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Differential Geometry Algebraic Geometry
study spaces given by

"

differentiable" equations study spaces given by polynomial equations

Example : y=e× - differentiable Y=Ñ
curve

ex
'

+ éi = 5
✗2+342=1



Geometry Polynomials
Algebraic Geometry
< > ✗2+42-1

•⇒



Algebraic curves
Definition : An algebraic curve consists of a set of points in the plane satisfying a polynomial equation:

C = { lay) : play) -04

Examples :

• Line ( = { lay) : y - ✗ = 04 = deg 1

• Circle ( = / lay) : ✗2+42-1=09 = def 2

• Flower C. =/ lay) :(✗'+y
' )
'
- 4×42=01 = ⑧] dy 6

Degree of a curve : degree of the polynomial



Question : can you find a polynomial play) such that C = { lay) : play) -09 is the following ?

¥:
Irreducible curve : a curve that does not break up into the union of

"simpler
"

curves .

irreducible

✗ reducible



Algebraic varieties

More generally, you can consider polynomials in more variables
, e.g .

3
,
and their vanishing lows :

✓ ( ✗ - y , ✗2+42+2-2 - A) = { Hint) :

✗ ' ✗ =° { [Geofebra]
✗2+42-12-2-1=0

Dimensions :

" Generically
"

we have

✓ (f) CPP has dimension 2 Csorfaa)

Vlf .g) CIR
} has dimension 1 ( come)

Vlfigih) CPP has dimension 0 lsetof points)

V (f) CIR
'

has dimension 1

Vlfcg> CIR
"

has dimension 0
.



12
. Singularities of complex algebraic curves

Undesirable property :

An algebraic curve doesn't always look like a curve !

✗ 2+42=0 #
Even worse : ✗

'
+y
'
-11=0 ? ?

Solution : use complex numbers ! A complex number is one of the form atbi where a. BER and i = Ft
.

Denote ①= { complex numbers 1 , ①
' =/pairs of complex numbers lay) 4

Definition : A complex algebraic curve is a subset of 62 of the form C = { lay) c- 10 : Play) = 04

Fact : Complex algebraic curves do look like curves always !

Caveat : they are harder to draw since I is a YD space ⇒ Draw
"the real points

"

!



Singularities
let P be a polynomial Play) = aootaioxtaoiytanxy + an ✗ y't azixyt . . .

Define = axatyb d✗÷yb= bybtxa , ocgqtant-o.org?f-ant)

and ¥ =¥ootO¥×+O¥y+ anxy + an ✗ y't azixyt . . .

Example : 13=2×342+3×49 ⇒ 0¥ = 6×42+21×49 , 0¥ = 4×4+27×7,8

Definition : A singularity of an algebraic curve is a point Kayo) on C= / lay) : Play) --04

such that 0¥ (xo , yo)=o=¥_(xoiyo)

Example : Take C= / Cny) : y
'
- ✗3+3×-2=09 .

Then to find its singularities , we equate

OP
g- =D

⇒ -3×2+3--0=1×2--17*1 (xo , yo)= ( 1,0) on C ? 02-13+3.1-2=0 Yes !"⇐ "} (×. ,y. )= 1-1,0) on C ?0¥
,
=O ⇒ 24=0 ⇒ 4=0

02+13-3-2=-4 Not
.

.

[Desmos]



A knot from a singularity
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Take C. = h y
'
- ✗3=04

Singdarities : | -3×2=0
zy so

⇒ 1×0,407=10,0) on C ✓

Now write ✗ = atbi , y=c+di and substitute :

y
'
- ✗

3-
= fctdil? - Catbi )}

= d- dZ+2cdi - as - 3a2bi+3ab2 + bsi

= , y
d-d
'
-a
>
+3ab2 = 0

4 This gives a surface inside IR"
↳

2cal -3dB +b' = 0



let 's fave a slice of this surface near the singularity : let 5=4 a'+b' +itd! 14

Intersecting the two varieties, we get d-d
'
-as +3ab2 =o

dimension 1U= | 2cal -3dB +b' = 0

ai-b4c=0
Recall that 51--1×2+42=11 = IR + a point

[ = 4×442+2-2=1 { = IR + a point

→ § = IR
}
+ a point .

Ignore the point and view U inside Rs
.
This is a knot !

In fact d-d' -as +3ab2 = 0 defines a torus in IR
}

2cal -3dB +b' = 0 defines a different torus in IR
> [ See animations]
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