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Introduction
This is my personal f yet explicit) account of the second part of the paper , which concerns mostly the following .

Theorem 10.1
.

let V be a f.dine . g - irrcp with hw h
.
Then there is an exact sequence of g - modules

0 ← Vt Cov c- C.it
. . .

a- CJ T O

where s = dim m .
.

Cu
.

= ⑤ Mwc,+ s, where W'" = IWEN : Kw) -- K 4
W E WCK)

Mx,
= Verma of hw.

X

This is now known as a Boo resolution
, and part of its significance lies in that it categories Kostant 's

multiplicity formula , and hence essentially categories Weyl's character formula . Indeed , taking formal characters

in the resolution we get

ch (V ) = E th
" chai = E th

't E (Ci : Mmg ) ch Ming
k> O K70 ME2

Mtf dominant
( E = simple roots)

= few (¥
.

I- "
"

(CI : "wx.gl/chMwttgwXtfdom
.

#

= the"§
,

c- 'l
" (CI : Mutts )

so that act, µ) = E C- D
"

(CI : Mins ) for pts dominant .
I K70

coefficients of
charge of basis,
defined in the introduction

of the Part II Essay

Therefore oh V= µ{↳minor, all, te) few th
"" oh Mwµg , from which Kostas't's mdtiplicity follows .



8. The category O

This part summarizes some basic properties of the category O, most of which appear in the Part II essay . I state

the facts that are not mentioned explicitly in it .

Central characters : define ⑥ = Hom ( 2-Cgl , Q )
-

e-alg
Also given M any g-module, denote ④ (Mt -- { o e ④ : E is a central character of My

= LO E ① : ImEM sit
.

2-m = 0AM forall z EZ(g) 4
= to E appearing in the block decomposition of M -

- ① MQ
O

where MO -

- h m EM : (z- OHH" m =O forsome n>09

Warning : the Verma modules are taken shifted so in this paper there is no dot action
,
here if we write

① (14×1 = 10×4 .
we get Ox

,
= Ox
,

⇐ X
,
E WX.

I action

Verma
,
hw. X-g

Fact : for X, ye h* ,
Jantzen : ill X T 4

- f There is a sequence X-
- Oru '. -- 'Ot , 4

Hom (Mx
,
Mal ; I do o,will

l ! Xi-i - Xi -

- nisi ( Xi -- on. .-- g.y)
hi 30

if Ionaero, it is an inclusion

i.e .
"

only Verma submodules
"

In particular Hx → My nonzero ⇒ X EWY and X EY (but this is not sufficient)

Next they denote the Bruhat order by e and state the following variation of the above fact :
If X ED (is integral dominant)

Hom ( Hmx
,
Marx) = a ⇐ w

, Ewa

↳ note
,
submod of Mx Ca posteriori)

Seeing how this follows requires some Weyl group combinatorial facts ,which follow directly from Prop . 4.1 . in the Essay .
(lemmas 8.10, 8.11 )

They finally state Theorem 8.12 : [My : LXI to ill X94 Lf This is hard, the Appendix proves it )but better see the cohomological ,

Corollary : If XED, the Jordan - Holder decamp of Hwy only / self - contained proof in Jonker II.6 .

q
-

has terms Lwx with W' Ew and of course) [Mwx : Lux] =L

Warning : even if YED , My may contain submodels not generated by sums of Hwy 's .



9. Lie algebra cohomology
This part summarizes some basic facts abort Lie algebra cohomology .
• a is any complex lie algebra . Throughout , M

,
N are Ula)- modules

.

. T : a -' a (this extends to Ula) → Ula))
X ta - X

• NT is the module N with Ula) -multiplication X - n = TIX) n .

Some homological algebra facts :
a) Ext'CMN)* = Tori IN

*

, M) (here ( It denotes e- linear dual!

b) Tor!N* , th -- Tori ( M' ,
*)

Now Hila,
M) is defined as Ex-lice , M) (a trivial a-rep) . His computed using the Cheveley - Eilenberg

resolution Ha) of Q:

Ca-- Ula) ④ Na Since Na is a free E-module , this is a free (left) Uca) - module
①

with differential d; Cu → car. - i
given by d! X④ X. n. .-A Xu) -- ¥

.

C-hi" (Xxi④X. A ..-Adil. .. Xu) t?,
I ( X ④ lxicxjhx.A.in It...AI, h . . . AXK)

Denoting E : Co → Q we get a free complex o → Camas. . -→ C.→ Co→EEO
XEUCalm coefficient of 1

To see that it is exact
,
take a lie group whose lie algebra is a

.
Then Vla) is the dual of

the de Rham complex of formal analytic forms . This also works for the relative case below .

Applyiz Hom(TM) and taking cohomology groups we get Extice
,
M) -- Hila, M)

Ula)

pdativeLiealgebsy
Now consider a subalgebra yo a and view ah

,
as a p - representation O

.
We set analogously Dri U(a)soup,

N' (alp)

and d! X④ gin. .-n Xu) = In
.

Hi" (Xxi④X. A ..-n Iii . .. Xu) t?,
I ( X ④ Hin Xin . - in Xiang n. . . AXK)

(lifts of elements in'
mealy )

)
and we set E : Do→ a

.

This complex is denoted Kalp) .
X ⑤ I m coefficient of 1 in X

The paper gives a purely algebraic proof That this is a free resolution .
The strategy is : the PBW filtration on Ula) induces a filtration

/ ::÷w::c: " :::::÷¥:&::":*: man:: now
.

:÷:::c:c.
"
:*: :c:S.:O:*:

'
Iii:::: ::*::* ..

↳ t- k) -part in Sym Cats)

-

Gr Ha, p) and therefore Hap) is exact.

In the rest of the section , they take a-- g semisimple , y = b Borel subalgebra .

lemma 9.3 is obvious : b - mod → g-mod is exact and ④x)
'd
= Mxeg

V ↳ VS:-. Wg)
↳
V CU is a free

Ulb) -med , generated
by n- -monomials )



Definition 9.4 : Y finite set of weights . M is said to be of type Y if it has a derma flag /standard filtration)
O = MH c

. . .
c te
'll
= M with M""Ylyci ' = My, and Y-

- Ho. ..., Ye 4
.

lemma 9.5 : let N be a f.did. h - diagonalizeble b- module and 41N) = 44 t g l .

Then Not is of type 4N)Y weights of N

Prod : N -- Nce, > Nce- is. - - s Nws -- O with Miya
. .,

= Ey for some weight of N. Therefore we get

N' -- Nice, ON:-,, 7. . - ONE, -- O with Noisy
, I µciyµ,§=

(Cleef -- Mets as desired D .| e. a.hem dy,÷.. qq.mam.dk
It follows from this that Dr

.
is of type 4Th" Igls)) .

Next we study the
"

principal block part
"

of Dr. i.e
. if E- Oy then we study the (still exact since the projection is exact) complex

Vlg , b)o :

Proposition 9.6 : Write the hwgl WEW
'" I Then ④a)o is of type Ya.

Prod : K
lemma 9.7 : let M of type Y and OE④

.

Then Mo is of type To : =L weights 4 EY s-t. Oy --ol the latter are the same as asking
Proof : easy : if 0C Mmc

. . -
C M '" = M is a Verma flag , applying the (exact) projection functor gives a the weights to be in the same Weyl(filtration of Mo and Motya;", = (My;), = I Mxi if o -- One v orbit by Hanisch - Chandra)

-

O 01W

It follows from this that (Dr. ), is of type 4114glb)) ,
and for 9.6

. we want to show this is Yu
.

Now for a subset OICI , write IET fear . Then since the weights of 81bar A - , Y(A"(glb) ) = I f - IOI ) : card#-- K , OIC 1+9
so that

411148 lb) )
og
= I g - LEI : card -

- K
, etc It, g- IETEwg 4

iii.i:*:#"" "' "" """" " ÷:÷÷÷÷÷:÷÷÷÷÷:÷÷÷÷÷÷ ::÷÷÷÷÷:*:
4(A" (glbDog = 1g- toil : Fw EW st.IE/=g-wg.cardI=k4 Then Isa

. Ell = say - w
'

g
-
- g - wig - a

and so g - w
'

g = I sa.EUhall
= 4 wg : WEW

,
llw) = K 4 Claim : a. EET . Pf: otherwise Sa

,et vhat is contained in It

= Ya , proving Prop. 9.6. (Note a. is simple so Sa, ( positive? is postie)
,

Then by ind. hyp . , Saetuhxf -- OIw' i.e . a. Ew' A - ,
a contradiction since a, E Sai. . . . saeow, I - (since l (saw) s llw)) .

(This proves the claim)

The last part of this section concerns the following theorem : Finally get so by induction
, Elk. I = Sa

,
Ew ie . E-sa#' has

= Ew ✓

Theorem 9.9: let V be a f. dime. g - irrep with hw.
1. Then there exists an exact sequence of Ucg)-modules

0← V← B! ← BY← . . .

← BJc- 0 where s -- dim n- and Bai is of type YIH = Iwate) Iw C-WK'S

The states, is : we have found such a sequence for the case 1=0 , i.e
.
we have Bf

.

Then put B! :-. (139. ④ V )
e
Hy



Since - ④V is exact (as it is the right adjoint of -④V* by finite dimensionality) and C-↳ is exact, we only need -6 show
BI is of type 4kW .

lemma 9.10 is Theorem 3.1 in the essay .
It states that if ✗Eh" and Vis f.dimly Mx ④ V is of type 2×-1×1

✗ weightof V

H follows that Bri is of type hti -+wglti weightof V. new
"? tiny ~ kiss

Finally, note (9.111 that if W' Ctitwg) = Xy then whist (since it is h- w .)
⇒

who=\ and di = wt
""

and W'wffg (since g is dominant) /⇒
""" = "

w'ws=S I migdyed ,t
µ, ,, , , ,,, , .mg, , naw, a. any , g.µ ,.mg, µ ,,,,, n.my,µµ, , , ,W

is a conjugate of theA-

highest weightcorollary : Bott's theorem . If V is a g-irrep , then dim Hiln- . V1 = card W"?

Pref: Hilmi V1 = Extin
-

( G. v1 = Tori- (v*, e)
*
= Tor?- i. 4-4*7

i -

homological algebra fact! vi.=

Now tensoring the resolution BI ' by Q gives

0 ← Bihn.gov,← . . .

← Bs
"

/
n- 13¥ '

← °
i s = dime.

BY the theorem
,

the h-decomposition of each term is ④④wig
some eimers* n.w.nu,, , , a.m ,,µ ,,, .mn

,,
a, ,,

dBi"c Ulm-1B¥
,
the differentials are zero and the result follows ☐

,

'



10
.
Resolution of a f. dime. g- module

This part proves a stronger version of Thin 9.9 , namely one where Bri is replaced by just a direct
sum ⑦

WENCK)
MN(X-1g)

:

Theorem 10.1 : let V be a f.dime. g- irrep with highest weight X .
Then there exists an exact squire of g-modules :

O← V et CoV C ! ← . . .
c- CJ ← 0 where s -- dim n

. ,
Ck = wtfwe, Mwcxtg)

(E is the quotient map )
In order to construct di

,
note (228 or otherwise) that each Mwx is a submodule of My IX dominant

,
and (8-7)

any map Mwix → Hwy is a multiple of the inclusion map for w
,
aw. ( and zero otherwise). It follows that di is given

by a matrix di = (diiiw.)w
, ewci , (of complex numbers ) .

WeC-WCi
- i)

Recall that w ,
→wz ill we saw, for some simple root x and hw.) -- Hwa)th .

We make some observations about the Weyl group . Suppose we have w .
→ w

' →wa
.

Then by the Exchange
lemma ( Essay, Drop 4.1 . (3) ) if w

,
-

- Sa
,
i
. .

- Sae is a reduced expression , then we is of the form
Sai : . . - Sai '. . . Taj .

. . .

' Sae for some i.j , and otherwise no such arc exists
.
It follows that between any

two elements of length 2 apart we either have no arcs or we have a square fbty another application of the
Exchange lemma)

✓
sa ne

w
. - Sa, '. . . - Sae Wta (icj)) Sai : SI : . . - SI-j. . . - Sae = We

\SaIae
Wj TlNow for each arrow Sa

,
:
. .

- Sae→ Sa : . . . Sai .. . : Sae define a sign scar , w
' ) = l-Di

.
Then for each square

- -

W w
'

as above we have fepit' wa
'

GDI
w
. ( Y w,

i.e .
it anticominutes

.

This proves lemmas 10.3 and 10.4

f-1)It , Wb
'

f- 1)
it 1

Alternative
,
much longer, proofs are provided in 2211

.

and allows us to define d ; by d
'wi!w, = show')

. It is clear that d '" odcit" -- O
.

The last three lemmas prove the exactness of the sesterce.

Now exacthers at V is obvious (E is the quotient map) and exactness at co slates

Exactness : The paper cites Harish -Chandra 11951) but I don't know which theorem
,
so I record

this proof from Humphreys ' book on the category O .
We need to show that the maximal submodule

Nag E Mug is the sum of the Ms
, , for a simple .

| • Write a. . . . ..ae for the simple roots and ni --
Z

.

Write My = UGH and



let J = LI
, yn"

' >
i= .
. . .. ,e .

Now if X.=UCg% is finite dimensional
, since it is a highest weight module

with quotient V , it will follow that J= Nag .

To see finite dimensionality, it clearly suffices to proveI:÷÷÷÷÷:÷÷÷÷÷÷:÷÷¥÷::*:÷÷÷i¥¥:÷÷:÷÷÷÷÷¥÷÷:÷÷:÷:÷÷÷:÷÷.locally nilpotently .

• Now observe that Ms
. hey,

is the submodule generated by ynitivt . Cut maximal vector in Mµp ) ,
3

Back to the paper, we now prove exactness inductively , so assume we have proved exactness at G.C. . . -
- i Ci. .

and let K -- Ker di . In order to prove die, Citi) -- K, they prove three lemmas :

lemma 10.5 : let C be a free Ulm
.
) - module with generators f. . . . . . fn and E : C→ K a Ulm

-
l - module

homomorphism such that each Effi) is a weight vector . Then if E : Cfn
.

c
→ Klink is surjective, E is surjective too.

lemma 10.6 : die, : City
.
Ci, ,
→ Kfuk is a" "Jed"" µ diet is an isomorphism, so by 10.5,

lemma 10.7 : dim Ci
⇐ ,

= dim k fuk soo die, is surjective as desired.

Proof of IOS :

Suppose 5- is surjective but I is not. Assume dog that 51ft. . . ., Eifel are a basis of Kfnk .

let 4 be a weightof Kf ::":÷÷:c:: .: Ii :'m ii. Keihin : '

Iii:.fi#:::i:aniEIisiEtu.it:.:i::iiii:mi.
this )

.

Now g:-
-f - Sci Effi) is a weight vector in n

-

K
, so g

-
-

g
?,±E- g g, where E-og, has weight 4, hence go

-

has weight Ttr and therefore gg E Im E by maximalily , hence famed.

Proof of 10.6 : since hfwx I w EW""'4 is a basis for Cia
,
I fix I we W'

" " l is a basis for City
.
Ci. ,

.
Since

the fix have different eigenvalues , it suffices to show that die. Ctwxtto for any WEN
""?

This is shown in two sublemmas:

lemma 10.6-a . The composition factors of K are of the form Lwx , has si .

Proof : using 9.9
,
let B! be the resolution of V and recall that JH (Bil = Yew,,JHCMwx) -- JH ( Ci )

Now note that we have exact sequencesµ÷÷÷÷÷÷¥÷÷i:÷÷÷÷ :Thus JHCKB ) C JH(Bii, I = Ywam, JH (Hwy ) and we are done by the Corollary in 228 .

-



lemma 10. 6. b : let Wo EW and M E O
.
Assume llw) > llwo) for all Lux C- THEM)

.

let

T : Mwox -i M be a homomorphism sit
.
I Cfwox) to .

Then I (fix ) in Mfn
. µ

is to.

Note that applying this to M-- K
,
T = diet and using 10

.
6.a for the assumption llwl > llwo) = it 1

,
we get

÷::c:: : ::: :*:: . . . . ... .. ui.mn.im. .in.
the submodule generated by f , so that N is a quotient of My.

If ICfwox) ¢ N then applying the result to MIN gives the rest by induction hypothesis . So assume Tlfwox) EN .I'÷÷÷÷÷÷÷¥:¥÷¥÷¥÷¥:*: :c:'t:c:m::ii:' :O::*:*:: : ::::*::c.
-

Proof of lemma 10.7 : let f , , . . . ,fu Ek be weight vectors mapping to a basis of Kfa
.

and consider

the
mca?= TOUCHg. → K of Wal - modules . The induced map Che → Klm-k is dearly

i = I

Si - fi surjective , (in fact an isomorphism) so by 10. S, C→K .

Now complete the free resolution by dimension

o← V ← Cover
. . .

← C! CL D ← . . . and henceforth denote CT :-. A xqm.gs , so that we get

1*1 . . → D- Is c- Es Ei → E! → . . .I :÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷:÷÷i÷÷::÷:::::: :::. . . . .. . ..We conclude that Torin- ( Girl = E = Klink .

But by Bott's theorem

dimTorin-(G
,
V) = card W"' = dim ( life.ci) , and the lemma 10.7 is proud .

This concludes the proof of Thin 10.1 .
s




