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0. Reminder of last time :

¥
• Webs ¢¥É ← gh- intertwines between ☒ of AV

€1:v. ¥71
Evaluation of closed webs : f ↳ (f) c- 21g ,q"]

• Foams : cobordism between webs 1*-1
211×1. . . - in}

-mod with basis

-
I

.

• • • 1

a
• Universal construction : web f → Fn/f) = Where,y,

i
of 1

where ( , In := (
i:É
) c- Zia. . . .

,×n]& Foam evaluation
① ① n

• Fn (f) categorifies (f) , i.e. qdim ( Fn(B) = (f) .



• Braiding identity

yummy
gln - polynomial of links Pnlq)

= - q I I + Pnlql = HOMFLYCQ , E-of)

• Rickard complexes murmurs complex 4×14 with Xq(GILD = Pnlq)

f.¥ÉÑ
"

GID =

ing,

Rickard complex

4. 1=4*1-9-+411 ) (This agrees
with KHR for sln)

Today : • Describe Soergel bimodvles Hype A) in terms of foams , as well as HHO .

• Describe a
"

symmetric
"

Khorana - Rozanski link homology for HOMELY Cgi , f)



1. Symmetric Moy calculus

Analogous to (exterior) MOY calculus for AV but with Siv for sfr :



Some remarks :

• In the uncolored case this gives the same polynomial as the exterior calculus

However
, ¢

'

)) = IN : -11 whereas f
'

) = I ? ]
Sav

N
hav

N

• Theorem (Wu , 2014) : K closed web>§ = Value of closed web

as an intertwines Elgin→ ①[q±^]

• (As far as I know) : It's open to show that the functor from the spider category :

Objects : sequences of integers
Spsym IN =/

Morphisms : webs between them modulo symmetric 1404 relations
(Expected in some form)

is an equivalence .

If so, then karcspsyn.CN)) ± Uqlslnl - mod .



2. Two special kinds of webs
= ( 1

,
-1
, 1,3 ,

→
level 1-1+1+3=4

Definition: Let E and E be sequences of integers .

Hi
A Ke - web - Ks is a web f between them :

Fft
☒ = ( 2 , 3 , -1L, level 2+3-1=4

A ke -web- Kai is braid - like if all arrows point up

- →
level l

Fun fact : Homspsymcn, ( e , E) = 211g , q
"] • (

"

) "

Multiplicity of Slv in

e 5kV ④
. . .
④ SKMV is 1

"

Definition : A vinyl graph is a web in the annulus whose arrows rotate
"

positively
"

:

'① level =
"

# tracks
"

= rot (web)= signed # circles%



Remark : clearly every vinyl graph is the closure of a braid-like web :

43 44 In1
y* *

e- ftp. i= f, f, ②¥'¥É*¥7 .

Theorem (Quefldec-Rose, 2016) : The 21493 - module generated by vinyl graphs of level e
is generated by : {

.
.
.

K , K km

for all tuples with f- kit . .-+ km
.



3. Two special kinds of foams
Disk - like foams (aka HOMELY -PT foams)

Recall that foams are CW - complexes with thickness

ix.
1 Decorations are symmetric polynomials
3
y

→ ✗ +Xztxz

in #variables = thickness
2 → Xnxztxnxz

And there is a monoidal functor Fn : 4-oamn→ Z¥;;n]
- gmod

where Foam
,

: • Objects : webs

• Morphisms : foams

Equivalently : 2- functor :
"

Foam
,

"

"

→

"

211×7 -mod
"

•Objects : finite sequences K
•Object :*

• Morphisms : webs • Morphisms : Graded 211×3 -modules
• 2-morphisms : foams • 2- morphisms : graded homomorphisms

00 : ④ 0
,
i 0 00 : ④ 01 : 0



Definition : A disk- like foam F is a foam in a fixed [o.is
'
such that :

• The boundary lies on the shaded region , and it consists of braid- like webs :

µ ti
at thV

A¥±#←

• Normal vectors to the foam are never parallel to the plane

"¥¥ TEE
disk- like not disk- like



Remark : they are called disk- like because each
"

sheet
"

consists of a disk

touching all four sides :

E.it#-lt-*l
Free floating sphere , not a disk :

ii. ⑤

Also
,
no holes ,etc .



Remark :

A special kind of disk- like foam.

: fix a braid - like web f leg . ¥+7 )An
Then : • P is on the top

• Standard trees are on the sides µ[sonePa• A single strand on the bottom

4 "

Rooted f- foam

IIt is called tree - like if each slice is a tree :

Fact : a rooted f- foam is a - equivalent to a 21 - linear
combination of tree- like ones

.



Define a 2- category DLF
,

• Objects : positive integer sequences K of level N

• Morphisms : Braid - like webs between them P : Ko → E (level N )

• 2- morphisms : only between pairs of E-webs - Ke Po
,
P
, so that :

→

→ 1 at
the top

| → ¥ ✗ [0,1]

*be✗ cats - Po at the bottom

Horizontal composition : Vertical composition :

T.I.it#-*I=1IEIITHI:I-*I=F--*I-



Recall the functor Fn : Foam → 214 . -an]
"
- gmod .

If two foams F
,
G : ✗→ P have FNIF)=Fn(G)

, they are N- equivalent .

Some foams are N - equivalent for all N
, e.g we can replace

µ µ by my qt and Fn won't see it
.

"

a- equivalent
"

Definition : Form the 2- category DÑ=n by extending ④ - linearly the 2-morphisms and

modding out by a - equivalence .

Remark : 2- horn spaces are graded : deg (F) = dgYf
) - "Kdi+¥

Horizontal and vertical compositions are additive in this grading
.



Vinyl foams (aka symmetric foams)

Braid - like webs → Disk - like foams
vinyl graphs → Vinyl foams

f.
"

¥4Example : / .

'

If⇐

Remarks : • Also require
normal vectors to nd be

"

parallel to the cylinder
"

↳ Each
"

sheet
"

consists of a cylinder, called a tube .

• Cutting up a vinyl foam along a radius gives a disk - like foam .

• The category TLE : • Objects : vinyl graphs of level K

• Morphisms : vinyl foams



Remark :

The analog of the rooted f- foam is the vinyl f- foam- $u :

I ' l s

$3 = 3

-

It's also called tree- like if the slices are trees .

V2



4. Singular Soergel bimodoles via foams
Let R = ④ In. . -→ ✗1 , and for TE Sn , denote RT = IT- invariant polynomials in Rs

↳
deg
?

Write grading shifts as H1n1 = Mqn .

Let 5=4 si = Iii-1^14 E Sn
.

Define the 2- category 51B$Bimn CR-b.im

• Objects : subsets of 11, . . . . n -il ← subsets I e s ← /RI as an CRI
,
RI ) - bimodule 4

(parabolic subgroups of Sn)

RJ RI
④f) 9-

""0% RIRIR,④f) qs(
IT)

• Morphisms : Induction and restriction functors , i.e. tensors of Ñ

Ind Res
• 2- morphisms : bimodule maps

where J= I v14

Examples of 1-morphisms for N =3 :

• → 1%4 → 0 → 1st → ¢

12¢ ④ R
"
④ R$ ④ Rs

.
④ 13¢ g-

2
( = Bscsnsz) )

Rst Rst Rsz Rsz

• {514 → hsysz 4 → { sz 4 → ¢

④ R
"
④ Rs""④ R

"

g-
É

pnsz Rsl's2 1251,52



Another way
to depict singdar Bott -Samelsonbimodvks :

P braid - like E-web -Eons 80 ) E H0msB$Bim(k= , E)

t' II
R
"

④ RS' ④ pysziss
g-
1 /

Rsz.ss.se,
É|¥µ § pgnsz Rsa Rsa 's

3 1

•o_O a 0 ④ •-⑦ ⑤ O O 8-00 0 @ 0000-0

, / ¥'q-?

Finally , define 5$Bim:=( +0 , § , É )
- completion of 51B$Bim .

Remark : ttomgpgs.B.im/0.o)--lB$Bim and Hom 10,01 ) = $Bim .

☒Bim



We construct a 2- functor FE : DLF
,
→ 91B$Bim

K 1positive , level N) - FF (E) = •-÷ ÷÷ ÷
(Generators of parabolic subgroup)

f braid-like ↳FIG)= R" . / rooted f- foams 4 /a-equivalence

*Y
" t

A

KOF
disk - like foam↳ 9-FIFI : F? (f) → Fat (E) given by Fol-7

→%

"¥
fo

A priori, it's unclear that this maps to 91B$Bim



Proposition (Robert -Wagner , 20191 The following hold :

1-
.

Let k be positive of level N .

Let I be •- •→ . - - •-→ ( generators of parabolic subgroup)
kn Kz Kg

FJ (ft . . f) has an Rs
"
- algebra structure and is isomorphic to RI as an algebra .

kn Kz Ke

2 . Let Ke
,
E be positive of level N and let Io

,
Is C- Sn the corresponding sets of generators .

4-I (f) has a (RI;RI°) - bimodule structure
¥

RIO3.FI/t--YY...t)=py. pyo
as bimodules

¥

Kt

F.☐ (4 . - - - 4) ± RI' as bimoduks
RIORinko

4. Fai f-E. f.⇐ ± Faith④ Film
Po RIO

D

Corollary : The 2- functor to is well-defined



Sketch of proof :

1-
.

Let k be positive of level N .

Let I be •- •→ . - - →→ ( generators of parabolic subgroup)
kn Kz Kg

FJ (ft . . f) has an Rs
"
- algebra structure and is isomorphic to RI as an algebra .

kn Kz Ke

idea :

x¥ .ly#jE-*.--=EY--**-l-
Isomorphism is given by f. ☒ . . .

④fr. -
t"

2 . Let Ke
,

be positive of level N and let Io
,
Is C- Sn the corresponding sets of generators .

4-I (f) has a (RI;RI°) - bimodule structure :

. .EE?=



3.FI/t.-Ei...f)=RIoRIn-RIo as bimodules
ie

Iz

⇒
zz,

Es Pio
Rin RIZ

Similarly for 4- - - ×É- t
ko

☐

Fact : FJ : DLFn -51B$Bim

\o/
ÑFn

Conjecture ( Robert- Wagner) : DTFN→ 51B$Bim is an equivalence of 2- categories .



5. Hochschild homology
Take P braid- live web : ⇐→I and let F be its closure

.

Let Icsn correspond to k .

Define 9-2^01 = 1 vinyl F-foams% - equivalence

Proposition 1Robert- Wagner) : Hito CRI, FF Cr )) ± 9-I (f)

Sketch :

"

closing up
"

gives a map it : FF (f) → FI (f) .

Now this identifies the left and right RI actions :
t"

so it factors through Farry
[FILM

,
RI]

=

t.lt/o(FIfy)Sorjectivitycomes from the relations
.

Then dimension count
. ☐

Remark : Upcoming work by Khorana - Robert- Wagner contains a complete description ofall HH* .



6. Evaluation of vinyl foams

Finally , we categoñfy the symmetric 1404 calculus

Write An = Q¥÷✗N][yr . . . ., yids"

Ju = ( IT lxj - yi) : jet , . . ..Nl )
a-= 1

Mma = Ary
And Ju

E ✗
t
'

1 lipermft
Fact : • Mma is free over R , with basis {my /yr, . . . . ya) : t isa Young tableaux with Ek rows {

EN -1 columns
In fact, grk (Mn ,

a) = [
K -1N -1

k ]
• Mma is a commutative Frobenius algebra, with trace

Ema : my ↳ /
1 if t=☒# In
0 01W

IT



Evaluation of ☒
a
- vinyl foam - $u,

<3 $3

M# IT ENIK

F- nm (*)nEAn→ Mmmmm KFDEMN.ie

3
$3 ✓

(exterior )

Universal construction : Functor Sun : TLFN → 211am . ,xn] -mod

vinyl graph P ↳ 211×3 . { vinyl foams : E-→ r%
,
,>
.

Vinyl foam Frs induced homomorphism



Example : Sun ( In) = Man , a categoryration of K
'

Dn = [
"

I
"

]
ket¥f : let y : Av

.

→ Sun ( In)
<
K

p ↳

<
up •

Using the evaluation
, one shows that these actually span Sun ( $1K)

Recall also that the evaluation kills JanAu
,
so we get an induced map

Ñ : Man→ Sun ( $1k)
We show that it is injective : take ✗ c- Mmr

.
nonzero

.
Since Mak is a Foob

. alg , there is some y c- Man

such that Ecxy) -1-0 . Let 91×1=11, 941=4 be Rn - linear combinations of vinyl $a- foams - $v,
Then KXOY )); Elxy) -1-0 so 11=91×1-+0 .

☐

Theorem (Robert Wagner) : grktsk.no )) = XP >>n .



Closing remarks
• An earlier (satisfactory) approach 120141 to N-foams exists : Queffelec-Rose

"

KhR via categorical
skew Howe duality

"

• Robert - Wagner 's approach is
"

backwards compatible
"

.

Also
,
their technology describes not only

2- morphisms in 9$Bim
,
but also the 1-morphisms (the SBins themselves )

.

• The invariance of Robert -Wagner's symmetric KHR is proved by finding a spectral sequence
from HHH ⇒ Symkhr .

• Much to do : Deformations , integrality, categorical actions, spectral sequences , other RT invariants
.
. .

• Fundamental open question : is there a way to define symmetric Khovanov - Rozanski homology

for webs in general ? (As opposed to braid-like aebs only)



Thank you!

Questions?


