
Lecture

Note : what you need to know about ¢ :

• How to divide complex numbers

• How to factor polynomials : if degree ≤ 2 ⇒ Use quadratic formula . If degree ≥3 : look for integer solution t=n
and divide the polynomial by d- n .

• HW has to be tedious sometimes
. . .

In- class exercises

let 5- Span / /%) , /%)) .

let v=
.

Find v" and vt
.

Orthonormal basis : (f) , (f) .

Then ✓
"
= ((Itv) . / 'g) + 1111.4.1:) = a- I:/ + 2. (f) = 41 .

a- = v - v
"

= I;) - (E) = I;) .

Recap:
• Length : 11h1 = rÉ+

• Orthogonal vectors : v.w=0

• Unit vector : Hull = 1
.

• Orthonormal vectors : iii.uj = { 1-
" I

0 i≠j

• Orthogonal projection : have a subspace S ≤R" and an orthonormal basis u , , . . . , us .

Then if v ER
"

,
the projection of v onto S is v

"
= projs 6)= (uivtu, +. . _ + (us-v1 us .

the perpendicular component is vᵗ= v - v
"

Today : the Gram- Schmidt process and QR factorization .

But first:motirationforor-hogonalprojectionssupp.se
you have an inconsistent system Ax =b

.

Instead of calling it a day , we can find the vector ✗f-Ri so that HAX
.

- btl is minimum
.



Picture : 7.
b The vector b" = Axo is the closest vector To b inside the subspace IMCA).
iwhat i

• I

b"
t This is sometimes called the "least-squares solution

"

to the system Ax=b .

Last time we proved that projections are linear
.

Recall the example.

Example 3 from bets : consider f- Span ( (É ) , /¥)) ,
and v = /%)

Then projs (%) = (e.• a) - uit (e. • uz) -uz

= ¥ . U , +0 - uz = ¥ /
"

f)
projs (g) = lez.ua - u

,
+ lez.ui.az § projs is given by the matrix

= # hi = ¥1 :o) (¥ ¥
°

¥ ¥ ° )
pnjs ( / = Ciu,)U , + (eius)Uz = 04 + Uz = (§) o o 1

'

Question : what is the matrix of projs ?

Theorem 1 : Let s ≤ IR" be a subspace , and let u , , -→ us C-S be an orthonormal basis for S .
let

Q = ftp..us) ( nxs matrix:)
.

Then the matrix of projs : R.

"
→ IR

"

is QQT
.

Proof : We need to show that projslei) is the ith column of QQ? Consider u ,, . . . , us and extend them to a basis 8:

hi , - - - , Us, Vst 1 , . . _ , Vn of 112
"

.

Then :

projslei) = (Uiei) hat . . _ + (us - ei) us
Uiei

.

=

B

U,•e,

= some

=p, -4¥ .
.

= iii.HE %:
-o -

= QQT (ei)



The question now is : how do we find orthonormal bases?

Answer : the Gram -Schmidt process .

Gram - Schmidt process :

Let v1, . . _ , vs be a basis of S ≤Pi . Let i=1 and E- v.
.

1. Normalize Vit: Ui=Yµ .

let i→ it?

2. Make Vi orthogonal to u , , . . . . ui- ,
: Vt = Vi - (Uivi)u ,

-
. . .

- Cui _, - Vi) Ui-1 . Go back to 1 .

Example 1 : Let 5=1123 with basis B : v. =/¥ , v. =/ I / , vs = / ! ) .

a) a. = ¥.ir#Efi)=IrF:)
2) VE v,

- Miku,
= (& / -¥ . 4) = } / 4)

1) a.=ÉÉ=¥ (1)
I _ Zz - ¥

2) vi= v,
- Caius)U,

- lairs'M≥ = (1) - ¥ . ¥ (4) - ¥ '¥ (!) ÷ ( It } -§
,
/ = #¥ )2- }1) ↳ = Tro (¥) .

Finally ui.ua , us are an orthonormal basis offtp.QRfacton-i-ation
The Gram - Schmidt process produces a factorization of the matrix A--

,
as follows :

First
,
write A- = ftp. . _ v1 ) .

-

basis of S

Then Gram - Schmidt yields 4=114114 ,

vi. = krill - VÉ + (Uivz)U,

V3 = krill - v5 + (U, •Hu ,
+ (Ui ✓3) Uz

Vy = etc
.



UiVz Ui.V3
-

- U; • VsNH
will

0

""" )tri matrix form this says A- = fly . . _ ¥/ = ftp. . . } / . ( 8 ""

HVSH .
: .

.

Us ' Vs

: : i. .

:

HushI °°R%rtña#
Definition 1 : This is the QRfiatin of A .

"☐ 1hr6 -KB ) ( §
,
,Example 1- d') : (Y & ! ) =

yrs Hsrs ° % ¥4B '/Fo 21353
-

we computed these when doing Gram - Schmidt .

¥Éi◦ns
Definition 2 : An nxn matrix Q is orthogonal µ its columns consist of an orthonormal basis 8 : u , , . . -sun

Q= /¥ - - - 4) f- So→e)
Recall that the transpose of a matrix Q is the matrix QT whose columns are the rows in Q

Fact : (ABT = BTAT Proof : in-class exercise .

Example 2 : 1 ; ;T= ( : :| , Ii = ti :)
t.dk?d=l :)I:?) / i :/ = ( I :?) , l
' '

Definition 3 : A linear transformation T.IR
"

→R
"

whose matrix is orthogonal is called an

orthogonal transformation .

It turns out, finding the inverse of an orthogonal matrix is extremely easy :

Theorem 2 : An nxn matrix is orthogonal iff QTQ = In
.

I U , • Ui Ui •Uz - - - Ui •Un

)Proof: Note that QTQ = f- !
-

- in -114 " ;) =/÷ :
Un •U, - - - Un 'Un

Evidently , this matrix is the identity if and only if B is orthonormal . ☐



The associated transformation to Q satisfies an important properly :

Theorem 3 : let T.IR
"

→ Rn be a linear transformation with associated matrix Q
,
and assume

Q is orthogonal .
Then , for any v

, w
ER

"

,
Tcu) . -11W) = v.w

In particular, 11TH /1=1141 .

Proof : Take v.WEIR
"

.

Then TH.tw) = (Qu) • (Qw) = (QvT(Qw) = VTQTQW = vtw = v.w .

• 11TH) / / = 1141 : In - class exercise . a

In-class exercises :

1
.
Find the QR factorization of A = (&, ¥)

2
. Let f- Im /A)

.

Find the matrix of projs .

3. Prove :

• If T is an orthogonal transformation , then 11-16111=1141 for all r c-Pi /Hint : use -1hm3)
.

• If A is an mxn matrix and B is an nxp matrix , then CAB)T= BTAT
.


