
10
. Surfaces attached to knots

.

Back to our goal : Links
us surfaces

☒

Idea (1930s) : [ Animation]

Question
us ? ? →

1934
, Seifert : :

"Here is an algorithm
"



Howdoesitwork?

Step 1 : choose a diagram and orientation for the link :

⑦
Step 2 : smooth out every crossing : and become J f



Step 3 : make every resultant circle into a disk
,
and place the

disks at different heights

- ⑦
0

step 4 : place twisted bands where there used to be crossings :

.
• • •

.'
÷



-

Result :
← ¥1,B. I÷µpa-•¥⇒•

Remark : the result is always orientable
.

Definition : a surface whose boundary components form a link L is called
-

a Seifert surface .

Example : the Seifert algorithm gives a Seifert surface

Warning : These are not unique !



The theory of surfaces gives us a new invariant :
genus

0

/
→ 1

\
☒

•

•

Definition : the genus of a link gk) is the minimum genus of a Seifert surface for L .



Ea¥e :

• Unknot :@ = ⑤ = To
,
,

0 is obviously minimum.

• Trefoil : ④ -

⇐E.im
= T
"

so g(trefoil) £1 .

0bti : if glk) = 0 , then K = unknot . Proof : gck) = 0 means that
•

K is the boundary of To , , = ① . But 0 is clearly unknotted
.

Consequence : g(trefoil) = 1- .
Note : Sage gives the genus of a link :



T

Recall our original question : I i

can I untie a knot by knotting it more?
?_? |

Crucifer : glkr #Kz) =g (ki) tg (Ka) d t

Proof let Si and Sz be Seifert surfaces of minimal genus .

Note that Sr#Sz is

a Seifert surface for Ki #Kz :

CD -anti
We lyou) proved that gls, #5) =gon) +gcsz) . Thus

glki#E) egcsn #5) = gon) +gcsz) = g ( ki) +glkz) .

It's a bit harder to prove
that gckr #Ka) > glkn) tglkz) , so we omit it .

☐



Corollary : If Ki and Kz are knots but Ka
, Ka # unknot

,
then Kr # Kz =/ unknot

.

Proof : K, =/ 0 ⇒ glkn) > 1 .

Kz =/ 0 ⇒ glkz) > 1 .

Therefore glkr # Kc) Fhm glkn) +gckz) > 2 > 0 = g. (O)

T

In other words :
I i

* 1
d t

Your second task : • Investigate the genus of knots
• Prove the infinitude of prime knots .


