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Reminder of knot theory so far :

• A set is a collection of objects
↳ A function between sets f :X→ Y is an isomorphism of sets if :

@
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• •
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• A group is a set G with an operation * such that :

- * is associative

- There is an identity element

- Every element has an inverse

↳ A function between groups f : G→ H is an isomorphism of groups if :

• It is an isomorphism of sets
• It respects the operation : flag

,

*g.) = fly) * flya)



13 . The fundamental group of a knot
G-roups-by-generatorsandr-at.org

Definition : The free group on 2 letters is the set G= { words formed by a. b. a-' is" 4 and *= concatenation
.

Example : aab a-'b * b-' a-' b = aab a-'b b-' a-' b

= aab a-' a-' b

= aab a-' a-' b

= cib a-2b

This forms aln infinite) group :

Closure :

Associativity :

Identity element :

Inverses :

Remark : Similarly , we can define the free group on n letters
.
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G-roups-by-generatorsandr-at.org
We can define new groups by imposing

"

relations" on the free group :

Example : G =L a.b I ab-=^ >
geIators relations

This is again the group of words a , b , at , b-
'

,
ab

,
ba

,
a-' b, ab

'

,
boils

- 'ab
'

, . . . . .

. . .

but now a' =

as =

a-
'
=

a
"
=

b" =

a'b-' a-2b
>
=

Poll : how many elements does G have? 2
,
4
,
10

,
or • ?



In fact < a. b / ab=ba
,
a
'-1
,
b'=1 > E Czxcz from last time !

qÉ.

j"""•""

""""÷t# I410) l1i
.

1011)←É§b.ab ab b ( 1111¥É

So J : G → Czxcz 1ns 10,0) is an isomorphism .
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Azide : picture of < a.btab-ba.ci-1,5=1 >
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Backtoknots

LinksRecall that we seek us

☒ É
Groups

Cn Sn Syml )
21

Definition : fundamental group of an oriented link with diagram D is the group given by :

• Generators : arcs in D

€Ñb
• Relations : for each crossing a ± c-

' bc

AZ

⇒ 2- = ✗
"

yx

✗ ,

bY 7 Z SO

y

⇒ 2- = xyx
-1



as
a- c-

'

bcqµb=
a-'cagµMY Tlltrefoil) = ( a,b, c / a-- c-'be

,
b= a-'ca , c. = b-

'ab )

Fundamental group of the link
c- b-' ab

Notice: c can be written in terms of a and b

Relations become : a = lbiab)
"

blbtab) = b-' a- ' bab
" Elimination

"

b = a-' (b-
'ab) a = a-

' b-' aba

Equivalently , aba = bab (see Exercises)

Thus ltfvefoil) = ( a.b) aba=bab>

Q



Another example : K=

gyp, , genera,, ,

step 2 : Relations ☒ c = ab a-
'

☒ a = Cdc"

µ D= b-' cb

µ b = d-
'ad

IT/K) = ( a, b, c , d / a = Cdc; b = d-
'ad
, c = ab a-

'

,
d = b-' cb )



Step 3 : simplify

IT/F) = ( a,b , c , d / a = Cdc; b = d-
'ad
, c = ab a-

'

,
D= b-' cb )

I 1 I
= ( a,b , d / a -_ ab a-

' da b-
'

a-jb = d-
'ad
,
D= b-' ab a-

'b)

I s

= ( a, b / a -_ ab a-
' b-' ab a-

' b ab
"

a-
'

, b = b-' a b-
'

a-
' babtab a-

'b)

/ a-2. ( Ia /bat 3. b-
'ab
"

= ( a, b / 1- = a-' b a-
' b-' ab a-

' b ab
"

, 1- =ba-' b-' a b-
'

a-
' bahia )

✓
inverses

= ( a, b / 1- = a-' b a-
' b-' ab a-

' babi
'

)

Q



theorem ; Up to isomorphism, the fundamental group is an invariant of links

In other words
,
two diagrams coming from the same link give isomorphic groups .

Proof : We check invariance under the Reidemeister moves :

RI : # Relation : a = a-' aa

Relation :c)④
"# "

Relations

:/
e- a-

'ba Eliminate ✗ :{ e-
a-'ba

✗ =a-
'
ca a-

'
ca = ede -1

D= e-
'

✗e Eliminate e : a-'ca = a-
'bad a-' b-'a

←

c= bada-' b-
'

%¥ Relations : e = a-
'ba Eliminate y : / e-

a-
'ba

b-'cb = adat{ y = b-'cb¥. D= a-
'

ya Eliminate e : b-'cb = adat
→

c= bad a-' b-'
II : You will prove it in the exercises

.

☐ Q



Exercises : compute and explore fundamental groups


