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The algebra
L

K(CSn-mod)

Definition (Grothendieck group)

Given an (additive) category C, its (split) Grothendieck group
K0(C) is the abelian group generated by [M ] for objects M of C,

subject to [M ] = [M 0
] + [M 00

] whenever M ⇠= M 0
�M 00

.

Examples

K0(Vectk
fd
) = Z, generated by a 1-dimensional vector space.

K0(CS4-mod) = Z ·

n
, , , ,

o

Since Vectk
fd

is monoidal (has ⌦), its K0 is a ring. The

multiplication agrees with that of Z: [V ⌦W ] = [V ][W ].

This is a first example of categorification.
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Further developments

The algebra
L

K(CSn-mod)

Write K(C) = C⌦Z K0(C).

Summing over n � 0, we get an isomorphism

 :
L

n�0K(CSn-mod)
⇠
�! Sym

Define a multiplication ([M ], [N ]) 7! [Ind
Sm+n

Sm⇥Sn
(M ⌦N)].

Theorem

The map  is an isomorphism of C-algebras.
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Heis acts on Sym

Definition

The Heisenberg algebra Heis is the C-algebra generated by am, bm
subject to ambn = bnam + bn�1am�1, with a0 = b0 = 1.

Let Ind =
L

n�0 Ind
Sn+1

Sn
and Res =

L
n�0Res

Sn+1

Sn
.

Mackey’s theorem ) ResInd = IndRes� Id.

Compare to: a1b1 = b1a1 + 1.

Theorem

Heis acts on
L

n�0CSn-mod via

am 7!
L

nRes
Sn+m

Sn
( 1 2 ...m ⌦�), bm 7!

L
n Ind

Sn+m

Sn

 
1
2
...
m

⌦�

!

Passing to K(�), this is the Fock space representation of Heis

on Sym.
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Further developments

Upgrading the action of Heis

So far we have a weak categorification of this representation.

Stronger: replace Heis by a monoidal category (i.e. with ⌦)

Heis, and the action, by a monoidal functor:

Heis End(
L

n�0CSn-mod)

Heis End(
L

n�0K(CSn-mod))

K(�) K(�)

Khovanov (2010): diagrammatic construction of Heis.
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Heis, and the action, by a monoidal functor:

Heis End(
L

n�0CSn-mod)

Heis End(
L

n�0K(CSn-mod))

K(�) K(�)

Khovanov (2010): diagrammatic construction of Heis.
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Upgrading the action

Diagrammatics

Further developments

But... why?

Motivation: categorical actions.

Same set up over k with char k = p.

Right multiplication by Jucys-Murphy elements
Xn = (1, n) + ...+ (n� 1, n) commutes with the action of Ind

n+1
n

and Res
n+1
n .

These act diagonally with eigenvalues in Fp, and we can

decompose Ind =
L

i2Fp
Indi and Res =

L
i2Fp

Resi.
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Further developments

Then bslp(C) acts on
L

kSn-mod via ei 7! Resi and fi 7! Indi.

Weight spaces for the bslp(C)-action $ p-blocks.

Two blocks have isomorphic defect groups $ in the same

orbit under W = Sp o Zp�1
.

Chuang and Rouquier: categorified sl2(C)-action
Higher structure  “Rickard equivalences” between blocks.

Theorem (Chuang and Rouquier, 2004)

Broué’s abelian defect group conjecture holds for the symmetric

groups.

To reconcile this point of view with (more general) Heisenberg

categorification, see Brundan, Savage and Webster’s Heisenberg

and Kac-Moody categorical actions (2020).
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Broué’s abelian defect group conjecture holds for the symmetric

groups.

To reconcile this point of view with (more general) Heisenberg

categorification, see Brundan, Savage and Webster’s Heisenberg

and Kac-Moody categorical actions (2020).
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Upgrading the action

Diagrammatics

Further developments

How does it work?

Draw:

CSn-mod

Indn+1
n

CSn+1-mod CSn+1-mod

Resn+1
n

CSn-mod

Ind
n+1
n = CSn+1 ⌦CSn (�)$ (CSn+1,CSn)-bimodule CSn+1

Res
n+1
n = CSn+1 ⌦CSn+1 (�)$ (CSn,CSn+1)-bimodule CSn+1.

Maps between functors are here bimodule maps.
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Identities, cups and caps

CSn+1-mod CSn-mod

CSn+1

CSn+1

g

g

Indn+1
n

Indn+1
n

Id
:= ⌘

CSn+1-mod

CSn-mod

CSn+1-mod

CSn+1 ⌦CSn CSn ⌦CSn CSn+1

CSn+1

g⌦h⌦ k

ghk

:=
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Álvaro L. Mart́ınez Symmetric groups and the Heisenberg category



A certain action on the representations of symmetric groups

Upgrading the action

Diagrammatics
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Maps between functors

Similarly we have maps denoted diagrammatically as

n+ 1nn+ 1

n+ 1n+ 1

n+ 1 n+ 1

n+ 1

n+ 1

n nn

nn

n n

These maps are the biadjointness endomorphisms of Ind
n+1
n and

Res
n+1
n .
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Isotopy relations

These maps satisfy the isotopy relations

n+ 1 n nn+ 1= =

= =

nn+ 1

n+ 1n+ 1n+ 1
n nn

These equalities are equivalent to the statement: Ind
n+1
n and

Res
n+1
n are biadjoint.
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More maps

Let sr = (r, r + 1). Specific to symmetric groups, we have maps

n

n

n

n

n + 1

n + 1

n + 1

n + 1

n + 1

n + 1

n + 2

n

n

n + 1

n + 1

n + 2
g

gsn+1

g

sn+1g

g⌦h

gsnh

gsnh

g ⌦ h
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Cross relations

The first two clearly satisfy the “quadratic” and “braid” relations:

= =
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Cross relations

The other two realize the isomorphism in Mackey’s Theorem:

Res
n+1
n Ind

n+1
n

Ind
n+1
n Res

n+1
n

Id

�
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Cross relations

The di↵erent compositions yield “Mackey” relations

=

= � = 0

= 1n

n nn

n n n

nn n+ 1

n+ 1

n + 1

n+ 1

n + 1

n + 1 n

n

n
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Define Heis to be the idempotent completion of the additive,

C-linear monoidal category with objects {", #}

and their tensor

products given by concatenations (such as "#""##"), with

morphisms given by (unlabeled) cups, caps and crossings, subject

to the isotopy, braid, quadratic and Mackey relations.

Theorem (Khovanov, 2010)

The algebra HeisZ embeds in the Grothendieck ring of Heis.

Theorem (Brundan, Savage, Webster, 2018)

This embedding is in fact an isomorphism.
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Further developments

So far we have been considering induction from Sn to Sn+1

.

Consider instead restriction and induction from Sn ⇥ Sm to Sm+n.

Such morphisms can be represented by foams:

Developing this theory is an open question.
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Thanks for your attention!
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