
Lecture 19 :

solutions to in-class exercises .

Today : Singular Value Decomposition (SVD) .
mm

Diagonal - ish : !¥≥ . . .≥os≥◦
°

1
Discussion : the SVD of a matrix is a factorization A = UEVT

←
Orthogonal

It has some of the most important applications across STEM .

Thepoint : setting the last few oi 's to 0 loses very little information they tend to be small)
.

How does it work?

The whole idea is finding an orthonormal basis vi. . . ..vn of R
"

such that Au , , . . . ,
Aun are orthogonal .

For instance : if A is a 2×2 rotation matrix, any orthonormal
.

basis will do
. If A is symmetric and 2×2

,

we can find its orthogonal diagonal iiation with respect to the basis vi.vz .

Then

Av , • Avi = ✗µWirt -0.

But what if A is , say , a shear? Then it's not so clear .

Brilliant idea: ATA is symmetric, so it has an orthonormal diagonalration with basis vi. . . . .vn .

↓

n×mn×mn eig.
¥ eig.tn

Then Avi
, . . . . Avn are orthogonal ! Indeed

, Avi • Arj = v7 ATA vj = viljvj = dj . vi.vj = 0

Furthermore 11Avill = Fitri = (ATAvi) = #ATAvi = Fitri = Fli
.

Heal !

Important observation : A and ri are real
,
so Harrill is real . Therefore ti cannot be negative !

Definition 1 : let A be an mxn matrix .
let t , , . . . , in≥ 0 be the eigenvalues of ATA /with repetitions

possibly

Then the singers of A are F-
, . . . ,

F- Fln
.

From now on, order the singular values so that a ≥ a≥ .
. .
≥ on ≥0 .



Observe : if r -_ rank (A) , the first r singular values will be nonzero
,
and the rest 0

.

Set u , --1¥ , . . . , ar-1¥ , and complete un . -→ ur to an orthonormal basis un . . -sum of IRM .

Then
,

A. µ . _ _
↓
, / = µ .

. -
- or'yrY . -Y )

= Kitt it
Therefore, A = (4--4) / µ " -41 SVD of A

Example 1- : Consider A- = (4 ? / . Then
, ATA = ( { %)

char poly /ATA)= (6-45-25 = 36-121+12-25 = 12-12×+11 = (1-171×-11)

Singular values : 0
,
= FI

,
9=1 . ( In order ! )

E. = kerf? 5) = span /1111 E. = Ker /%) = Spank! ,))
↓

"- ¥1 :) E- t.fi

Finally a. = A¥=¥z({ / , uz= A÷ = trz (f)
To find us , consider w = ( É ) .

The vectors ai , uz , w form a basis , and una, are already
orthonormal .

Now wt = w - lw.u.lu , - lw.ua)Uz

= I:| -÷ :D:) -1¥ :(it

=L, /%/ = ¥11s) ⇒ ↳ = #



Finally , A- 17%. -1¥
'
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[ Application on Octave]

In-class exercise : find the SVD of (¥ :) .


