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Fomenko- Fuchs isn't too detailed so l 'll be following in addition a note on this subject by Malte Lackmann
.

a. Construction of the octonions : the octonions are a parlicdar instance of a general construction . If (Ail- II. *) is some normed R-algebra with

a conjugation, then A
'

can be made into a normed IR -algebra with a conjugation by setting
• ( a. b) - Cc , d) = Cac - d*b

,
dat bet)

• Illa .b)It = Hatton'

• (a.b)
*
= (at, - b)

Examples : A -- IR ⇒ A'= E .
A -- to ⇒ HEH

.
A-- HI ⇒ A' E ①

b
.

We use a slightly different definition of ①P2 (which cannot be naively defied as a quotient of 01310 due to the absence of associativity in 0.1

Define T= L Caya) c- 013 : 11×11411411411715=1 and the algebra generated by x.y,z is associated
.

Define an equivalence relation (a. b. c) n ( x. y, H ⇒ all of the following equations hold : aa*=xx*
, bb*=yy* , cc*=zz*

ab* = ×y* , act -_xz* , bc*=yz*
Then ①P

'
:-. The

c . ①P
'

is a 16 - dint manifold .

We define charts as follows . Pick a triple a.b.CER and define fab.es : ④→①
Then it's easily checked that if (x, ya) n lxtytt

' )
, we have fab

,,
(x.yal -- O ⇐ fans

,o,
(x ' , y

'it)
. lay.HN axtbytct

H follows that we may defie an open set Uca, b.a = h Clay .HIE P2 : ha
,b.c) (ay,e) # 04

Now the chart is Yanina : Uca is .cl → Ol
'

lay.HN ( Eff; , 1¥, ) ,
where l = Kaisa Kiya)

We omit theexpression for the inverse map Yama : O
'

→ Ucaiad
.
The fact that yea.ba, is well defined relies on the fact that in 0

, any

subalgebra generated by two elements is associative (this is called alternativity ) .
This is not true for 3 or more elements, so an analogous

map ④→ Ula... ..am .) would not be well defined for n73.
It is easy to see that ①P2 is Hausdorff . Since T is compact, we conclude that ①P

'

is a closed 16 - dial manifold .

d. CW structure . Entirely analogously to the reel, complex and quaternionie cases , we have an embedding OP
'
↳OP
'

and ④P
'
= 58

.
Now we have a normed space isomorphism ①EIR' , so we can consider [x.yrs [x.y , 03

g: 1128×1138=08×08 → OP' = S8

(x, y)↳ Lay]

Define f -- g) sis .

We may extend f to f : D" → OP
'

and one checks that this induces ①plug D"[Eeo0P?

In particular, H* Cop? A) = 4 A * o, 8. co
("Hhs lay , tfxfyli]

O olw

e. Hopf invariant . let t generate H'COPY and o generate H
"COPY

.

We show that TE r up to sign .

H is clear that ①P
'

is simply - connected so in particular it is oriented . Now

H'COPY = Hom (Ho COPY, 2) E Hom ( H'COPY , 2 )
UCT PD

a ↳ ( ons xco) ) m ( pts s a , [OP'T n p> = soup, [OPT)
In particle T gets sat to a generator of Hom (H'COPY, 21) E Z , so strut, [01023> = It

Therefore since TE h (f) 0 , It =L T2, [010237 = hlf) s 0,1010237 , so hlf) = It , as desired . (Adjusting orientations,
C-2 we get the sign) .


