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Introduction

The Book

Last year I published a book about the current state of attempts to unify
physics, called “Not Even Wrong”.

The Controversy

Its criticism of string theory (together with that from another book, Lee
Smolin’s ”The Trouble With Physics”) stirred up a lot of controversy.

A little known fact: there is a lot in the book not about string theory.

I’d rather talk about that, and mostly will do so today.

Happy to be more controversial in discussions later.
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Quantum Mechanics and Representations of Groups

Quantum Mechanics: 1926 (Heisenberg, Schrodinger,
Dirac)

The mathematical structure of quantum mechanics is quite different from
that of classical mechanics, and far removed from our everyday ideas
about the world. The basic structure of classical mechanics was:

States

The state of the world at a time t is described completely by a point in
“Phase Space”, the space of possible positions and momenta of a
mechanical system (of particles or fields).

Observables

Possible ”observable” physical quantities are functions on this Phase
Space.
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Quantum Mechanics and Representations of Groups

Quantum Mechanics: States

In quantum mechanics the state of the world at a time t is described
completely by a vector

Ψ(t)

in a “Hilbert space” H. A Hilbert space is just a space of vectors with a
notion of length

||Ψ(t)||

of the vector.

However, Hilbert space is different than something like the space of
three-dimensional vectors since:

It is infinite dimensional.

Coordinates of vectors are complex numbers.

Peter Woit (Columbia University) The Challenge of Unifying Particle Physics April 2007 5 / 35



Quantum Mechanics and Representations of Groups

Quantum Mechanics: States

In quantum mechanics the state of the world at a time t is described
completely by a vector

Ψ(t)

in a “Hilbert space” H. A Hilbert space is just a space of vectors with a
notion of length

||Ψ(t)||

of the vector.
However, Hilbert space is different than something like the space of
three-dimensional vectors since:

It is infinite dimensional.

Coordinates of vectors are complex numbers.

Peter Woit (Columbia University) The Challenge of Unifying Particle Physics April 2007 5 / 35



Quantum Mechanics and Representations of Groups

Quantum Mechanics: States

In quantum mechanics the state of the world at a time t is described
completely by a vector

Ψ(t)

in a “Hilbert space” H. A Hilbert space is just a space of vectors with a
notion of length

||Ψ(t)||

of the vector.
However, Hilbert space is different than something like the space of
three-dimensional vectors since:

It is infinite dimensional.

Coordinates of vectors are complex numbers.

Peter Woit (Columbia University) The Challenge of Unifying Particle Physics April 2007 5 / 35



Quantum Mechanics and Representations of Groups

Quantum Mechanics: States

In quantum mechanics the state of the world at a time t is described
completely by a vector

Ψ(t)

in a “Hilbert space” H. A Hilbert space is just a space of vectors with a
notion of length

||Ψ(t)||

of the vector.
However, Hilbert space is different than something like the space of
three-dimensional vectors since:

It is infinite dimensional.

Coordinates of vectors are complex numbers.

Peter Woit (Columbia University) The Challenge of Unifying Particle Physics April 2007 5 / 35



Quantum Mechanics and Representations of Groups

Quantum Mechanics: Observables

Observables are Operators

In quantum mechanics, observable physical quantities correspond not to
numbers but to “self-adjoint operators A” on Hilbert space. These are
analogs in infinite dimensions of matrices, with “self-adjointness” meaning
that the eigenvalues are real.

This mathematical set-up is simple, what gets tricky is the relation to
experimental observations which are expressed in classical language

Interpretation of Quantum Mechanics

The eigenvalues of A give the possible numerical values of the physical
quantity corresponding to A. Some states (“eigenvectors”) have well
defined eigenvalues, others don’t. In the latter case, one ends up only able
to predict the probability of observing different values.

Peter Woit (Columbia University) The Challenge of Unifying Particle Physics April 2007 6 / 35



Quantum Mechanics and Representations of Groups

Quantum Mechanics: Observables

Observables are Operators

In quantum mechanics, observable physical quantities correspond not to
numbers but to “self-adjoint operators A” on Hilbert space. These are
analogs in infinite dimensions of matrices, with “self-adjointness” meaning
that the eigenvalues are real.

This mathematical set-up is simple, what gets tricky is the relation to
experimental observations which are expressed in classical language

Interpretation of Quantum Mechanics

The eigenvalues of A give the possible numerical values of the physical
quantity corresponding to A. Some states (“eigenvectors”) have well
defined eigenvalues, others don’t. In the latter case, one ends up only able
to predict the probability of observing different values.

Peter Woit (Columbia University) The Challenge of Unifying Particle Physics April 2007 6 / 35



Quantum Mechanics and Representations of Groups

Quantum Mechanics: Observables

Observables are Operators

In quantum mechanics, observable physical quantities correspond not to
numbers but to “self-adjoint operators A” on Hilbert space. These are
analogs in infinite dimensions of matrices, with “self-adjointness” meaning
that the eigenvalues are real.

This mathematical set-up is simple, what gets tricky is the relation to
experimental observations which are expressed in classical language

Interpretation of Quantum Mechanics

The eigenvalues of A give the possible numerical values of the physical
quantity corresponding to A. Some states (“eigenvectors”) have well
defined eigenvalues, others don’t. In the latter case, one ends up only able
to predict the probability of observing different values.

Peter Woit (Columbia University) The Challenge of Unifying Particle Physics April 2007 6 / 35



Quantum Mechanics and Representations of Groups

Observables and Symmetries

The remarkable thing about observables is that they often correspond to
symmetries. This connection is much more direct in quantum mechanics
than in classical mechanics.

Examples

Time Translation symmetry: Hamiltonian (Energy) H

Space Translation symmetry: Momentum ~P

Rotational symmetry: Angular Momentum ~J

Phase (of a complex number) symmetry: Charge Q
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Quantum Mechanics and Representations of Groups

Representation Theory: 1925 (Weyl)

At almost the same time that quantum mechanics was being developed,
Schrodinger’s colleague and friend in Zurich, the mathematician Hermann
Weyl, was developing the theory of “representations of groups”
This has become a central part of modern mathematics. It is also very
closely related to quantum mechanics.

Hard to explain in this kind of lecture, but I’ll try, by giving some examples.
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Quantum Mechanics and Representations of Groups

What is a Group?

Think of a group G as a set of possible “symmetries” of (something), i.e.
transformations of (something) that leave some aspect of it unchanged.
These can be composed, or inverted (undo the transformation).

Examples

Translations in time, G = R

Translations in three space directions: G = R3

Rotations about a central point in space: G = O(3)

Rotations in the complex plane: G = U(1)
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Quantum Mechanics and Representations of Groups

What is a Representation of a Group?

Mathematicians came up in the 19th century with the notion of a
“representation” of a group. This turned out to be exactly what quantum
mechanics is about.

Recall that a group is a set of symmetries of (something). Just take
(something) to be the space of states of the world, Hilbert space H, and
you have a group representation.
Whenever a physical system has a group of symmetries G , its quantum
mechanical state space H is a representation of G . These symmetries
leave invariant the length Ψ(t) of state vectors, so mathematicians call
this kind of representation “unitary”.
Let’s see how our examples work.
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Quantum Mechanics and Representations of Groups

Time Translation Symmetry, G = R

If the environment acting on a physical system is not changing with time,
the physical system has a symmetry under translations in time. The group
of these translations t → t + ∆t is G = R, the real line. The Hilbert space
H is a representation of this symmetry, with the group acting on the state
vectors in it by

Ψ(t) → Ψ(t + ∆t)

Schrodinger’s equation tell’s us how states evolve in time, by telling us
what happens for an infinitesimal time change:

d

dt
Ψ(t) = −

√
−1HΨ(t)

H is the “Hamiltonian operator”, one of our observables. It is a linear
operator (like a matrix) that acts on state vectors. Its eigenvalues give the
possible values of the energy.
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Quantum Mechanics and Representations of Groups

Space Translation Symmetry, G = R3

If the environment acting on a physical system is the same no matter
where one is in space, the physical system has a symmetry under
translations in the three spatial directions. The group of these translations
xi → xi +∆xi is G = R3, and the Hilbert space H is a representation of G .

Just as the operator
√
−1H implements infinitesimal time translations on

the state, there are three operators
√
−1Pi that implement infinitesimal

space translations.
If we represent states as “wave-functions”, i.e. functions Ψ(x1, x2, x3, t)
depending on the location in space, then we have

d

dxi
Ψ(x1, x2, x3, t) =

√
−1PiΨ(x1, x2, x3, t)

The eigenvalues of Pi are the possible i’th components of the momentum.
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Quantum Mechanics and Representations of Groups

Rotations in Space, G = O(3)

If the environment acting on a physical system only depends on the
distance from a central point (same in all directions), the physical system
has a symmetry under rotations about that point. The group of these
rotations is tricky to visualize and deal with, but it is three-dimensional
and mathematicians call it O(3). Again, the Hilbert space is a
representation of the group.

The operators analogous to Pi that implement infinitesimal rotations
about the xi axis are conventionally called Ji . These operators are trickier
to deal with, because it matters in which order we apply them. A lot of a
typical quantum mechanics course is devoted to showing how these work,
essentially to working out the representation theory of O(3). The bottom
line is that states are labelled by a number called “spin”, with possible
values

0,
1

2
, 1,

3

2
, . . .

Peter Woit (Columbia University) The Challenge of Unifying Particle Physics April 2007 13 / 35



Quantum Mechanics and Representations of Groups

Rotations in Space, G = O(3)

If the environment acting on a physical system only depends on the
distance from a central point (same in all directions), the physical system
has a symmetry under rotations about that point. The group of these
rotations is tricky to visualize and deal with, but it is three-dimensional
and mathematicians call it O(3). Again, the Hilbert space is a
representation of the group.
The operators analogous to Pi that implement infinitesimal rotations
about the xi axis are conventionally called Ji . These operators are trickier
to deal with, because it matters in which order we apply them. A lot of a
typical quantum mechanics course is devoted to showing how these work,
essentially to working out the representation theory of O(3). The bottom
line is that states are labelled by a number called “spin”, with possible
values

0,
1

2
, 1,

3

2
, . . .

Peter Woit (Columbia University) The Challenge of Unifying Particle Physics April 2007 13 / 35



Quantum Mechanics and Representations of Groups

Rotations in the Complex Plane, G = U(1)

Quantum mechanics has a symmetry not seen in classical mechanics since
it is based on complex numbers. We can rotate our complex numbers in
the complex plane by an angle θ often getting a new symmetry of the
theory. Mathematicians call this group of rotations in the complex plane
U(1), and the Hilbert space H is a representation of it.

The operator analogous to H that implements infinitesimal rotations of
this kind is called Q. It operates on H, and its eigenvalues have to be
integers (since, as you rotate around the complex plane once, the action
on H has to come back to where it started, but can rotate around any
integer number of times).
These integer eigenvalues correspond to the charge of the state, can be

. . . ,−2,−1, 0, 1, 2, . . .
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Quantum Mechanics and Representations of Groups

Summarizing...

To summarize the dry, mathematical, confusing and boring part of this
talk, the main points are:

The mathematical structure of quantum mechanics is closely
connected to what mathematicians call representation theory. This is
a central, unifying theme in mathematics.

The Hilbert space of quantum mechanical states H of a system is a
representation of the groups of symmetries of the system.

Much of the physics of the system is determined by this, including the
behavior of four of the most important observables (energy,
momentum, spin and charge), which correspond to four different
symmetries (time translation, space translation, spatial rotations,
complex plane rotations).
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Quantum Field Theory and the Standard Model: 1927-1973

Quantum Field Theory

Very quickly after the birth of quantum mechanics in 1925-26, it was
realized that what was needed was a quantum theory not just of particles,
but of two kinds of fields:

The electromagnetic field, responsible for electric and magnetic
forces, light. This field classically satisfies Maxwell’s equations.
The quantum theory of this field has states that can be characterized
in terms of “photons”.

The electron and proton fields. These don’t have a classical limit,
inherently quantum mechanical.
The quantum theory of these fields has states corresponding to
particles: electrons and protons.

By 1929, this theory had been written down, and was called Quantum
Electrodynamics (QED).
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Quantum Field Theory and the Standard Model: 1927-1973

QED Symmetries: Translations

In QED, space and time are treated together according to Einstein’s
special relativity.

Translations

Separate space (R3) and time (R) translations are combined into
space-time (R4) translations. Energy and momentum operators combine
into an energy-momentum operator.
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Quantum Field Theory and the Standard Model: 1927-1973

QED Symmetries: Lorentz Group

Lorentz Group

The group O(3) of rotations in three dimensions preserves distances√
(∆x1)2 + (∆x2)2 + (∆x3)2

In special relativity, we generalize this to a new group of symmetries that
rotate in space-time, preserving instead√

(∆x1)2 + (∆x2)2 + (∆x3)2 − (∆t)2

This group is denoted O(3, 1) and called the “Lorentz group”.

Poincare Group

Combining the Lorentz group and space-time translations gives a group
called the “Poincare group”.
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Quantum Field Theory and the Standard Model: 1927-1973

QED Symmetries: Gauge Symmetry

In QED, the U(1) symmetry of rotations of the complex plane becomes a
“gauge” symmetry, allowing different symmetry transformations at each
point in space and time.

The two kinds of fields in QED have a different nature with respect to
gauge symmetry:

The electron and proton fields take complex values that are
transformed independently at different places

The electromagnetic field is what mathematicians call a connection:
it tells one how to compare the values of fields at neighboring points,
even after doing independent transformations on them.
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Quantum Field Theory and the Standard Model: 1927-1973

QED: Technical Difficulties

There are two main technical difficulties associated with properly defining
QED and doing calculations with it:

Fields carry degrees of freedom for every point in space-time, thus an
infinite number. Naive calculations are plagued by infinite results.
Properly handling this is known as “renormalization” and was not
carried out for QED until the late 1940s.

The group of gauge symmetries is infinite dimensional. To this day,
the representation theory of this group is not understood. Physicists
generally believe this doesn’t matter, that only the “trivial”
representation matters, not the rest. In other words, one just needs to
understand the “gauge-invariant” part of the theory.
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Quantum Field Theory and the Standard Model: 1927-1973

General Gauge Theories (Yang, Mills) 1954

In 1954 Yang and Mills constructed a generalization of QED, by replacing
the role of the group U(1) by a larger group, called SU(2), generalizing
the notion of gauge symmetry. Quantum field theories of this kind are now
called “Gauge Theories”.

At the time it was unclear how to generalize the solutions to the technical
problems previously solved for QED. These were solved much later:

Handling a general gauge symmetry in a quantum theory: deWitt,
Fadeev, Popov (1967)

Renormalization: Veltman, ’t Hooft (1971)
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Quantum Field Theory and the Standard Model: 1927-1973

The Standard Model

By the 1950s many kinds of particles besides the electron and proton had
been discovered, and, besides the electromagnetic force, there were two
others: the weak force responsible for nuclear beta-decay, and the strong
force responsible for binding quarks together into protons and neutrons,
and thus into atomic nuclei.

During the sixties and early seventies, two gauge theories were proposed
that accounted for the known particles and the three forces. The first was:

The Glashow-Weinberg-Salam Model, 1967

This is a gauge theory with group SU(2)× U(1) which extends QED to
explain both the electromagnetic and weak forces. The crucial insight
needed to make it work was that one needed to include a mechanism to
make the vacuum state not invariant under the SU(2) symmetry. This is
now called the “Higgs mechanism” and uses a different kind of field, which
predicts the existence of a “Higgs particle” that has not yet been observed.
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Quantum Field Theory and the Standard Model: 1927-1973

The Standard Model: QCD

Before 1973, conventional wisdom was that the strong force could not be
described by a quantum field theory. Much research was devoted to
alternatives to quantum field theory, including early versions of “string
theory”, a theory based not on fields, but on replacing particles with very
different 1-dimensional elementary objects. At long distances the forces
between quarks were very strong, but got weak at short distances,
something not supposed to happen in a quantum field theory.

Quantum ChromoDynamics

In 1973, using the new renormalization techniques Gross, Wilczek and
Politzer showed that some gauge theories were “asymptotically free”: the
force disappeared at short distance and particles moved freely, while it
became strong at large distances. So the strong force could be described
by a gauge theory and there was exactly one viable possiblity: the gauge
theory with group SU(3), in which quarks came in 3 kinds, called “colors”.
This was a generalization of QED, so baptized QCD
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Quantum Field Theory and the Standard Model: 1927-1973

The Standard Model: Successes

The combination of the Glashow-Weinberg-Salam model and QCD is a
gauge theory with group SU(3)× SU(2)× U(1). It was from the
beginning very successful at explaining known experimental results and
predicting new ones, so quickly got the name “Standard Model”.

As several generations of new accelerators have come on-line, at higher
and higher energies, everything they have seen is compatible with the
predictions of the Standard Model. Particle theorists are justly proud of
how amazingly well the model works.
This is an historically unparalleled situation: no confirmed experimental
anomalies to give clues about the direction to a better theory.
To a large extent, the victim of its own success.
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Quantum Field Theory and the Standard Model: 1927-1973

The Standard Model: Problems

The Standard Model is not completely satisfactory, it leaves open several
questions, and since 1973 we have been trying to think of ways to answer
them:

Why SU(3)× SU(2)× U(1) (and why with those strengths)?

Why the specific set of fundamental particles (electrons, quarks, etc.),
with specific charges?

What is going on with the Higgs field?

Why do particles have the masses that they have?

What about gravity? The quantum field theory of the gravitational
force is not renormalizable by known methods.
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Speculative Ideas

Speculative Ideas: Grand Unified Theories

For more than thirty years, particle physicists have been investigating some
very speculative ideas including:

Grand Unified Theories

Idea: Combine SU(3)× SU(2)× U(1) into a larger, more powerful groups
of symmetries. Examples are called SU(5),O(10).

Problems

In simplest versions, protons decay too fast.
Doesn’t explain Higgs mechanism, introduces new Higgs Mechanism to
explain why we don’t see full SU(5).
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Speculative Ideas

Speculative Ideas: Supersymmetry

Hoping my co-lecturer will explain this one...

Supersymmetry

Idea: Extend the Poincare group of space-time symmetries to a
“supergroup”, using new operators that can be thought of as “square
roots” of space-time translations.

Problems

In simplest version, expect particles to occur in pairs (“superpartners”),
not what we see in the real world.
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Speculative Ideas

Speculative Ideas: String Theory

Earliest string theories were intended to describe strongly interacting
particles

Some History

1968 Veneziano amplitude, dual resonance model

1970 Quantization of a string (Nambu, Nielsen, Susskind)

1971 Supersymmetric strings to get fermions (Neveu-Schwarz,
Ramond)

1973 Asymptotic freedom and QCD: strong interactions describable
by QFT

1997 AdS/CFT: Revival of strings for strong interactions
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Speculative Ideas

Speculative Ideas: String Theory

New use for string theories: unified theories of gravity and particle physics

Some History

1974 Use to quantize gravity: spin-2 massless mode is graviton
(Schwarz, Scherk, Yoneya)

1980 Superstrings: strings with space-time supersymmetry (Green,
Schwarz)

1984 Anomaly cancellation (Green, Schwarz)

1984 Heterotic superstring

1985 Calabi-Yau compactifications, semi-realistic theories

Mid 90s: More complicated structures that strings can begin and end
on: branes
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Problems With String Theory

String Theory: Problems

Main problem: To make quantum theory of strings, need space and time
to have 10 dimensions. What do you do with the other 6?

Initial hope: Only a small number of consistent possibilities, called
“Calabi-Yaus”
Lesson of late 80s: There are many Calabi-Yaus, tens or hundreds of
thousands of types, each giving different physics.
Lesson of mid-90s: Branes lead to all sorts of new things you can do with
strings, but also lead to many more possibilities, many more different kinds
of possible unified physics.
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Problems With String Theory

The Landscape

Two main problems for string theory:

Moduli problem: Calabi-Yaus come with hundreds of parameter
describing their size and shape. Have to do something to fix these
values “stabilize moduli”, or get hundreds of new forces that disagree
with experiment

Vacuum energy problem: In these theories, can calculate the vacuum
energy, or Cosmological Constant. It comes out 10120 times too big.

Progress in 2003: Found way to stabilize moduli, unfortunately too many
ways, 10500. Huge number of possibilities.
This huge array of possibilities now called the “Landscape” of possible
string theory backgrounds.
No testable predictions about physics at all so far from this picture.
Debate rages as to whether any are possible.
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Problems With String Theory

The Anthropic Landscape

Proposal: All possibilities really exist, we live in a “multiverse”.

There are so many possibilities (10500 or more), that some have unusually
small Cosmological Constant.
The fact that we live in one of these is due to the “Anthropic Principle”:
we must live in a universe that allows life.
Debate rages over whether this is science at all. No proposals for
predictions.
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Problems With String Theory

Personal Interpretation

Typical example of a failed speculative idea:

Simple versions of an idea don’t work, so it gets made more complicated to
evade problems. At some point, so complicated it doesn’t predict anything.

Warning: Relation to Intelligent Design arguments

The anthropic principle is being sold as an explanation for why the world is
hospitable to life, not needing a Deity.
This explanation is not scientifically testable, very dangerous for people
who want to argue with Intelligent Designers to abandon standard notions
of scientific testability.
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Where Next?

The LHC

Late this year in Geneva, first beam in a new accelerator called the Large
Hadron Collider.

Collisions at high energy (7 times current highest at Fermilab) summer
2008, first results 2009-10.

Possible Outcomes

Evidence for supersymmetry, extra dimensions, vindicating some
speculative ideas.
Personally seems to me unlikely, we should already have indirectly
seen effects of these.

See something completely unexpected, explaining Higgs mechanism,
and showing way forward to improve the Standard Model
Quite possible, most people hoping for this.

See just a Higgs particle of kind predicted by Standard Model, no new
evidence about a way forward
Unfortunately, also possible.
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Where Next?

What If No Experimental Guidance?

If no new evidence from the LHC, it will be many (20, 30, more?) years
until we go to significantly higher energies. Have to find other ways to
proceed.

The mathematics of the standard model remains in many ways poorly
understood.
In particular, we do not understand at all the representation theory of
gauge groups.
One indication of the problem with string theory: Not formulated in terms
of a fundamental symmetry principle. What is the group?
Maybe future progress will require not just unification of physics, but
unification with mathematics...
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Maybe future progress will require not just unification of physics, but
unification with mathematics...
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