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Today : intro to sln -foams

Next time : HOMELY-PT foams , approach to Hochschild homology , etc .



1. How to get a link invariant from a braided category .

Let E be a monoidal category with duals Eeg .

e- Rep
'

,
or e- A -mod

,
A Hopf algebra)

Example : let A- be a Hopf algebra Cbialgebra + antipode) , such as Ulg) t :
☒ K) = ✗④ 1+1☒✗ ✗Eg

(Ea) = ✗ c-g

51×1 = - ✗ ✗ c-g

We say that e is braided if it has a 2- morphism c : ④ → ④°P st
.

:

•

cµ : ✗ ④Y → Y☒✗ invertible
,

inverse cxi
'

✗ 4

• Depict oxy as and ↳×
"

as ✗ so =/ / =
✗ Y Y ✗

*

@
←

¥, -- YiXI
IX

k

•
⇒ = YX

IX kl

Note : this introduction is not chronological



Q : how to make A-mod braided ? (A Hopf algebra)

Cxy : = ✗ ④ Y → Y ✗ Conditions on R : swap
o Ala)= Rafa)R-1

"Universal R-matrix"

↳ (A- ☒ id ) (R) = Riz Rz}
R.

✗☒y

/
swap

a lid ④ A) (RT R ,} Riz

A A

key example : A = Uqlgl , R = Eai ④ ai
.

Such Hopf algebras are called quasi triangular .
ai basis of Ulb+)

(technically infinite , fave completion and restrict
. . . )

thegn (Restetikhin -Turaev, 1990 ) :

Braided monoidal categories with duals yield invariants of colored oriented links
. technically framed . . .)

✓

by objects in e



Construction (Reshetikhin -Turaev) :

Example : Take the full subcategory of Uqlgln) -mod ④ -generated by AV , . . . ,
NV

and their duals AVI
. . .
,ÑV*

✗ A
*

µ
'

ÑV*④ÑV ④ V* ④ V
*

T

↳

I I
ñ% it ④ iv. v

i i t

nzv AV -

- V ÑV*④ÑV ④ it ④ V

Ei Éq) 1

So Pgenl ) = pig)

Av Av

If we color every component by V
,
we get HOMELY (⑤I ) (g. E- of)

Q



2. Webs CMOY calculus)

For some categories , hom spaces have nice combinatorial bases
.

Example 1 : E E Uqldz) full subcategory ④ -generated by V C- Gigi )

①IQFÑV g-fiiieinej w Vxov qe , ④e , + ezxoez
Then the morphisms I 9 and T IN

Vxov eiÉej 64-1 1

④
,
o - generate all Hom spaces , i.e . all morphisms are linear combinations of things like :

V ④ V ④ V ④ V

V ④ V Vxov
U

" =Inn
. V ④ V V ④ V

✓ ④ ✓④V ☒ V0 V ⑤V v ④ V ④ Got ④ V ④ V

Wait . . . where did the crossings go ?

nV ④ V V ☒VL#
U V ④ V ④ V ④ V ④ V ④ V

Yi = -all +

n
✓ ④ V v ④ V V④ V

12m41: these diagrams are the morphisms of the Temperley - LiebV ④ V vain V ☒V

v category for 8=-123☒ = -9--111 +

A Rink 2 : Kar (e) = Uqlsln) -mod so morally this controls all of it✓ ④ V v ④ V V④ V

Q



Example 2. Take again e- full subcategory of Uglgln) ④ -generated by AV , . . .
,NV

and their duals 1%5
. . .
,NV*

Then every morphism is o.o -generated by :

V ÑV ☒ Abv E - II'Jle±④e,g-
I"%IuJ TAI IUJ=KF

^
atb |^

a b
atb f.

# EIÉEJ In-5-0 - en
hav ④ Abv Aa+bv

①(g) qlI<Int
- lIn<Ilg±, ①(g)

e¥Ces)

iI -

MV ④ ÑV* e±Ñeg* A"V* ④ AV ④esI. I
.

eI④e¥ÑV ④ AaV* Ee±④eI* half ④ fav Eq-
LIN't / + II'INle±④e±*

III__a III __a

^

I 1
iCllq) 619-1 1



Example 2 : Take again
e-- full subcategory of Uglgln) ④ -generated by AV , . . . ,

NV

continued) and their duals 1%5
. . .
,ÑV*

For instance :

v ☒ÑV v④ÑVT ④ b ¥

q
qbµ ① 3

• ,
=
- f-

' ¥71 +

*
y↳y→

↳ V④V

it • v
a

Such combinations are called webs
,
or 1404 graphs :

at ^ flop

*¥
fz 2

€¥.¥⇒l
A web f- MOY graph)

A closed web ①(f)

Note : ¥ :=¥f.



Example 2 : Take again
e-- full subcategory of Uglgln) ④ -generated by AV , . . . ,

MV

continued) and their duals 1%5
. . . ,
ÑV*

We have more relations :

i

Theorem (Murakami - Ohtsoki - Yamada , 1998 ) : these relations suffice to evaluate
any

closed web
.

Theorem (Caotis - Kamnitzer -Morrison , 2044 ) : the functor Webn → E is in fact an equivalence .

Q



Coloring formula for web evaluation :

let P be a closed web
.

Definition : A coloring off is an assignment of the edges to subsets of 11,2 , . . . ,n4 such that :

• µ rn {m , , . . . ,mu { • fa+b~ 4M ' ' ' -- ' Maths
• → y

'

y

t[y " " +atb → hmm
. -→Math

{My . . .,Ma{ {Man , . . - >Matb4

11>2,44

Example : N

÷ *

11,21



Let c be a coloring .

For a pair of pigments iij C- 112,3, . . -, uh
,
let

fij (c) =/edges colored by j { AÉbyid4
Define w(Pij:= signed A- circles in Pij

w (c) = E w (Pij )
nei<jEh

Write ( f, c) = qw
">

In the example :
"i"

my
"

"

<r:c>= Eq
w (Fau) = 2

q
'

<

11,2 , 49
Q



Theorem (coloring formula for web evaluation)

(f) = E tf , c)
cool(f)

Corollary : (P ) c- 21%[9-151] .

I
clear for knots,
not so for webs

Categorification ?

Specifically : L → 1-1*14 s.t.

4) = § 1-DiqdimHill,
? ?



3. Foams (via Robert-Wagner evaluation)

Foams can be thought of as cobordism of webs .

More precisely :

A gln- foam is a finite 2-dimensional CW complex embedded in IR
'

with a thickness function { 2- cells in Fl → 11 , . . . .nl

such that the neighborhood of a point is homeomorphic to one of the following :

^

b
a btc

beg
a

axb
a

• a •

atb
•

7 → + orientation condition

atbxc facets ← bindings

on a facet on a binding singular vertex

✗y -1×+1

f '
z it

Examples : 2 I 1
3*5

>
5 2

3 5¥
a

Remark : facets may have
"

decorations
"

, symmetric polynomials in (thickness)-many variables
.

They behave multiplicativey :
. .

P 9-

=

pit



Some motivation for what follows :

To a link we will associate a complex ↳Clink) of graded modules over 216in . . . ,xn]
"

Inspiration comes from the of case , worked out by Khorana .

Khorana's choices were in turn inspire

by the sh case ( Khorana homology) .
~ deg

2

• Sh : C(unlink = TQFT (unlink) = 2/1×34×2,
= H*¢P^) after shift, graded rank is g-

'
+ g-

= 12]

• Is : CCunlink) ? It should have graded rank [33 so take 1-1*16104=211×4×3,
Cl ) ? • It should have graded rank 2=133.123

• It should have three 211×34×3,
- module structures :

% H l l# y y µ µ/
"" *"%)

v n v v al
v

Ht (Ff, ) = 2/1/4 , ✗a.KY( X,+Xztx} , X,Xzt ✗2×31-4×3 , X, X, ✗3)
Foam evaluation provides the

" denominators
"

of these graded modules .

112



141,34
Define colorings as with webs : z

>
5 → 41 , 2,3 ,5,74

Observations : 3 ↳ 12.5.74

• Fi = U facets containing i is an oriented surface

• Fij = U facets containing i ✗OR j is an oriented surface ( take orientations of the facets containing i reversed )

• Fij = Fijnfi U Fijhfj , and these meet at circles which inherit an orientation :

i
% i i Denote Fiji for the number of positive circles in Fij

positive negative

Degree of a foam :

choose any coloring c and define ✗ (F) = EXIF;-)
n

* i<j±n
.

"

Weighted Euler characteristic
"

Define the degree of F as deg (F) =
-Xnlf) +22 degcpg)

faatsf ↳ decoration on f Q



Foam evaluation

Foam F M (F) E 211m, . . . ,×nT"

Robert and Wagner 's idea : take inspiration from the coloring formula for web evaluation
.

Denote ✗ = ha , . . .,xn4 and given Sc 11, . . - in 9 , ✗s= hxi : its { .

(e)slf.cl/TPg(Xcys)
Define {F.c) =fl" Remark : slfic) is

given by §,i✗¥ + EganO-ijlf.cl/TCxi-xj)XCFijkD/z
"
<j

and finally : (F) = I <F. c)
CECICF)

c- 414 ⇒ GF, c) =
_
1×1 - a) Cx , -g)

S /F)c) = 1

✗
3
•

Example : n=3 ,
c. = 424 ⇒ (F

,
c) =

f- = (✗
,
- ✗a) (✗z- ✗3)

s#' c) = 2

c = 434 ⇒ (F) c) =É said=3(× , - ✗3) (Xz- ✗3)

thickness 1 (F) = -×? /a-a) + xÉ(xrxs) - xitx ,
- ✗a)

(x , - ✗a) (✗ ,
- ✗3) ( Xz - Xz)



(F) =

-×? /a-a) + ×É(xrxs) - xitx ,
- × ,)

(x , - ✗a) (✗ ,
- ✗3) ( Xz - Xz)

-✗Pxztx
,
XP -Xix} -1×3×23 - ✗ix. tax?

=

✗ ixz-✗ ixstxix, -Xzxoitx:X ,
- A. ✗ ?

=
- (Xitxz -1×3) ( ! )

Example :
✗
N•

( > =

-xitxz-a) + xilxrxs) - xifx ,
- × ,)

(x , - ✗a) (✗ ,
- ✗3) ( Xz - Xz)

✗i ×
,
1

- det( xi a 1)XP X, I
= = - Sn-2,0 ,o(× , ,Xz,X, ) = -E X,iXÉX5

Vanderwoude i+j+k=n-2

•✗
a

Remark : { ,.is/--Sa-i,b-i,c , among many
combinatorial relations

.

• ✗
C

His almost immediate that <F) is a symmetric rational function

Fact : (F) is in fact a polynomial . Proof relatively painless but omitted .
Q



4. A foamy link homology

We first define a functor F : Foamn → 211×3 - gmod
t 1

(webs
, foams between them) 21K , . . - in] , deg xi=2 .

On_objeIs :

p -
Wn "Yke.co.in)

where : Wn (f) = free module with basis foams with boundary of → P

Wnt a. ii. = # • I • • • 1

and (F. G)n= (G-of)



O-nmorphisms.ie F :P, → Pz gives Wn (f)→ Wn (f)
G - Fo G

i 3 ?
I 3 I

↳ ii:i↳ i :)
ii. i

Note if LE Wn th ) is in Ker (H) then Fol c- Ker Kiln)

This is the so - called universal construction
.

→ Works in much greater generality .



Theorem : Fn ( f ) is a free graded 211×3 - module of graded rank (f) .

Proof : We denote grading shifts as : qa.tl = Mla) . One shows using
the evaluation that :

on Ham
•

•
•• •

• • Now any web reduces to ¢ using finitely

many of these relations .
At each step we

• • obtain a projective module .

Projective modules over 21613 are free .

•
H

•

The relations are those for web evaluation so

we get grk( 9- (A) = < f) . ☐

• • OH •

• * 0 •



What about the knots ?

Recall : we can rewrite the
crossings as :

(E) = 4¥? -9--1<1^1^1
,

1%1=4*1 -

a- sit >
1 1

, ,
1 1

1 1

As in Khorana homology, we category y this as complexes , using Fn as a sort of TQFT :

HÉÑ
"

H

"

HE.) = ' → 9-
"HH ) HH ) = 9- HIM → HIEI1 1 1 1

So the complex associated to an oriented link diagram is

( (L) = ④ (complex at ×)
crossings ✗

Theorem : This is an invariant of oriented links that categories the sln link polynomial .

(up to
overall grading shift) ( It's considered up to homotopy)



A generalization for free
In fact we can express any crossing as :

b a

(K ) = E th
""

g
" -b

f f a)
b a. k=maxl0,b-a)

So we can form the more general Rickard complex :

H¥1= a → oi://i-H-it.ci :( I → • . .

ba- a b

'

II• o . → ai-a://it.EE/-.oiHt-s.a
,

a b a b

(similarly for negative crossings)

= ④ (complex at ×)
crossings ✗

Theorem : This is an invariant of colored oriented links that categories the colored sln link polynomial .

(up to
overall grading shift) ( It's considered up to homotopy)



5. A cool application

Fact : HF (Fla) =É and HI
,
(Fen fan , .

.
. ,an)) = HE /Fln )%× - -

-

"
a"

Pl Xi) -Pti)Fsyn poly
①
a
'

E ①
91+92

a-
. . .

gait . - -tan

Proposition (Robert -Wagner) :

HF (Fln far , .
.
. ,an)) ± Fn ( ÷._ao→a-aamm .--- )

The isomorphism is given by :

This can be used to compute the structure

constants for HF (Fln far , .
.
. ,an)) as a ring :



Thank you!

Questions?




