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0
.
Some motivation /

( [M] : MEObenV[M④n]=[listen]

1970s : Y en = Gsn -mod
,

K :=⑤ Kolen) has a bialgebra structure
, isomorphic to Sym

ntZyo

Features

Sym = f-imzlxm.mn]
"

K

Multiplication : pq Multiplication : [Me] . [Ma] :=µndsn¥mm Me ☒ Ma]

Comdtiplication : A/ [M}) :-. / ④ Ressntm
Comdtiplication : ( xe ) = I xmxoxn n+m=e

snxsm
M )

Mtn =L

Grading : 21,0 (deg) Grading : 21,0

Distinguished basis : s, Distinguished basis : [ S"]

Remark : one also has H*lBU ; 2) EKE Sym as Hopf algebras



Question : can we replace Sym with Uqlg) ?

First goal of the seminar : Ugly) = Uqln-1×0 Uglh) ④ Uqtnt) ,

-

Categorify this

( why this? Rep - theoretic + low dim topology reasons see last week's notes)

Carlan datum of g : (I, • ) symmetric , Dynkin diagram f (for today's sake) : no double edges or loops

Recall that Uqlri) is Goli] -graded : e.g . deglyai ya ya;) = 2A , + a +3×4

In order to category Ugln-1 , we need a 211¥] - form .



Lustig 11990) : Algebra f : generators Qi
,
i c- I

relations : Qi0j=OjQi if i. j=O → i -1J

Qiojoi = É"Qj -1 QjÉ" if i.j= -1 ← i -j
a

Integral form : 211g"]- algebra generated by 0-1" :=÷y ! , where [a] ! = [a]
- la-B- . .

:[2]

[n] = qniiqn-3-1. . . + g-n'→ + g-
n -11

Theorem : Qi ↳ yi is an isomorphism f→ Ugli)

For each re 25,o[I]
,
we will construct IKLR) algebras Rtv) so that

④ Ko(Rlr) -mod) E fz, ,g±, as twisted bialgebras
rE2%[I]



Features

fz[g±y ④ RW)- pmod"
rE%[I]

Element Oi
,
:
. .

. Oie Object Ei, Ei. - - - Eie

Sum to

RCv+vY

Multiplication lndp.cn#zwyl- ④→
Rcvtoi)

Comdtiplication ④ Res
rtv

'
Rlr)④R(vy(-)

Multiplication by qa 1-114

Relations Isomorphisms

Bilinear form 1
, ) tonic- , - ) (graded vector space)

canonical basis Projective indecomposable



1. Starting point : Lustig's algebra f

As in the previous section
, f = II. Ep) graph with no double edges or loops .

Notation : for ✓= Eri-i E ⇐[I] , write 14= Eri

Define •

'

f = free ④Iq) - algebra generated by Qi
, for i c-I

.

• Comvltiplication : Aloi) = Qi ④ 1 + 1 ④ D- i

• Twisted algebra structure on
'

f- ④
"

f : (×,④✗a)1×3×0×4) = g-
"" "" I

xnx, ④ xzxy

• Bilinear form on
'

f : 11,17=1

D-i.Oj) = fij ¥
(x, yaya) = (Atx), ya ④Yz)

(Xnxz, y ) = (✗a④Xz , Aly))
• Finally, f- =

"

f /Kerch)
Khorana - Lauda : use this data to define a graphical calculus



2. Construction

2 i = j
f = (I

, Ep) → Cartan pairing : i. j= {-1 i - j
0 otherwise

Fix it = E vi. i. Let Seqlr) = h sequences is where each i C-I appears Vi times 4

Consider: • Sequences I c- Seglv) • Diagrams
"between them

"

:

i i i i
r=2i+j+K 5=1 '

i j
'

i

:*
We require : i j k i

• Diagrams are
"

braid- like
"

(no critical points)

• They may carry dots

• Isotopic diagrams are equal (not allowed to create critical points)

• No triple intersections



Multiplication :

E- i n i i j→=i ; j ;

* "

§µ .# " ¥iE- u i j i i' = ! j L !

I i j K i

If sequences don't match, set to 0.

Let
g.RIDE

= 21 - span of diagrams from T to j
'

, subject to local relations
to be defined on the next slides)

Then Rlv) := ④ Rlrlp
i.jesegcv)

J



Relations

• One color

= 0¥
"

NilHede relations""¥:*



• More than one color

*:*
. :*1 "=

if i - j

for all choices of i.j , K UNLESS i = K and i - j¥
.

:#
.

☒ - ☒ -111
i j i i ; ;

i - j

i j i



3. Where does this come from?

Recall that Homo 1-, -1 is supposed to categorify (
s ) on f-

.

Now (Oi , 0 ;) = ⇐ = 1 + g-
'
+ gilt . . . so we want a morphism for each degree 0,2, -1 , .

. .

→ Define |?• where deg / 41=2 .

Write |•k=§%k



A computation shows :

10-i.fi) = 11 + q
") ( a) = g-

'
+ 3+59-2+74" +99-6-1 . - .

We already have degfqff.az) = 24+2×2 This accounts for (¥2T = 1+29-4 39-4+49-4 . . .

Need a morphism of degree -2 → ✗
Now since deg / ✗ ) = -4, we must have ✗ = 0

i i i i

Now the coefficient of g-° in Ioi, Oil is 3
,

so

2/[9+-1] - { / / , µ ,
¥
,
¥ , µ ) should have dimension 3

→ •✗ - A = ! ! = ✗•_.✗ Gee later)
i i i i i i i i



Another computation shows :

If i - j , (0iQj,QjQi)=q( ¥) =

of -129-3+345-1 .
. .

→ ✗ , degree 1
i j

Now 21 - { µ
,
¥
,
¥ , µ ) should have dimension 2

- •✗=✗. ✗•=.✗
i i i j i j i j



Remark : Consider a further example :
11-9-41 , ) D-i ijO-i-jo-i0-jO-io-iQ.fi

-0J 1+9--2 qtq
" Atg

'

④Ojoi of -19--1 2 qtq
"

Ojoioi 11-9-2 qtq
" 1+9--2

Rmk : Kerk,H= (19-+9--1) 0-ioj-Q.0-jo-i-lq-ig-DO-g.fi > Quantum Serre relation

Observation : 11 -9--4-0%4.1 is given by the sum over matchings e → J
- E is • iz

weighted by 9- Ei.
Fact : this holds in general - Hints at diagrammatic categorisation



Remark : This kind of reasoning gets us quite far, though not all the way .

Assume P = •
.

Then f- = Uojlsk) acts on ④ H*(Grlk,N)) via 0 - tensioning by
K=o

HYFllk.K-H.nl)
We want to upgrade this to a categorical action , so

• Understand Rli) as a category with object i , morphisms 4K
• Then |• us some 2-morphism HYFllk.K-H.nl) ④ f) → 1-1*11=11K

,
Ka

,
N)) ④f)

↳ One possibility : multiplication by the Chem class of the line bundle Eye"

m Nil Hecke relations

computations with partial flag varieties justify the other relations
.

Alternative motivation : functors on parabolic category 0



4. Projectiles and anti involution

Observe that

Pp = ④ left graded projective
jesqcoy

JR /Hp

¥ = ④ right graded projectiveic-sqcoyj.RU/p
Also

,
consider

a p o a

I a¥¥•☒involution

"
"dotion

Remark : 400=004



5. First examples
→ dgz

• V= i Seqlr) =/ if Rli1=Z[I• ]

• r=i+j ,

i-jseqlh-hij.jo/Rli+j)--ijRli+j)ij+jiRli+j)ijt0ijRli-
j ); ;④;iRli+j);i

11

z.li/.kb4z.la.X..s4z.1a.X..s4z.hbtf4K=llKX.t--.X
i j i j

)
" " i J ) i j i j

EMz(X[xiy] )
• r= int . - -tim

,
iv.1- ie for all K ,e ⇒ RIDE Mm:( 214h, .→xm])



• r= i + j i- j

Rlitj )= ijRli-jlijtj.fr/i+j)ijt0ijRli+j)j..+0jiRli+j)ji
11

•

21.1444

z.la/.1..s4z.la.X..s4z.1bff4K=H+1tk--X.t--.X
i j i j ; j )

i i i j ) i j i j

E 2×2 matrices over Z[×,y ] with usual product except

1%1.1%1=4 : :) 1%1.1%1=48 :)



• r=2i + j i- j

E- iij Eiji E- jii

j=iij 24111,1/11 241/1,1×1 24N
,
# $1

gRki+j)i, =

j=iji 211111,1×1 211111$ , 1%1×1,1×1 (+ dots)

jii ☒
,
I 24×1,1×1 24111,1×1

• ✗ = ! / + It ¥=¥,¥:-#
i j i j i j )

• Nilteckelfor one color )

•

.

- := ! ! ! loners :*.ae)



6. Crucial example : the NilHecke algebra
consider the case g- sk , or P = :

Then f- Uqtshl should be category ied by ⑦ 121mi ) - mod
mtZzo

One feature was its canonical basis
.

In this case it is simply Q
'm'

, for mzo.

→ We expect an indecomposable projective for each m > 0
.



Denote NHm=R(mi)= Rlmi)i
: : :

= ring generated byi :
-
ii

a:-/ f. ✗ .-11 and * 11.1.11
i i -11 i

deg -2 deg 2

subject to isotopy and :

Xi commote

Hillin Ui = Uitr Ui Ui -11

←
UiUj=UjUi if Ii -jl > 2

Xiuj = Uj Xi lijl> 2

XiUi-11 - Ui-11%+1=1

✗its Ui-11 - Ui-11 ✗i = 1



The Nil Heche algebra Ntm acts on Pm = ZIM, -→ xm] via

Xi • f : = ✗if

ui . f := Oilf) = f¥¥¥- where Si exchanges ✗i← ✗its

t
Denature operators

For w = Sj, :-. . sje a reduced expression, define Ow = dsjn :-.- Osje

We will understand Nttm through its action on Pm .



It will be convenient to see Pm as a free Pmsm -module
.

Fact : 214 , . . - , Xm] I 71m ④ ?l[xr , . -→ ✗m ]Sm
,

Symm
where Hm= 21.1×9×1 : . . . ✗Ii : ✗ism - i 9. Note that rkHm=m !

Example : ✗[xrixz, xz] = 21 • { 1 , ✗^ , ✗z, ✗ixz, Xi , Xxi 4 ④ 211m, xz, xs]%
-

p f

713

The action gives a homomorphism 4 : Ntm- End (Pm)
84mm

Fact : rkftlm) = of [m3 !9-

Thos
,
Pm -= +0 Symm and Endsymmlpm) E H ( Symm)

ql:{m3 ! ql:{m3 !
as graded rings



Convenient basis : Hm has an integral basis given by the Schubert polynomials :

bw := Ow-iwo ✗7
"
Xin" :

.
: ✗ in-a Rmk: these represent unique homogeneous representatives for

cohomology classes of Schubert varieties

Example : m=3
, W=S1Sz

bw = Oszs
, spas ,

✗FK = 0s
,

Xixz = ×i¥ = Xrxz Remark : Sx is a particular case. .

Observe: dubw = Ou dunno ✗in
- '

am
-?

. .

- ✗me, = { bwu" if llwñ') = Kw) - flu)

0 otherwise

we are ready to prove :

Proposition : NHM → Mgm,m, :( Symm) is an isomorphism



dubw = / bwu" if Kari') = Kw) - Ku)

Ref :
0 otherwise

• Infectivity : assume some Y ( E fwuw ) = 0 .
1.e.
,
E fwdw -0

WESM 1 WESM

polynomials in Xn . -→Xm

In particular, if v. is of minimal length in the som , E fwdwlbvo) -0
wesm
-

brow -1 if l(vow)= llvo) - Uw)

Minimality ⇒ the contributions come frow w with llwtllvo)
.

⇒ llvow)=1⇒ w=vi'

Wo

0 ⇒ fro -0 # .

• Surjectinty : 41 bvowo) = ( o |v -

:
i Yo
± :

4 ( bvdw.si/--v-(o ? → subtract bsiowo
Si-

o 8
•

• ☐
a



Corollary :

• 2-(Ntm ) = Symm
• e= bwodwo ↳ ( o ) is a primitive idempotent

e Ntm E Pm (ungraded isom) is the unique projective module of Nttm ← Om

Ntm E Pmt /%)"" as graded right Ntm - modules
• Pmfpmt is the unique simple graded k④NHm - module for any field K.

-



7. A faithful representation of RCN
We can define an analog of the polynomial representation for every KLR algebra RH !

First fix an orientation on f. Define :

Poly = ⑦ Pole Pole = 2/1×14-7, . -→ ✗mli)] m= Irl

teseglr)

let 5m act on Pole by : w . Cali)) = ✗
we>
(WIT))

Define the action of the generators of park, on Pole (it acts as 0 on Pole for EEE)
I

g.
| | . - - f- | | : f ↳ ✗milf c- Pole

J Qu f if iv. = ima

÷ . t :* { snf if in -1in. or in + in, c- Poly
iv. ima ( ✗v. (ski) + ✗vets (Skt)) (Saf) if in→ in-11



I

| . . . ✗ . .
- | : f →

I
in Inta

Example : v= it j i→ j
( ✗v. (ski) + ✗vets (Skt)) (Saf) if in→ iv.+a

A-- X.
i ij i j

let fe Pol ;j = Zfxnlij ), xzlij ) ]

f = (also ij) + also ij)) (Sf) =/ a- lji) + xfji)) (SJ)

f = § / •✗ f = A- lji) - 1×11 ji) + xfji)) (SJ)
i i

On the other hand,

f = (also ij) + also ij)) .IS/Xzlij)f))=fxaCji)+xzlji))xn-lji)-sf



I

| . . . ✗ . .
. | : f-

a- it j it
.

j I
in Inta

{ Skf if iv. 1- in-11 Or in c- in-11

* = ! / + It ( ✗KISKE) + ✗vets (Skt)) (Saf) if in→ iv.+1

i j i j

Notation : we may drop I from ✗alt)

* s -

- ✗ • Xs
= ✗ 1×1 +a) (SJ)

= ✗ SIX, +a) (SJ)
= (Xz -1×1 ) J



Oaf if iv. =ik+a

Example : v=2i+j i >-j { snf if iu-in.in. or in -< in,

= ( / ( ( ✗KISKE) -1 XK-h-lsv.IN/sv-f) if ik-iv.tn.¥
. ÷:÷



☒
, , ,

✗Ikki = £0s
,
/(a- + a) (§ xixzbxi ) )

= £0s
,
/(a- + a) ( xixzaxi ) )

= S
,

XE"xzaxi-xnbtlxixs.at/ybxza+1xi-abxixsa+1
✗z - ✗3

=
Xix?-11×5 - xixzbtlxs.at/i+1xzbxi-xixzbxsa+1

✗n - ✗3

i

,

xixzbxi-fxz-xzlsfdsfszxixi.li))
r

= la -1×3 )s
. ×i×i×¥;,¥×%

= la -1×3 ) ×i×i¥;¥×%
=
Xix?"xi - xixzbtlxs.at/ixzbxi+t-xixzbxsa+1

✗n - ✗3



,

xixzbxi-S.dz/lxn-+xz)ls,xixzbxi ) )
= £0s

,
/(a- + a) ( xixzaxi ) )

= S
,

XE"#Xi - ab-"✗ixs.at/ixza+txi-abxixsa+1
✗z - ✗3

= xixzb-lxi-xixi.tl/sa+xi+@-xx-xixzbxsa+t
✗n - ✗3

i☒
, , ,

×I×zb×i = (at ✗3) sfdsfszxixzbxs.hr
= la -1×3 )s

. ×i×i×¥;,¥¥
= la -1×3 ) ×i×i¥;¥×%
=
Xix?"xi - xixzb"§+x✗j= xixzbxsa-11

✗n - ✗3

Difference : xixzbxi as desired



8. A basis for pRG1→
• It's clear that we can slide dots to the bottom

• Whenever two strands intersect twice
, we can simplify the diagram .

I - E
Idea : choose a reduced expression for each we Sn taking g- j,

and form the corresponding diagrams j.se
R it j) ;; ; 1, 113-7=51%51iji

^

=/ i =/ I / iñ> = ☒ |ijisiji
1

Remark : Had we chosen 1132 = szsasz , (1^3) would have been ,
.



Denote jBe = hDiagrams in j.si with dots on the bottom 4

Theorem :
g.Rlvli is a free graded abelian group with basis jBi

Idea : •

jBe is homogeneous and it spans g.Rlvli

• Choose orientations on P and order I so that

• Let g.Rtve act : Pole → Polj so that i→ j implies iej .
• The order gives a lexicographic order on Seglv)
• Induction on this order to show the operators Pole → Poljane linearly independent .
(Base case follows from the analogous result for Denature operators)

corollary : Polo is a faithful representation of RW).



Thank you!
Questions?


