
Reminder :

• Knots and links

• Showing they are equal : Reidelneister moves RI :& ←ARI : ← / / r☒:¥¥
• Showing they are different : tricolorability ✗ ¥.
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• Problem : this is a weak invariant ( " yes or no
")
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4. A link polynomial
we will be assigning

Links Polynomials
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Howdwork ?

Definition : The Kauffman bracket (D) of a link diagram D is given by the recipe :

( A is a formal variable)

• crossing) (X) = A ( ) ( Y + A-
' ( L )

• (unknot) (O ) = 1

• ( L+ unknot) ( L O) = C- AZ - A-2) ( L )

Example : = A-(C)☐ > + A-' (CID )
= A C- AZ- A-2)① > + A- ' • 1

= 4 As - A-1) • I + A-
'

= - A}



Another example :

10:01 = A (# 7 + a- ' l 7

= A. C- As) + A-:(Af ) + A- ' ( ) )
= - A4 + (O > + A" (⑥ )

= - A"+ 1 + A-? C- A'- A" ) (O )

= - A" + I - I - A
-4
= - A4 - A-4

Q?



Kauffman bracket runs Jones polynomial

theorem (Jones polynomial) : Take an oriented link L with diagram D. next page) Define

JCL) : = f-A)
→writhe (D)

. {☐>

Then JCL) is an invariant of links (does not depend on the diagram D)



Aside : take a link with orientations
,
such as :

I or I
This is called an oriented link

.

Crossings of L can be positive :

or

negative :

We say
that the writhe of a diagram D for L is :

Wr (D) = A- positive crossings - # negative crossings



Example : D= .

• wr (D) = 2- 0

• JCL) = (-AT
> "

• (⑧ >

= A-
•
. ( - A" - A-4) = - A

- Z
- A-
"°

Example 2 : D= .

• wr (D) = 0-2

• JCL) = 1-AT (⑧ >

= At • ( - A" - A-4) = - A
"
- A?

Note : ←xm .

Q ? Exercises



Remark : J is a much more powerful invariant than tricolorability
lit talks more values) : it actually distinguishes all prime knots with cck) £9

In the exercises
,
we will see many nice properties of J ,

such as :

J ( L # L ') = JIL) • JCL ')

(Recall L # L
'
= #=)



Cautionary Tale

.¥
.

8g 41

J( 8g) = ( A
'
- A
" -11 - A-" + A-05 J(4n)=A8 - AY +1 - A-4 + A

-8

I

JT.LK#4n1--JC8q) HH



Why does it work?

Claim : J is an invariant of oriented links .

Prod : • RI invariance : § ← / f./

Note writhe f- -
- . .) = writhef. . / | . . . ) +1-1 ✓

So Jf . - § . . .) = - A-""the 4- It . { § >
Now < § > =Af > + A-' 4 >

= A (A 1¥ ) + A-
' 13,5 ) ) + A-

'(ACEs ) + A-' (§ 7)
= f) f) + ( AZ -1A" - ( A'+A-2) (Y )

= UH
Q ?



Prof Cctd) :
• RI invariance :

51¥ ) =fa-ywn.tk?i1yyy=ea-sYit-heC?t-1(
A (A) + A-

' ( §
.
7)

= f A-3)
writhe(A)

. C- A 3) . ( A + A- ' C- A' - A-2)) (n)
= f A-3)

writhe(A)
. f- A3) . ( - A-3 ) ( n )

= (• A-3)
writhe'm

. ( n )

= J I :?)
• RII invariance : in the exercises

.

Q ?



But really , how would you come up with this ?
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