
Lectures :

Reef : • Systems of linear equations
I

• Augmented matrices

• RREFS and Gaussian elimination

Today : Systems with infinitely many solutions
,
rank of a matrix .

Recall that last time we had situations like

3 equations 3 planes 1- intersection point

However one could also have a situation like

3 equations 3 planes intersection is a line

Then
,
the solution set will have fveevariables , to account for all the possible values .



How does it work in terms of the augmented matrix ? Suppose that, after Gaussian elimination

we obtain :

1- 3 0 -1 °

/
°

)0 0 1 2 0 2( O O O O 1 -3

O O O O O / 0

Then the free variables will correspond to the non - pivot columns
.
In this case

,

✗ z = t ,
1-c- IR

✗
4
= S

,
SEIR

} fee variables
✗1 = -3-1 +s
×, = 2- 2s } determined by the free variables

Xs = -3

In other words
,
the solution set is / (→tts, -1,2-2s , s , -3) I t.SE/R }

Definition 1 : a linear system of equations is consistent for "compatible
") µ it has one for more) solutions .

His inconsistent µ it has no solution
.

theorem-1 Let M be the augmented matrix of a linear system , and let A be an

RREF for M .
Then :

1) The system is consistent if and only if A has no row of the form 10 - -
- 011)

2) The system has a unique solution if and only if A is of the form

*1" :-D:/1 :
3) The solution set for a consistent system has s free variables

,
where

s = f- non-pivot columns to the left of the divider
.

(We have seen examples of each)



Definition-2: the rack of a matrix A is the number of pivots in an RREF for A.

Corollary-1 : let M = ( A
*

;) be an augmented m-by - Intl) matrix for a linear system , with1 :
I

coefficient matrix A . Then
,

m :# equations , n = #variables

1) rank (A) ≤ m .

and rank (A) ≤ n

2) If the system is inconsistent, rank (A) < m

3) If the system has a unique solution , rank (A) = n .

4) If the system has infinitely many solutions
,
rank /A) < n

Proof : let M
'
= ( C' /

*

;) be an RREF for M .
(Note that c' is also an RREF for C).

1)
µ:mµʰ-← ) ⇒ A- pivots in É is ≤ n and ≤m

.

0

Theorem 1

2) Inconsistent ⇒ some row in M
' looks like co - -

- - o I 1.)

⇒ some row in C
'

is 10 . -
- O) (has no pivot)

⇒ # pivots is < m

Theorem 1

3) Unique solution ⇒ B looks like 11
.

.

.lot
= # pivots =n .

4) Infinitely many solutions ⇒ there are some free variables
Theorem 1
⇒ some column in A doesn't have a pivot : B=(ᵗ"¥#)
⇒ # pivots < n .



Example 1 : find the rank of the matrix A- = ( ^
23

4 S 6) .

How many solutions can the system
7- 8 9

associated to the augmented matrix µ = ( 1
2 3 6

4 S 6 / is ) have ?
7- 8 9 24

Rank : Step 1 : put A- in rref .

I:} :| (is :)
7 8 9 7 89

IIf-I / 1
2 3

0 -3 -6

0 -6 -12
)

I 11
2 3

0 1 2

0 -6 -12
)

I fig 1 2

I%tI ( 1 0
- I

0 1 2 )0 0 0

Step 2 : Two pivots ⇒ rank (A) =2
.

Step 3 :

1

4 5 6Number of solutions : if we're handed the system ( } } / §
,
) ,

this has a solution :

lxy.tl = 11,1, 1) .
Since the rank of A is 2<3 = #variables , the system must have infinitdymany

solutions
.

Example 2 : How many solutions does M = ( I } ? 0

✗ og

have ?

No obvious solutions ⇒ Need to use Gaussian elimination
.



} ? / ° / " -I 11234 5 6 0 -3 -6 / O )
7- 8 9

IIf-I / 1
2 3

0 -3 -6 0 )
0 -6 -12

I 41
2 3

010 1 2 0

0 -6 -12 1

I µ 0 - I 0 )1 2 0

0 -6 -12 1

II+g6tI ( 1 0
- l o

o 1 2 0 ⇒ System is inconsistent
0 0 0 1)

Example 3 : How many solutions does M= / } } / { ) have?

I

step 1 : rank(A)

( } } ) I 11 2

◦ → ) EÉ"= ( f :) EEE# ( ; )
step 2 : two pivots ⇒ rank /A) =3

Step 3 : rank(A) = # variables ⇒ There is exactly one solution
.

Example 4 : For what values of t does the matrix A- ( I ] ) have rank 1 ?

Step 1 : RREF : (2, -1,1 ( 1 - ± ) I→I ( 1- {
1 1 01 +E)

If 1+121=0 , then I¥I ( 1 - É
◦ a) Twopivots .

This cannot happen if rank (A) = 1 .

Thus 4=-12 , in which case rref /A) = ( 1
- ±

o o ) and indeed rank (A) =1 .



Discussion : 2×2 matrices

Talk 14 = (abed / f) .

a-

If rank (A) = 0 then there are no pivots, we didn't have a nonzero row to begin with
.

⇒ a- = ( 8 :)
Then , the system has a solution if (e)f) = 10,07, in which case ( ✗ iy) = His) is a solution for

each TER
,
SER

.

tf rank (A) = 1, we have a single pivot , so rref/A) = ( } ;) or (8^-0) .
Starting with A- = (g %) and assuming a≠O (other cases are similar)

,
we get

(ab ) / ? ¥ / ETE" ( at )c d
0 d- ¥

Since rank /A) = 1, ✗ = d- ¥ must be zero
,

as otherwise we would get _ . _

¥É" (1 ¥ )0 1

We see that Cc , d) = (c. a. c. b) , a multiple of the first row . two pivots

If rank (A) =3 , the same computation shows that d-¥ 1=0 and the second row is not a multiple

of the first row .

This is a lot to keep track of , especially with larger matrices
.

We will develop a theoretical framework
to understand this data

.

Maintaeaways :

• 2×2 matrices have full rank if and only if a certain quantity ad -bc is ≠ 0 .

• 2×2 matrices cannot have full rank if one is a multiple of another .



Alhead : we can think of linear systems as follows :

✗ t 24 = 3

(*)
✗ - 3 y

= -2
/
-

Can see this as a function

fit -☒I→ 1×+4 )✗ -34

let 1mg) = { images of ft = { f((1) 1 ns c-Rt

Then the system 1*7 has a solution translates to : is (1) in the image of f ?
The main character in this course will be functions such as

(f) Is 1×+4 )✗ -34

These tuples are called "vectors
" and f is an example of a linear transformation .

As we have seen , these are in correspondence with matrices
.
In this case

,

is 1; ;) .

Extra questions :(if you haven't seen this before) : can you find f-
'

? In other words
,

another function f-
' such that f-

' (fly)) = (g) for all my ER ?

What is the matrix associated to fof If composed with itself) ?



In-class exercise session :

1. Find the solutions of the system with augmented matrix ( y s 6I } ? / §;) . verify that

there's infinitely many .
2. Find a value of t for which the matrix / ¥

"

, %) has rank 1
.

4 2 -4

Are there other values ?

3. Find the solution to the system ( } } / ;) for each a.BER .


