
Mock midterm solutions :

→ Note : this question has several different possible solutions
,

I picked these to showcase different ways to answer them .

1. a) Let T be the linear transformation associated to A- ({ ! )
Kerth = 4¥

,
) : -11¥

,
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⇒ Keri)= / (f) g ⇒ Tis injective .

The previous part shows also rank(T) =3 = dim(pi) , so Tis surjective .

Since T is injective and surjective , it is invertible .

Inverse :
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⇒ A-' = (-23-2)
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b) Let T:Ñ→R
"

be the linear transformation associated to ( I 8 !): : :
Then IT / :o)/ = ( ! / = T /§) so Tis not injective .

Since rank (T) ≤ 3 < 4 = dimHR")
,
T is not surjective .

Since A is not square , T cannot have an inverse
.



c) Let T.IR
>
→ IR

≥

be the linear transformation associated to (} I f) .

By rank - nullity, 3 = dim /Kerch) + dim (Imt) )
.

Since /MCT) c- 1122 , dim ( lmk)) ≤ 2 .
Thus dim /Vert) ≥ 1 so T is not injective .

Notice that (1) , (f) are linearly independent : if . + µ /1) = (8)
I

1:11 :)
"

:|;) ( i. it :) Hit:)

only solution is X-p = 0 .

It follows that dim ( lmk)) ≥2, hence since the codomain is R2 , T is surjective .

d) We find an inverse . This will show that T is injective and surjective .
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We obtained the identity matrix , so this is the inverse .



2
.

AB = ( I 2+1t -l 2×-2+1) BA= (1+4-2 × +2)
✗ - I 1

AB = BA ⇔ 2×-2+1=1 ⇔ + =L
.

3
.

Ensz is a subspace of IR" : take va.ve C-Sansa
.

Then retire C- £ since V1 ,vztS1

and S1 is a subspace of IR
"

. Similarly , rathe C- Sz
. Therefore vatvztsansz .

Next, take resins , and TER
.

Then tu Est since v C- Sa and Sa is a subspace.

Similarly , t.ve Sz . Therefore tvcsinsz .
We conclude that sins, is a subspace .

Gus, is not a subspace of IR
"

: let 8- = Span ( (f) ) ≤ 1122, E-Span ≤ IR?

Then (1) = (f) + (9) isnt in Susa
, despite the fact that (f) and (9) are in

S, Usa .

It follows that 5,09 is not a subspace of R
"

.

Consider T.IR
'
→ 1123 with matrix µ ;) lmct) the xy - plane)

"⇔ : ;¥⇔*É*÷¥¥⇔¥
,Kerk) (the origin)

Z



5.

(a) False : rank(T) ≤ dim ( codomain) =3 < 4
.

(b) True : by rank -nullity , 3 = dimlkert)) + dim / lmk))
"

3
So dimlkert)) =0 and so Kert)=/0} , so T is injective .

(c) False . Counterexample : ( i.%) / 'g;) = It :)

(d) True : dim (5) = maximum number of d. i. vectors in S

≤ maximum number of 1. i. vectors in T
↓

since SET

= dim (T)
.

(e) True : let T be the linear transformation assoc .
to T

.

Then
,
A/ ✗

◦
+× ,) = T( ✗◦ + ✗ it

= -11×07+17×1)
↓

T linear Time × , C- tert)
= Tlxo)

= Ako

j
b

by assumption

6
. I omit the details

,
but here is a sketch :

let E. = (f. § ! ) , E. = { F) .

Since DE
,
= E

, D, we get a=b

4 Therefore a=b=c
DEz=EzD , we get b=c .

as desired .


