
of substantial interest ([Juh], [Ni06], [Ghi]), leading ultimately to a proof of the
remarkable fact that knot Floer homology detects fibered knots ([Nia]). Although
perhaps unlikely to lead to new topological applications, it would be nice to know

how these results relate to the invariants introduced in this thesis.
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