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1. Plethystic substitutions

let K = Qlq) and 1 the ring of symmetric functions over K
.

9-

1= K [pispz, . . . ]
+
power sums : pn = ✗ it ✗it . . .

Let Kblx] = bounded power series in ✗a. ✗as.. .

let EE KBEX]
. Define pr.IE] as the series E where we replace ✗in ✗ik and g-↳

"
.

This can be extended

to a ④- algebra homomorphism
.

r→ kblx] .

-

f. ↳ LIE]

This is called the plethystic substitution of E into f. Note that if EE1 , then LIE] C-hot .

Example : hzl 'Y]= {(pit;+⇒] + pal 1) = { (✗¥¥T+¥¥¥=hd✗""'ᵗ9-")
(1- g)41+9-1

Several important substitutions :

• If E- ✗ = xitxzt . . . , then f ↳ FIX] is the identity .

• If E- = ✗ it . - - txn ,
then f- LIE} is the natural map hg→ Klas .. . > ✗n}"

• If E = - ✗
,

then f - fl - ×] sends a. sit

• If E=Y=y , + . . . (anew set of variables) then have → 1×01 × :L → 1×01

f- 11×+4] fins f[XY]

They often simplify notation :
• let RHI = Ehn EÑQ .

The "

Cauchy identity
" reads RIXY] = Esxcx)s×H)

MO t

• Macdonald 's g.t - Hall inner product is given by <px.ppiq.e-Q.ie 2-✗ II !¥i
Methodically , this reads If .gs#- If .gl?-#7 >

Product : 04h
.
basis : Operators : Eigenvalues of % keep!

<
,
> = Hall innerproduct Schur polys Vlf)=f[✗ + f)RI- 2-×] / za 0%+1=0

E-Of
44=4-1,1-11×(1--113) Hall -Littlewood polys kTlf1=f[✗+ "¥1521- 2-ME ☐ICP, 1=9-4+113

1=0 /
< , > ,i- < (-1,1-11×1%-3) Macdonald polys IÉYl=flX+"¥#]RfzX] /za :( 1-1,1=(1--1) Éqlit" ' th,

i =L



2
.
Schur functors (revisited) Baez - Moeller - Trimble (2021)

④ Icon]-mod

+ Jtg V⊕W

• fg lndsiis"ñ(vw)
A+ flay} ⑦Press;¥sm(vW)
* f*g V ④W

Isn

II flxy] ?

◦ flg] ?

(•
,
*
,

:

"

Hopf ring
"

= ring object in the category of wrings → and * don't commute

(•
,
II. A×) :

"boring
"

= coring object in the category of rings → Can be defined in terms of plethystic substitutions
↳ Equivalently : (•, At) Hopf alg ; antipode : fl- ×]

( o
,

×) bialy
codistributes over At

↳ Equivalently : a ring object in alpine schemes

(•
,
At
,
II. °) :

"

plethory
"

= monoid in the category of birings → What they categonfy

Another example : 2 [×] : Atlplx)) = plx) + ply) , A-
✗ (pk)) = pcxy) , p ◦ IN = plqlx)) .

Note : By Yoneda, one can define a biring as a ring B such that Homes
,
-) has a lift

Ring

§ _

→ Ring

.

.

.

-

' ↓ forget "functor of points
"

Ring
-

→ Set
Hom/B

,
-)

Riz

For instance, $ = 1-
Ring

is representable by Hom ( 21×3 , -) , hence 21×3 is a biring

Since 1-Ring ◦ 1-
Ring

= 1-
Ring ,

Z[×] is a monoid in Biring ,
i. e. a plethora .

The above can be replicated with rigs instead
,
aka semirings .

Now let 2-Rig be the 2- category of linear symmetric monoidal additive Kiaroubian categories , functors and hat. transf .

Then a 2-ibirig B is a 2-Rig such that there is a lift
2- Rigit →

-
-

-

-

.

↓
2-Rig → Cat

Homa-RigCIB,
-)

A 2- plettory is a
"

pseudomonoid
"

in 2-Bing , roughly a 2-Bing s . -1. ⑧◦ ⑤ ± $



Example : let Schor be the free 2-Rig on one element E
,

so it has objects É
"

as well as

SHE):= (EFA)
. Morphisms : Hom / Eon

,
Eon) = { ① Isn} "

m

o n≠m

Fact : Schur represents the identity 2- functor, so Schur is a 2-plethora . It decategonfies to the

plethory structure on 1.

Description of the 2- pkthory structure?

Abstractschuruntors

Definition : a pseudonatural transformation from U : 2-Rig →Cat to itself .

Write [V.w] = cat of poseudonat. transf . + modifications , and write Uxh : 2-Rig ✗ 2-Rig → Catxcat

Theory (Baez- Moeller - Trimble , 2021 ) . The category Schur is equivalent to [UM]
.

Explicitly , the 2-plethora structure on Schur can be carried over to [UM]
,
and in parlialar :

+ mr ⊕ : [Uil] ✗ [UM]→ [UM] (F , G) ↳ F⊕F

• → ⊕ : [U ,U7× [UM}→ [UM] (F.G)↳ FOG
.

◦ → [UM} ✗ [UM]→ ['til] (F ,G) ↳ FOG .

At → [it , UI → [axil, u] F '→ f- (f)⊕ C-))

us [4,11? → [6×4,6] . F vs F (f)☒C-7)
.

.



3. The annular category Gorsky - Wedrich 12019)

Let Schurq be the free graded 2-Rig generated by an object E and a morphism × : E → g- E.

• Hom / qk
"

, qe
" ) = Elas . -

-Mutt Etsu
"

dotted permutations
"

◦ = ✗
,

✗= to

• Indecomposable :
" SHE)

Rmk : Scharf ≤ ⊕ [✗i. →✗its eat) -gmod
n

Linkinvanants

p § ↳ i. (g) ⇐ gµyA,
=P"
'°ⁿʰkᵈ links on A) mod Hecke : ↑ - * = ( -

, , , ,

- f, E hot map : ✗↳ §Travis, Fact (Turaev,
'
88 ) : Skᵗ(A) ≤ Iq

Rmk : pkthystically, the In - link polynomial can be obtained as : p - § in anndus) - f - f [9-¥ ]
- the HOMELY : f ↳ f /a ]

q-q-i-inkhomologyk.TT
Given #

,
can send it to →

" ↑ ↑ "

Rickard complex
"

-

-

p - tensor of Rickard complexes
/

Category of glo annular webs and annular foams.

Can do this for annular braids, and get a complex in kbfkarCAT-oa-m.it) This complex can be thought of as the universal
Categorifies SKYA) type A categorified invariant of p

Theorem (Queffekc- Roe, '
18) : KarlAFoam's) ± Schary

E ↳ # ,
✗ ↳ €1

→
additive

Rmk : any graded functor Schurz → e yields a link invariant
, e.g :

• E = 2%2
,

✗= a m Khorana homology

• E = 21% , ✗ =O no Annular Khovanov homology

• E = Zlatan , ✗= a
→ Khorana Rozanski

Theorem (Gorsky -Wedrich ,
'19) : ⊕ KarlTILSBim.nl ) = Schur

n≥ 0

Elias - Lauda : I ① Ix, , . - →✗its E. [Snl



One of their main results is computing the "annular evaluations
"

of braids such as the half - twist . Inly , this is :

aihn¥E;
To categorify this, they categonfy the map f ↳ f[l¢- , using

"affine extensions
"

9--1 - of

• Objects : Flt] for FEEAffine extension: Given e graded , let elt] =

• Morphisms : Hom (1--1+3,811-3) = Hom (F)G) ☒ at} , where t has g-degree 2

Then
,

consider the functors a-* : e → EH]

F- FEI]

ñ* : Elt] → e

f- HI↳ f- ☒ Elt] = ⊕ g-
" t

i ≥0

Define a complex KCE,x)E karbcschurg.lt]) by qñ*Eq*E .
Then we have

f - f [ Not" - g)] f1XGi
g-
-1
- 9-

F - FI KIE,x)) - ñ*(qF(KIE,x)))
{ E → E

⊕ ⊕ Gauss dim

Examples : if f- = E
,
then 1-1*1 g- KIEN) = tqE→- E ≈ E-

⊕ ⊕

Eje → EE
→

¥)E⑦z[yg( × , _-4×2 -t )

if F = ÉZ
,

then K (E) ×) = q-2EM.tl→ ⊕ → q2E*[t]
f-
☒2ft]

E⊕2

II. G- KIE ,x) 2) =
9-3 E
" Éᵗ¥¥¥¥' #

q3tE*i¥ g-
'

tea ≈ qE⇔"g-IE"

; ¥I¥⇔¥¥q¥E*t.gl?EX2
HE
"

:
g

6

6

•
_

Compare with : pi 1×19--9-4]
¥

= G- -4 pill] .



4.Questions

1. Does Hom ( F , G [✗11-9-43) category < , > ?

2. Can one express Hall - Littlewood polys in this context ?

Answer (Eugene) : 1 . Yes !

2
.
Unclear

. A bit tautologically :
graded Frobenius

character

Fact : HL poly Ppe = qoh H*( Bp) , and H*(Bµ) = Elas . - → ✗a] /Iµ

Take a free res of Iie , and replace Ela. . _ "xD by "

.
The resulting complex in Kblschurq) categories P,

(¥, / lay, ya)

Example : H*(B☒) = "441×+4
, yz) ,

so take Clay} → any#- any] us E
2 ÑE④2 KEEP ¥2

Question 3 (Eugene) : can one reinterpret these in terms of SSB.im? Resolutions don't need to be free . . .

↳ Or a complex in KMAFoam's ) ?

Question 4 : can one characterize HL complexes in terms of Homies ? Can one prove their positivity?

Finally , Khorana introduced a diagrammatic category H that fits in the following picture :

It → tocsin- med

↓ ↓k◦ This has objects ↑↓T↓ - -
- ↓ and it's karoubian

,

h É r so one has Schor functors i¥÷÷R¥É,
caulis - Susan introduced certain complexes ⊕S¥(↑*) ⑦ s#(F) → ⊕ E-(F) SHE )→. . .

A-Mta mm =Mta - l

that were shown by Gonzalez to categorify the Boson - Fermion correspondence , roughly an action of
the Clifford algebra on 1 .

These are actually categorified Bernstein operators !

Questions : is there a (graded?) Heisenberg category that acts on Schorq st. one can define categorified Jing

operators? The objects might be HL complexes . The case of PE would already be interesting since Hp is an

eigenfunction of PE with eigenvalue M+?

Question 6 : can any of this be done for Macdonald polynomials ? ( Explain Garsia- Hainan modules if there's time).


