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defined knots and links

☒
• We saw elementary transformations to manipulate link diagrams

RI :&←N RI : § ← / / RUI :

I

• We saw how to input links into Sage



3. Combinatorics and our first invariant

Question : Which of the following links are you able to tell apart?

↳= 4-="

↳④ ↳ =)



Idea :

"¥
1 I

1 connected component 2 connected components

Now

⑦
! !

Today : a combinatorial invariant



computational maths
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But
. . .
what is combinatorics ?

The mathematics of counting
trample
count in how many ways the edges of the following graph can be colored so that

• We use £2 colors

• two adjacent edges cannot have the same color



Poll :

1. How many 3- colorings does have ?

2. How many 3- colorings does have ?



Colorings in math

• Ramsey theory

☒
• 4- color theorem



Back to knots

Definition : A link diagram is 3- colorable iff it is possible to assign colors to its edges

so that :

a) At each crossing , either one or three colors are used :

X K X
valid valid not valid

b) Only using one color everywhere is not allowed

Examples : Nonexample : ⑦
/

Question : if I have two link diagrams for the same
.

Knot
,

can one be. 3- colorable. but not

the other one? E.g .

o_0
,
0



theorem : tricolorability is a link invariant .
( If L is a link and Dc , Dc are diagrams for it , then Dr is tricolorable⇒ Dz is tricolorable )

Proof : A) • Suppose D, is 3-colorable

• Reidemeister moves Dr Di →
. . .

→ Dz

• Coloring for Dr
'

:

↳ RI : J, H N
↳RI : ☒ ← / /
(one color : easy )

↳RE :

←

• Repeat for Dr
"

,
Di

"

, . .
.

, Dz ⇒ Dz is tricolorable

B) • Suppose De is not tricolorable . Then if Da is tricolorable then Da is , a contradiction .

⇒ Da is not tricolorable .

Q
,
Install Snappy



4. Modular arithmetic and n - colorability
Arithmetic modulo n
"clock arithmetic

"

.
Fix an integer n> 1 .

Definition : Two integers a. b are congruent modulo n if they have the same remainder when divided by n .

We write a _=b Cmodn)

Examples : 17 divided by 12 gives a remainder of 5
⇒ 17=-5 Cmod 12)

25 = 12.2 -11

13 = 12.1 + 1

⇒ 25 = 13 = 1 (mod 12)

Also negative : -1=12
- l- 1) + 11

⇒ -1 = 11 (mod 12)



We can do arithmetic modulo n :

Take n=7
.

5 + 4 = 9 = 2 Cmod 7)

3 - 5 = -2 = 5 (mod 7)

2 • 4 = 8 = 1 (mod 7)

Note : 2 and 4 are multiplicative inverses modulo 7
.



n-c-dorabt.ly
Definition : let n> 1

.

A link diagram L is n- colorable if we can assign a remainder in 40,1, . . - , n
-z
, n

- I } so that :
cinder

• At each crossing
er 2 Cover = cinder + Conder lmodn)

Conder

• More than one color is used .

Remark : This definition coincides with 3- colorabilily for n=3 :

2 Cover = cinder + Conder

cinder = Conder = 0
cinder = Conder = 1 cinder = Conder = 2

Cover =-D ⇒ or
cover = 1 ⇒ or cover = 2 ⇒ or

cinder = 1. Conder = -1 cinder =L Conder = 0 cinder = 1 Conder = 0

or
or or

cinder = -1 Conder = 1. cinder = 0 Conder = 2 cinder = 0 Conder = 1.



Theorem : n- colorability is a link invariant

Proof : we will show invariance under the Reidemeirer moves

a a
↳ RI : J, ts N

a ,b
↳RI :

Cone color : easy )
" ← ① $

↳ RHI :_ Lib -Zeta2b- a

2£ b 2C-2b-a zb- c b
£-2b

- a

Q? Snappy


