
The following theorem should not be surprising at this point :

Theorem 1 : let T.IR
"

→ IR
"

be a linear transformation with matrix A. Then the following statements

are equivalent :

1) A is diagonal-table .

2) There exists a basis of R
"

consisting of eigenvectors for A .

3) The dimensions of the eigenspaces add up to n .

You may worry that the bases for E, and E
, are linearly dependent.

The following theorem says this cannot happen .

Theorem 1 : If A is an nxn matrix
, v. WEIR

"

and G.GEIR with its satisfy Avey and Aw -_ can

then v and w are linearly independent .

Prof : Suppose Xv+µw=0 (*) Then Aivttew) = A-0 ⇒ tar +Maw = 0

} Subtracting theseget
Multiplying 1*7 by ca , we get Gtv + crew = 0 146, -a)w =0

Since c. - C≥ -1-0, few = 0 ⇒ pe
= 0

. Similarly, 4=0 .
Thus v and w are 1. i. ☐

.

In- class exercises :

1. Determine whether the following matrices are. diagonalruble and diagonalize them if possible :

1) 1%88: : : :|
" l: : :|0 2 0

3) l÷¥
.

-

÷;)



Lectures :

In-class exercises from last time :

1. Determine whether the following matrices are. diagonalruble and diagonalize them if possible :

\

it fi : : :: : : :|
char poly : det ¥

→ → ) = - t.de-1 [ " -x -3) - 2. det [ 2 - t - s )3 - t 3 - ×
3 - X

= (42+2) . det (→ -3

3 - ×) = it-12) (ti- 3)

↓
This has h rocks

⇒ Not diagonal.itable

2) a- =/: : :)0 0 - l

Char poly : det (2;
"

;
, ,
) = (2- * . det (2-✗ ° ) = 12-+121-1 - t)0 2 - t 0

0 - l- t

Roots /
+ = 2

\ ✗ = -1

Eigenspaces : E. = Ker ( °
± °

o o o ) = Span ( (É)) . → dim /E.) = 1
O O - 3

O O O

⇒ 1¥ ;

⇐" "" " " "" "% -iii.⇔ . .

Since dim /Ez) + dim / E-1) = 2 < 3 , A is not diagonal izable

% -% -1) + 4.de/- ( % -42-4 3 - t -4 ) = - t.de/-f3-t -4Char poly : det
"

÷ ?%, % -%. ;) - 3. det /% )
= - ✗ • ( 13 + 6) + 4-11-94-%) + 341) -3 . ( -2+3 - ¥ )



= - t.lt≥ _ It - E) + (-2×-2) + ( -23 + ¥ )

= - 13 + ¥12 + (3-2-2+33)t - É
= -1,3 + ¥12 + X - -21

✗ = , is a root ⇒ - " + : "" _ " = """ "

= ,
-

¥
So char poly is - It - 1) ita) It - { )

Eigenspaces :

• ta : E. = Ker / !
"

÷!;)-4 2 -4

I→ - I

-4 2 -4 / 8) f '
- % %

1- -42 1 / 8)F.
"

÷!
, ◦

⇔ :-# 1 - 42 716 0

I →I -I

" 1 :
"

÷
.
/ it

*→ "I

[";
"

¥ :o)0 0 1

☒→ II -%E µ,
- "

;) / %)- 0 0 1

I→I- 'KI

↓
t

E. = I / "¥) : -14131 = span ( ( ¥ )) .
check : A- 1%1=1 %

. 1%1=1%1 ✓



• D= - 1

E. = kerf? ¥
-¥

, )
.
-3 312 -312

( I 42 -42
0 I→#+ YI

-6-44 -4 / ° ) E.EE. (& ¥ / %)-3 % -312 0

I-3%11
- 1:

"

: I :|
→↳II 0 I - I

I →I-
'KI 0
- . :| :o)☒→ II -I

o o

↓
,

E. = / ( ¥-1 ) : -14134 -

- Span / (Y ) )

check:(÷: Tiff;) ✓

• ✗ =L E%= kerf:i" ¥.
-

%)
.
-3 312 -3

÷ :*:|
II.→It4-I

( '◦ ¥. :/
°

;)
0 -312 0

II -5}#
→ 0 i o / 8)
#→ ¥# ( ! ! ! o

1-→ It#

☒→ "I# (¥ ! ! / § ) ⇒ F- %= / (¥ / 4
-

= Span / [& )).¥



check:(÷
"

: fit-1%1 ✓

Now dim ( Ee) + dim /E-1) + dim ( Eis) =3 = dim 11133) ⇒ A is diagonalizable !

So let 8 be the basis consisting of vi. = (%) , v.=/ °;) , vs = [%)
Put 5- Some = ("2 ° %) .

Then S
-'
=

'

o

'

l ' 12 1

1112 ◦ -42110 ! 8)I 1 O

O I I /z
0 0 1

Ii f- ◦
-1

to : :)I 1 O

O I I /z
0 0 1

( ; °,
_

I 1%8
◦ I 1 /z

0 0 1)

*⇒" l : : ::| : : :)O I I -2 1 0

* " l : :
-

it : : :0 I 1 -2 I 0 )
I→ I +II

EEE /
'

o ? :| ? :?)0 0 I -4 2 -2

Finally , A = Some / % ! Se→

= iii. ¥11 : : :X: ::|2 -I 2



Recap : • A square, Aviv → v is an eigenvector with eigenvalue d
v≠o

• Eigenspace : E.) = Fer(A-tin)

• Diagonalizing A ⇔ Finding an eigenbasis

⇔ Finding a basis of each Ex and putting them together .

( Only possible if 2 dim /Ex) = n ) .

✗ eig .

Today : multiplicities .

Definition 1 : let A be an nxn matrix and let KEIR be an eigenvalue of A .

Then the geometric

multiplicity of t is g×= dim (Ex) .

Example 1 : In the last in - class exercise , 91=1 , g-1=1, gig = 1
.

Remark : A is diagonal izable iff 2g, -- n
✗ eig

Definition 2 : let A be an nxn matrix and let KEIR be an eigenvalue of A. The algebraic multiplicity

of t is a,
= # times t appears as a root of the char poly of A .

Example 2 : If char poly (A) = (✗+2514 - 3)
"

( I-1×+1)
, then a.2=2 , as = 4 .

Obvious question : are these related? The answer is yes, as the following theorem shows
.

Theorem 1 : let T.IR" → R
"

be a linear transformation with nxn matrix A and let KEIR be

an eigenvalue of A .

Then
, gx ≤ ax .

Example 3 : let A- = (} ;) .

Then g. = dim /E.) = dim /Ker (: ;)) = 2- rank (Ker /%)) = 1
.

char poly (A) = (2-1)
'

⇒ a. = 2
.

Proof of Theorem 1 : let ve , . . . , vg be a basis for E, , and complete it to a basis

B : V1, . _ - Ivy , Vgta , . . _ , Vn Of IR
"

.



I 1 1Changing bases
, IT]} = $rib - - - tlvgls - - - [Tarn)))I t 1

lies in Ex lies in Ex
⇒ f.C. of V1, . . . ,Vg ⇒ f.C. Of V1, . . . >Vg

=
, /

"
"

-

° / * f ← Call this matrix BI a

T

Fact : Since An B
,

char poly (A) = char poly (B) (see HW)

Finally , char poly (B) = det /B- t.IN) = det (
"

. / * fTf C-t -Ing

= a-tis out
rref

( first g columns)

= a-"" ᵈet!;; ⇒ ax ≥s .

rref
(next columns)

Theorem 2 : If A is diagonalruble , then ax=gx for all eigenvalues t of A .

Proof : Note that n = deg / char poly (A)) ≥ Eax ≥ Egx I n

↓
Theorem 1 A diagonal,zable

Therefore every
"

≥
"

is actually an equality , so sax = Eg× .

Since ax ≥ gx for each 1,

it follows that a×=g× for each d. ☐



Example 4 : Show that the matrix } I 8881 is not diagonal#able .
A-_(o o 3 6 7

O O O 4 8

0 0 005

char poly (A) = 12-1513 -d) 14 -HIS -d) ⇒ a. = 2

O O O O ONow g.= dim (Ker f? ! ? ! ?) ) = 5- rank = 1 < 2 = a , ⇒ A is not
-

0 0 855 4 diagonalruble

Theorem 3 : If t is an eigenvalue of an nxn matrix A
,
then gx ≥ 1 .

Proof : X is an eigenvalue ⇔ Ex ≠ 104 ⇔ E
, has some nonzero vector ⇔ g, = dim (Ex) ≥1 .

Theorem 4 : let A be a square nxn matrix with n distinct eigenvalues .

Then A is diagonalizable .

Proof: We want to show that §
,
.g×=h .

Now n= dimHR") ≥ Egx ≥ 21 = # eigenvalues =n .

✗ eig . ✗ eig . ↓
by assumptionThus we must have equalities throughout, so 2

teig.
% = n

. ☐

Example 5 : A- =/ ¥
,

has char poly - It -111×+1-31×-1) .

Since # eigenvalues =3 = n ,

A is diagonal izable .

Aside : Complex numbers

(Recommended reading : 7.5 in the textbook)

complex numbers are of the form a +bi , with a. BER, and i a number s.-1 . i? -1 .

They can be added
,
subtracted

, multiplied , and divided
↓

(atbi) (ctdi) = @c-bd) + iladtbc)?¥=aa¥÷=÷b. - i - Es.



In - class exercises :

1. Determine if the following matrices are diagonal *able .

a) [%!¥1s316 It
4 19 20

0 S 21

b) (3 ◦
1

0 -20 )
0 03

2. a) Find a 5×5 matrix with eigenvalues -1 and 0
,

a- , =3 , ao = 2 , g., = 1, 90=2 .

b) Find a 7×7 matrix with eigenvalues -1 and 0
,

a- , =3 , ao = 2 , g., = 1, 90=2 .

3. Write
i

in the form atbi .


