
The dihedral cathedral

1. Review of B$Bim and one - color calculus

B$Bim for (Wis)= (52,69 ) :

S
.
C Ra

,
ma Sa ER = IRC.at/dga-- 2)

Lst - as as
"
t' f- as)

"

Objects : 135111 -- R

(upto isom ) BS (s) -- R ④ RH) - Bs
Blast

BS (E) = Bsxo . Bs

Morphisms : maps of Mlas] - bimodvks of any shift degree
Monoidal structure : ④

.

Now Bs is a Frobenius algebra object , meaning there are maps pry , 8. E :

Bs = R&R f ④g

identity : T T I mis deg O
Bs = R&R f ④g

Bs = R&R Oslglfxoh
multiplication : pi :

T T I m's deg - I
Bs Bs - 12×912×91312) fxogxoh

Bs = R&R hzllxodstasxot )
unit : y : T T I ma

'

deg 1
R '

- R 1

Bs Bs = 12×913×91312) f ④ I ④ g
comultipliation : S : T T I mis deg -1

Bs = R&R fxog

R '
- R fg

count : y : T T I mis - deg 1
Bs = R&R f ④g



These satisfy the relations :

Axioms of strict monoidal category mis Rectilinear isotopes : = =

= =

g. *

,

=

.

=

'

,
etc

.

Unit runs = =

q &

g A

Count't mis = =

Associativity runs =

Coassociativity runs
=

Frobenius associativity nuns = =



We defined
i. =

.

^
tiene it = =

'
y

U
'

.
= .

Relations imply : isotopic diagrams represent equal morphisms.



For FER ,
we also have

R gh
T I mo f

R h

These satisfy :

Multiplication runs f g = egg

keyhole mis f = of

T

Barbell urns = as

it

Fusion mis ! = { ( as t as /
Polynomial slide nuns f = f f fer

'

In fact, defining HBS (s) as the IR -linear category with objects I . . . : Krog and morphisms as above
,
we hate

HBSG) I B$Bim(Sz , Ish) is an equivalence of categories .

"

one - color diagrammatic Hecke category
"



S
t

±

Today : consider (W
,
s) = ( Dam ,

h s
, tf ) (possibly m

-

- o) (as ; 4) = -HII

M

Dynkin diagram : • • (m =3 wa Az)

We define ftp.s-HBSCW, s) so that ftp.s-BQB.im is an equivalence of categories .

Remark : technically , for Da one should replace the geometric representation by some other realization 1h
,
has

, Al , Hines t
where dim h 33 (=3 suffices) . Then R -- Sym (htt. When Vgeom offices , h=Vgeom* .

The Denature operator is defied as evaluation at ai
.

2
.
Universal diagrams

Consider the diagrammatic category with objects I . . . . . - - - . . . E ¥1 . . . I
"

f

and with morphisms coming from HBS(s ) and HBSCH , that is
, morphisms like

•
•

*
q

• g

A.

These are called universal diagrams , and the resulting category is the " universal 2-color diagrammatic Hecke category
"

Denote this category by His's, -4 .

Theorem : The functor Hof → 113$Bim
, for (W,

S) infinite dihedral
, is an equivalence of categories .

Ideas (same for all CW.SI)

Essentially surjective : obvious .

Full : it can be checked algebraically that every morphism of Bott -Samelson bimodules comes from a diagram
(general case : Liebe alinsky's light leaves)

Faithful : it suffices to show that Hom " dimensions
"

agree with sizes of (diagrammatic) basis of Hom spaces

How to find these dimensions ?



3. Interlude on Soergd 's Hom formula. .

Def : A standard bimodule is an R-bimodule of the form Rx for x EW
,
where R. -- R with twisted action

r . m . r
'
: = rmxcr

'!

Remarks : o R
,
④ Ry E Rxy

• R
,
= R . 1 . R

• Rx is indecomposable
• Hom. (Rx

, Ry) = / R ⇐y
O 01W

Def , StdBim is the category of standard bimodules
,
their shifts and finite to .

Rink : (Std Bimbo = 21h W

Recall the elements Cs =L (as④ l t t ④ as)
, ds -- Z (as ④ 1 - A④as) .

Recall 11101 , Csl , 11×01 , dsl are basis for
Bs as a left or right R-module . In R -gbim we have

0 → Rst- t) - B
,
I RH) → O

l l- ds ( A)

fxog '→ fg

M
O → RC- D → Bs → Rsa) - O

l - Cs (T)

fxog t' f.slg)

Prof: For CAI
, we need to check that the first map is well - defined .

Now

r . m - r
'

ts fcrmslr ') ) = rm sands =

,
rmdsr '

.

The Vernet of µ is obviously spanned by as ④1 - A ④as .

computation in

the first talk
The computation for CP) is analogous , using f. Cs -- Cs 'f . D

We thus have Bs = Rz¥ ,
a filtration with subquotients in Std Bim

. This gives
" standard filtration

"

for every
Soergel bimodal: s

Application : Filtration for BsBe :

Riz , RI
- Rs

Bs Be = RIE = Tae 1%71%17%5" mis
"

a - filtration
"

BHI Rft) RIIS

(Segel
2007)

theorem : For a fixed enumeration of W respecting the Brohat order
,
there exists a unique A - filtration , and the graded

mdtiplicities of each standard bimodal are indep. of the enumeration
.

Example (continued) RCI h. CBs Be) = i - v
'

RL
ma

hs CBsBe) = 1

the h (B.Be) = 1

Rat-2) htt CBsBe) = e. v
-Z



Now we can define cha = few v
"" h×lB)S×

Examples :

B
,
=
HI
psfy, nahh! ! I , M ch,fBsl= v

'
- v
"

- dstv.sn = Ss tr

RI) h ,
= v
'

B.Be = Rs mis
hs = t

mis cha CBsBe)= vav-'Sse t v Ss tv Set v
'

= Sse trsstvfetv'
the ht = 1

Raft) hst = v
-2

Remark : oh# CBD -- do x) tx EW . Gergel's conjecture (now theorem) says oh (B.) = b.

BacktoHomsp#

theorem Csoergd 20071 let B
,
B

'

be Soergdbimodvles .

Then the graded Hom Hom.$BimlB ,
B
' ) is free as a

left graded R-module and as a right graded R -module , of graded rank CohlBl
,
chCB'D.

Examples :

re Hom
.

(Bs
,
R) = Cbs

,
1) = Ecb's -t) = Ecsstv ) - v vis R . •

deg 1

VI Hom
.

CBs
,
Bs) = Cbs

, bs) = ( n
,
bi ) -- Cl

,
vbstv-lbs ) = v't t no pi - I .. I

/

re Hom
. CBs

,
Be)= Cbs

,
be) = (1 , bsbt) = v

'
wa

p . : deyo deg 2

Kk Honi ( Bs Bt
,
Bt Bs)= ( 1. bsbtbsbt) = v

't
t 2v
' dy '

stst trusts trust
'

tu
' st tvs't t v 's't Ust t v3s t v Est t r ' Est wt't v3t t Pst t V3 E t v's + v"

owes

• •Rot . .
: : l

l j

day 2 dg 2 deg 4

If m=2 lie . type A,xA) we have bsbebsbe = (dstv)
"

(Setu)! (Vtv
-Y
'

bsbe = (rtr' )
'
. (v 'tEst v Set Sse )

mis v
't
t Ir ' t 1

This suggests that we need a new morphism .



Def : Define the 2in - valent morphism as :

- - -

-

deg O
-

. - -

i

-
m)

Eg : for m --2, we have

theorem : Defining. HBS as above
, plus the

.

2M- valet morphism, and imposing three relations that we will

see later, we have an equivalence of categories HBS I 113$13im for CMS) finite dihedral .

Next, we motivate the 2in -valent vertex and the new relations .



4. The two - color Temperley - Lieb category

Def : Temperley - Lieb monoidal category Lg is given by :

• Objects : I l n > 09 put = = µ#⑧

• Morphisms : 21183.} I Ccrossingless matchings)
, subject to

#

= So
• Monoidal structure : concatenation .

Runk : specializing to £-lofty
' ')
,
Lg E Fund (Uglsk))

f -- - 2
, Lg = Find (ska)

Def: 2 - colored Temperley -Lieb 2 - category 22g is given by :

• Objects : I - ,
- I

• t -morphisms: I I n > 09
= 8 .

#

• 2-morphisms : 21183.} ) Ccrossingless matchings)
, subject to

#

= So

put = = In
,

Vertical composition and horizontal composition as usual
,

= = IT
,

Now specialize 2 Is to f -- ast := - 2.cos (mise) f - Iggy for giant )

Then we have a functor
= Aks) -- Osca)

E : 2Lase - B$Bim

sending - , - H
"

unique object
"

÷ t' Bg④Be④ . . -
④Bs

#⑧ #⑧

t, t. if this functor factors through 7438 )
# •#



Proof that this is well-defined :

t = I

I

↳ •• = as I Had = Ast ← a.se

Two similar observations :

• In Fund
,

we have an idempotent map V → L(n ) ↳ Von

• In 113$Bim
, wo=stm is the longest element ⇒ B.Be : . :B, ⇒ Bw

.
↳ BsBt -

i
.
.

-Bs

Both of these phenomena can be explained using Temperley -Lieb :

Denote The Endggf . . . )

Prof :CJones -Went elements) There is a unique element Jwn C- Than satisfying :

• Capping or cupping any two strands (when possible) sends the element to 0
.

• The coefficient of idn C- Then in Jwn is 1

Furthermore
,
Jwn is idempotent.

Examples JW
,
= -

t
s

JW, = + I +I +
I

+
I

82-I 82-1 S't sit

There are entirely analogous 2 -colored Jwh 's :

JWZ =
-
I
s



Now its image in 74,35 is
. ÷, : .

This is still an idempotent !

In fact mapping this to a morphism in 113$Bim
,

we have found BsBeBs = Bs to Im ( JW )
= Bs to Bsts

Upshot : diagrammatics have provided us with the explicit map realizing Bses EoBsBeBs !

In fact , we have the following .

theorem : Take a (reduced) expression west with name .

Then the image of the colored JWn is an idempotent map BSIH→ Bw

^

Ba#¥rphim .

Notice that in 113$Bim
, sI = Esty. e ⇒ this equals the longest element

⇒ Bw
. Fo Bs Bt - - - Bs and Bw

.

E Be Bs Be . . -Bey
- - -

so we have Bses
. .
-s
→ Bwo ↳ Best

. .
- e .

This is the map that corresponds to .

I

-

. - -

i

-
m)

what about the three relations ?

Cyclicity : = = (for all m ,
both panties , colorswaps)

2- color associativity :

= (for all m ,
both panties , colorswaps)

Elias-Jones -Wah :

.

. . = JW#. . . I

1

- -

Ten : these are enough .

I



6
.
A word on more colors

.

One can play the same game for Coxeter groups with 3 generators . There are 4 possible Coxeter groups :

Az , Bz, An x Idm), Hz .

Type Az :

(
"

Zamolodchikov relation)

Type Bs :

Type Aidan :

Type Hs :

These relations wodd suffice . In fact 4- color relations are not needed !

Type As :

•3a3• wa Maps in $Bim (explaining the Zamoloddrikov

a s t relation)

Such cycles in Coxeter groups are made up of disjoint braid relations and Z relations from rank 3 parabolic
This doesn't mean morphisms with a fixed source and target are equal in HBS , but making the right choices they will be
equal "mod lower terms"

.

Next : light leaves ?


