
Lecture :

Recap : • Defined matrix multiplication Composition of linear transformations
• Defined invertibility , gare an algorithm for finding A?

Today : infectivity , sorjectirity , kernel, image, subspaces, dimension bases)
.

lnjectivtyandsoriectinty
"

Not losing information
"

Definition : A function between sets f : ✗→ 4 is injective if fk) = fly) implies ✗ =y for

any ×
, y C-✗

.
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injective not injective .

Definitions : A function between sets f : ✗→ 4 is surjective if for all yey , there exists
✗ C- ✗ s

.

-1
. flx)=y .
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surjective not surjective

Definition 3 : A function between sets f : ✗→ 4 is bijective if it is injective and surjective .

Remark : let f be a bijective function .

Then we can define an inverse f
"

: Y→✗ as follows : tale y C- 4 .

Since f is surjective , there is some ✗ EX mapping to y .

Since f is injective, there is in fact only

one .

So set f-
'

ly) = × .



Recall Example 7 from lecture 5 : the linear transformation T with matrix 1¥81
did not have an inverse .

We can see what fails :

• T is not injective : f / E) = f /8) for alla EIR, yet I:| ≠ (8) .
• T is not surjective : f (g) = (8) , so f never attains (5) for b≠O .

Definition 4 : The image of a linear transformation T.IR
"
→ Rm is the at Imt=/Tlv) : RER

" 4
.

Remark : the image
"

measures the surjectivity
"

of T : the closer IMT is to Rm
,
the closer it is to

being surjectie .

Computing the image of a linear transformation would be hard if it wasn't for the following theorem .

Theorems : The image of a linear transformation is the span of TH 1) , . . . , THEN .

Example continued : the image of T (%) is { I:) : a c-Rt = Span /Tl :) , I:D
= Span 1%1.1811 .

= Span 11:11 .

Geometrically ,

• •

"" ⊕ °

TF •;y"j⇒ ⇒ Image is Span( TI :)) .

G @ • O O

Proofm1 : We want to show IMT = Span (Twa). . _ . .TW) , so we prove Im-1 ≤ Span (Twa), . . . .TW) and

Im T? Span (Twa), . . . .TW)

E) Write e-=/
^:) , . . . ,en=(? ) .

let y Elm(T) .

Then by definition, y -71×7 for some ✗ EIR
"

.

Next
,
write ✗ = ii.eat . . -then .

Then y = TIX) = Tillet. . -then) =
,
taken)t . . _ + taken)

,
so y is in the

1- linear

span of tea , . . . , ten) .



2) let w = talks)t.. _ + tntlvn) C- Span (That, -→TH
, for some choices of 11, , _ _ An c- R

.
Then

,

w=T( lava + . _ _
+ darn) c- Im T

, as desired
.

↓

T linear

The subset IMT ≤ IRM is an example of a subspace :

Definition 5 : A (linear ) subspace S of IR
"

is a subset SER" such that : for all se.s.ES and

ta
, ta EIR, 119-+1,52 C- S

.

Exampk2:_ The span of a bunch of vectors is by definition a subspace . Tate for instance the span

of ( %) and (E) in IR? This is S = 4 /§) : a.b c-Rt .

To see that this is a subspace , take s,_ = (§;) ,
52 = (§;) , ta , Iz EIR . Then desist has, = (49¥29Haha,/ E S .

Geometrically, this is just the xt - plane in 1123 :

y ^

%
#

✗ 2- - plane

Remark : Theorem 1 says : IMT is a linear subspace of Rm .

Discussion : We have a subspace
"

measuring
"

the surjectiuty of T :

→IR"
Rm

Im T

Idea : it would be nice to have a subspace K C- Rh measuring the infectivity of T as well .

T
Rm

Pi -
ImT

K??

That subspace will be the Vernet of T.

Definition 6 : let T.IR
"
→Rm be a linear transformation .

Then the Vernet of T is

Ker IT) = LvHR" : 714=04
.



Theory : let T : pi→ IRM be a linear transformation . Then Kert) is a subspace of 112"
.

Proof : In - class exercise .

Question : how does this measure infectivity? Let's go back to our example : T.IR'→Pi

given by (1-08) .

We have KerCT)= { (5) : -1151--1814
= 11:| : 1:14:14
= 119 ) : a -04 .

Geometrically , = { (9) : bent

• •

(9)^
⊕ ◦HE •;,•;⇒G @ • O O

Kerk) = y-axis

Notice that Ker (T) formalizes the idea that T " collapses a one dimensional subspace
"

.

The larger Kert) is
,
the more T

"collapses" and the less injective Tis .

Question : could it be that T is not injective but does not collapse any subspace?

The following theorem says the answer is no .

¥3 : Suppose T.IR
"

→ Rm is not injective .
Then KerCT) ≠ 104 .

Proof If T is not injective , there exist distinct vectors v.WEIR
"

such that Tlv)≠T(w)
.

But then Tlv) -71W) -1-0 ⇒ Tlv-w)=O
,
so r-w C- KerCT)

. Finally note that v -w -1-0

since V and W are distinct
.

To summarize :

• The larger 1Mt) , the more surjective Tis .
• The larger Vert) , the less injectie Tis .



In-class exercises :

1. Find the image and kernel of the transformations associated to the following matrices :

(1- 1 112 3) , ( -12¥ )1- I 0

2. Prove Theorem 2
.

3 .
Find a linear transformation T with Ker (T) = Span / 4

,
1m (T) = Span { (7) 1

.


