Lie Superalgebras: Fundamentals
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January 25th, 2023

1 Definitions

Definition 1.1. A super vector space is a Zo—graded vector space V- = V5 @ V7. Given a € V;, let the
parity be |a| =1, i € Za.
Given a super vector space V', let II be the parity reversing functor where II(V): = 0 for i € Zs.

)

Definition 1.2. A Lie superalgebra is a super vector space g = go @© g1 with a Za—graded bilinear
operation [—,—] : g X g — g such that for all homogeneous elements a, b, c

(1) Skew-supersymmetry: [a,b] = —(—1)21l[p, g]
(2) Super Jacobi identity: [a, b, c]] = [[a,b],c] + (—1)\*Pl[b, [a, ]]
Remark. If g = go is completely even we recover the definition of a lie algebra.
Example 1. Let A be an associative superalgebra. Then (A, [—, —|s) is a Lie superalgebra where
[a,b]s = ab — (—1)l*lPlpg
Definition 1.3. A map f: g — b between lie superalgebras is a homomorphism if f is even and
F(la,b) = [f(a), )]

Example 2. Let g be a lie superalgebra, then End(g) is a lie superalgebra by Example 1. The adjoint
representation of g is the map ad : g — End(g)

adq(b) := [a, b]
which is a homomorphism by the super jacobi identity.
Remark. Since [—, —] is Zy—graded we see that ad|g, : go — End(g1), aka g; is a go module.

Example 3 (general linear lie superalgebra). Let V = Vo @ V; = C™" (where m = dim Vp, n. = dim V;)

be a super vector space. Then gl(m|n) := (End(C™"), [—, —]) from Example 1. Fixing a basis, we sce
that gl(m|n) consists of block matrices of the form
m n
A SN
A B
! &)
n{\C D
Explicitly, m n m n
AN AN

S (R [

We then have that gl(m|n)o = gl(m)®gl(n) while gl(m|n); = (Cm ® C”*> ® ((Cm* ® (C”) as a gl(m|n)o
module.
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Example 4 (special linear lie superalgebra). Given an element g € gl(m|n) in the form Eq. (1), define
the supertrace as
str(g) = tr(A) — tr(D)

Facts:
(1) stx([g,],) = 0 g, h € gl(mln).

(2) The subspace
sl(m|n) := {g € gl(mn)|str(g) = 0}

is a lie subsuperalgebra of gl(m|n).
(3) lgl(m|n), gl(m|n)] = sl(m|n).
Definition 1.4. A bilinear form (—,—) on a super vector space V.= Vy @ Vi is supersymmetric if
(v, w) = (=)l (w, v)
It is said to be even if (Vy, V1) = 0.

Lemma 1.5. gl(m|n) and sl(m|n) (Except (m,n) = (1,1),(2,1)) are basic lie superalgebras meaning
that they admit non-degenerate even supersymmetric bilinear forms.

Proof. (a,b) = str(ab) does the trick. [

Definition 1.6. Given a basic lie superalgebra g, a cartan subalgebra by is defined to be a Cartan
subalgebra of the even subalgebra go and the Weyl group of g is defined to be the Weyl group of go.

Example 5. The Cartan subalgebra for gl(m|n) will be the Cartan subalgebra for gl(m) & gl(n) aka
diagonal matrices in gl(m + n). Namely let I(m|n) = {1,...,m,1,...,n} with total order

l<...<m<0<l<...<n

Then b = @ CE;;. Note

iel(m|n)
1 ifl<i=j<m
(E”',Ejj> = —1 lfl EZIj STL
0 ifi#j

Definition 1.7. Let h be a Cartan subalgebra of g, which is basic. For o € b, let
9o = {9 €9 [|h,g] = a(h)g, Yh € b}
Then the root system for g is defined to be
® = {a € hga #0,a # 0}
And define the even and odd roots to be
Dy := {a € P|go Ngo # 0} Q) :={a € PlgyNg1 # 0}

Theorem 1.8. Let g be a basic lie superalgebra with o Cartan subalgebra fy. Then

20f6
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(1) We have a root space decomposition

925@69%

acd
(2) (=, =) |y is non-degenerate and W —invariant.
(3) dimgy =1 for a € ® (this relies on non-degeneracy)*.
(4) ®,Dg, Py are each invariant under the action of W on h*.

Example 6 (Root system for gl(m|n)/sl(m|n)). Because the cartan for gl(m|n) is contained in the
even part, the super lie bracket reduces to the usual lie bracket for the action of the cartan on gl(m|n).
Hence, the roots of gl(m|n) are the same as the roots of gl(m +n) as a set but we have now partitioned
them into even and odd roots. Specifically, let {5i7€j}i,j C b* be the dual basis to {F3;, Fj;} under
(—,—) The root system for gl(m|n)/sl(m|n) is given by

Qo ={e; —¢€jli #j € I(m|n),i,j >0orij<0}
Q1 = {6 —€j,e — 6¢li,j € I(m|n),1 <i,0 <m,1 < jk<n}

[Draw on block matrices| Because h = h* under the map h — (h,—) we now have a non-degenerate
bilinear form (—, —) on h*. Using the results in Example 5 we see that

(03,95) = dij, (€i,€5) = =i, (€r,0¢) =0

Definition 1.9. A root o € ® is called isotropic if (o, ) = 02. Let @, denote the set of isotropic odd
T001S.

Isotropic roots are necessarily odd, as even roots are roots of gy a regular lie algebra, and the Killing
form is positive definite on the Q—span of ®.

Example 7. In gl(1]|1) consider the odd root 6; — €;. We calculate that
(61— €1,01 — €1) = (61,01) + (e1,€1) =0

Remark. Because (a,a) = 0 for some roots, drawing roots for lie superalgebras is slightly dangerous
as angles and size no longer tell us any algebraic information. However for gl(m|n) we will draw the
roots as if they were roots of gl(m + n) and indicate which roots are isotropic, etc.

2 Positive Roots
Definition 2.1. For g a basic lie algebra define
O (H) = {a € ®| (H,a), >0}

where (—, —) i is the usual killing form on g and H is a hyperplane not containing any of the roots. Let
II(H) be the set of simple roots of ®(H).

'Like affine lie algebras, imaginary root spaces need not be 1-dimensional. Root spaces of g(n) are (1]1)— dimensional
for instance.
2This also occurs for imaginary roots for affine lie algebras.
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Warning. The choice of H matters now as different choices may not be conjugate to each other under
the action of the Weyl group. Consider gl(2[1).

€1 0 0
e | O
0 0 ]es

We then see that we have one even root €; — €5 and two odd isotropic roots €s — €3, €1 — €3. See below
for two different choices of positive roots.

simple

O
(~1,1)

hyperplane

[The black simple root in left diagram is the even root, draw even roots with (O draw odd isotropic
roots with &, and non-isotropic odd roots with ®]. The corresponding decorated Dynkin diagrams will
be

O—  ¥—=

As the Weyl sends even roots to even roots and odd roots to odd roots, the two choices of simple roots
above are not conjugate to each other under W.

Example 8 (Standard Simple Roots for gl(m|n)). Using the notation from Example 6, the standard
simple roots(fundamental system) for gl(m|n) is given by

O— 0 »o—@———O—0

8| = 83 83 = 8'_1, 8,,, —& g — & €p2—Ep— En—1— &

We note that the (super)lengths of the roots after the isotropic odd roots are —2.

Example 9 (Nonstandard Simple Roots). If n = m, then gl(n|n) has the following fundamental system
consisting of all isotropic odd roots

Q@ —® @ —R—®

61 —g €1 — 0 O —er & — &y €1 — 0Oy Om—En

Given H, define

nH)= P g nH= P o

acd+(H) acd—(H)
b(H) =h@n'(H) is called a Borel subalgebra of g corresponding to H. b(H) is solvable, however,
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Warning. Unlike in the usual case, Borel subalgebras for lie superalgebras need not be MAXIMAL
solvable subalgebras. First, we have seen that sl(1|1) only has one root, and by Example 7 it is
isotropic. In fact the converse is true, aka

Lemma 2.2. Let a be an isotropic odd root. Let ey, € go. Then

Ceq ® Ce_q @ Cleq, e—q] = sl(1]1)

(« )

and this will actually make sl(1|1) solvable (a instead of —a in the bottom right corner will make things

Now, sl(1|1) consists of matrices of the form

in the bottom left corner cancel out)! Thus, given a Borel subalgebra b(H) and an isotropic odd root
a, the subalgebra b(H) @ g_,, is solvable® so b(H) is not maximal solvable.

3 0Odd Reflections

Lemma 3.1 (Serganova). Let g be a basic Lie superalgebra and let I1 be a fundamental system for ®%.
Let o« be an odd isotropic root. Then

o = {—ajUd"\ {a}
is another set of positive roots with fundamental system given by

Ha:{_a}U{BEHHB’O‘):Oa B#Oé}
U{B+alB eIl (8,a) # 0}

Definition 3.2. The process of obtaining I, (®}) from TL(®™) is called odd reflection and will be denoted
by rq.-

Remark. Because (a,a) = 0, r, doesn’t come from usual formula for reflections about hyperplane
perpendicular to «. In fact, r, need not extend to a linear map h* — h*!

Example 10. In gl(1]2) starting with the standard fundamental system, we can apply odd reflections
to get the other 2 as seen below

"8)—¢ "8) ey

0 =2 & ® = 0=

di—& &% € -0, 0 —& £ -8 & -9

Let us compute how to go from the standard fundamental system to the one in the middle. Let
« = 01 — €1. Then according to the formula for Il,, we need to compute the bilinear form of o with all
roots of 11

e We compute that (§; — €1,€; —€2) = — (€1,€1) = 1.

e Thus we end up with the root €; — €2 + 1 — €1 = §1 — €o.

3The sum of two solvable subalgebras is solvable.
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e o+ —a = €1 — 01 is the other simple root in Il,.
Remark. The formula for II, also works when « is an even root.

Definition 3.3. Given a Borel subalgebra b and an isotropic odd root «, define

b =bo P g

ped}

4 Misc

e Levi’s theorem isn’t true.
e Lie’s theorem isn’t true.

e Semisimple lie superalgebras are not direct sum of simple lie superalgebras.
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