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Abstract

Using a combinatorial approach described in a recent paper of Manolescu,
Ozsvéth, and Sarkar we compute the Heegaard-Floer knot homology of all knots
with at most 11 crossings (special attention is paid to the Kinoshita-Terasaka
Knot KT3; and its Conway mutant). We review the basic construction of [2],
giving two examples that can be worked out by hand, and explain some ideas
we used to simplify the computation.

1 Introduction

In [5], Ozsvath and Szabd introduced a topological invariant of closed, orientable
three-manifolds in the form of a collection of abelian groups. To such a three-
manifold Y, we associate the groups HF (Y, s), indexed by Spin® structures on Y.
In [6], they discovered that a null-homologous knot K in a three-manifold Y induces
a filtration on the chain complex used to compute the Heegaard Floer homology
groups of Y.! Moreover, the filtered chain homotopy type of this complex is an in-
variant of the knot K C Y. The homology of the associated graded object is denoted
HFK(Y,K,s) in each Spin® structure and, until very recently, there was no algo-
rithmic way to compute these knot Floer homology groups - computing boundary
maps in the chain complex involves counting pseudo-holomorphic disks satisfying
certain boundary conditions in Sym?(%,).

In their remarkable paper [2], Ozsvéth, Manolescu, and Sarkar describe an algo-
rithm for computing OFK (83, K) for any knot K C S? (for a knot K C S? we will

denote the corresponding knot Floer homology group simply by HFK (K)). The
combinatorial description of knot Floer homology in [2] begins with the observation
that an arc presentation of a knot K naturally gives rise to a genus one multi-
pointed Heegaard diagram D for the knot in S® for which the generators, gradings,
and boundary maps in the associated complex C(D) are completely combinatorial.
The number n of arcs in this arc presentation will be equal to the number of o and
[ curves in the Heegaard diagram mentioned above.(hence n can be made equal to

This was independently discovered by Jacob Rasmussen in his thesis [9].
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the arc-index a(K) of K). The homology of C(D) is equal to ];Tﬁ((K) ® §er-1)
where S is the bigraded Zy vector space with

S, . = Z2 (Zaj) = (070) or (_17 _1)
“7 1 0 otherwise

from which we can, of course, recover HOFK (K).

An arc presentation D consists of an n x n grid with white and black dots placed
inside squares of the grid in such a way that each row and each column of the
grid contains exactly one white dot and one black dot (there is at most one dot in a
square). This corresponds to an oriented knot (or link) K as follows: in each column,
connect the black and white dots by a vertical line oriented from the black dot to
the white dot; and in each row, connect the black and white dots by a horizontal line
from the white dot to the black dot (always passing the horizontal strands under the
vertical strands). Then C(D) is the free Zs-module on permutations of {1,...,n}.
We can identify a permutation o with its graph I'(o) on the grid (indexing squares
by their lower left corners; view the grid as being on a torus 7T so the top and
bottom lines are identified and the left and right sides are identified). Label the
circles on the torus determined by the vertical lines of the grid aq,...,a, and the
circles determined by the horizontal lines 1, ..., 3,. Then the generators of C(D)
correspond to the points of

[ag X - X | N[fL X+ X Fy] CSym"T.

Assign a so-called Alexander grading to each permutation in the following way.
For a point p on the grid, let w(p) denote the winding number of K around p. To
compute the winding number of a nice curve C' around a point p in the plane, draw
any ray L from p to oo and take the signed sum of intersection points C' N L (with
the sign convention chosen so that a counterclockwise circle has winding number 1
around a point in the bounded region defined by the circle). Each black or white
dot is in a square whose four corners are four points on the grid, giving us a total
of 8n distinguised grid points py,...,ps, (there may be repeats). Let

8n

a:=(1/8)> w(p;) — (n—1)/2

1=1

and declare the Alexander grading of a permutation o to be

Every permutation is also assigned a Maslov grading. To begin with, if p is a
point on the grid or in the interior of one of its squares, and S is a square of the grid,
let S.p be 1if p € S and 0 otherwise. Let g denote the permutation whose graph
consists of the lower left corners of the squares on the grid containing a white dot. To
compute the Maslov grading of a permutation o, find the smallest i1 € {1,...,n}
for which o(i1) # o¢(i1); there must be some is so that og(iz) = o(i1) so draw
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a horizontal line (always draw lines on the grid, forgetting that it is on a torus)
from (i1,0(i1)) to (i2,00(i2)) and then a vertical line from this point to (iz, 0 (i2));
then there must be some i3 so that o((i3) = o(iz) so draw the horizontal line from
(i2,0(i2)) to (i3, 00(i3)), and so on, continuing in this manner until a closed, oriented
curve is produced. If there is still some ¢ with (i) # 0¢(i) for which (i,0(i)) not
on this closed curve, take the smallest such ¢ and repeat the above process. This
eventually yields a collection of oriented closed curves 7,5, on the grid, none of
which wraps around the torus. Thus 7,4, is the oriented boundary of a formal sum
>, aiS; of squares of the grid, and we declare the Maslov grading of o to be

M(O’):Tl—l—i-i' Z aiSi.p—Fi' Z aiSi.p—2‘ Z a;S;.p.
i, pel'(o) i, pel’(op) 1, white dots p
Note that the mod 2 Maslov grading only depends on the sign of the permutation o.
The Maslov and Alexander gradings induce a decomposition C(D) = &; ;C; ;(D).
The boundary map d : C; j(D) — Cj_1 (D) is defined as follows. If o and ¢’ differ
at more than two places then neither appears as a boundary of the other. If o and o’
differ exactly on i < j, say with (i) < ¢’(i) then the circles a;, aj, B,3), B5(;) divide
the torus into four rectangular connected components Ry, Ry, R3, R4 as in Figure [l
Then o’ € do iff exactly one of Ry, Ry contains no white dot, black dot, or point in

Rs Ry | Ry
A A Pt
A Ry | Ry | R A
Bai)
Ry | Ry, | Ry
(67 ; Q;

Figure 1: Four rectangles used to compute boundaries

the graph of ¢ in its interior and o € do’ iff exactly one of R3, R4 contains no white
dot, black dot, or point in the graph of ¢ in its interior. It is fairly straight-forward
to check that d preserves Alexander grading and reduces Maslov grading by 1 and
that d?> = 0 (to show that the coefficient of o’ is 0 in d?c, reduce to checking this
when ¢ and ¢’ differ in four places (where it is easy) or in three places, where this is
simply the observation that an L-shaped region can be divided into two rectangles
in two ways).

We implemented the combinatorial description of C(D) roughly as described
above. Then we used a fairly well-known algorithm (see Figure ) for computing the
homology of a complex over Zs,. View the complex as a directed graph whose vertices
are the generators and where there is an edge from x to y exactly when y € dx. Then
whenever there is an edge from x to y, we can throw away the generators x and y
and get a smaller complex with the same homology by the following method. For
every z # x where y € dz, and every w € dz, if there is an edge from z to w, delete
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it; if not, add one. Now delete x and y and all edges into or out of them. Keep doing
this until there are no edges left and read off the homology. This is very fast when

there are relatively few boundaries, as occurs in the situation above where there are
n
2
n = 10 each generator appears to have an average of approximately 7 boundaries,
so there are suprisingly few edges in the graph. Because of the symmetry [6]

n! generators but at most boundaries for each generator. In practice, when

HFEK;(S® K,i) = HFK j_5(S* K, —i)

it is enough to compute in non-negative Alexander grading; again this cuts the
computation down immensely since, of the n! generators, only a small fraction have
non-negative Alexander grading. We do not compute Maslov grading until the graph
is reduced as this computation is quite time consuming.

z

wy Wa
Figure 2: Reducing a chain complex over Zo

Examples. Consider the arc presentations of the trefoil Dy and figure-eight knot Dg
shown in FigureB It is easy to see that, among the 120 permutations of {1, 2,3, 4,5},

Figure 3: Arc presentations of the trefoil D7 and figure-8 knot Dg

only 51234 € Cy (D7) and 15234, 41234, 51243, 51324, 52134 € C o(Dr) have non-
negative Alexander gradings in C'(Dr). Since there can be no boundary maps be-
tween these generators (due to their gradings) we immediately see that H; ;(C'(Dr)) =
C;,; for 7 > 0, which, together with the symmetry mentioned above yields the correct

HFK of the trefoil. The same thing happens in C'(Dg) where only the generators
23146, 312456, 321465, 321546, 324156, 326451, 421356, 621453 € Cp0(Ds)

and 321456 € C 1(Dg) have non-negative Alexander grading.
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2 Results

Using a Mathematica package written by Dror Bar-Natan?, we obtained arc presen-
tations of all the non-alternating knots with at most 11 crossings®, though unfortu-
nately these arc presentations were generally too large to use directly. We wrote a
program to aid in the reduction of arc presentations, though a lot of human labor
was still required. Eventually, we managed to reduce all the diagrams to at most
arc-index 13, though we believe they can be reduced to arc-index 11 (perhaps with a
handful of exceptions). Finally, we manipulated these diagrams using a program to
reduce the number of generators with non-negative Alexander grading before passing
them on to our main program. Our results are reproduced in the table below.

2This package can be found athttp://www.math.toronto.edu/~drorbn/Misc/MOSComplex/index.html
3Actually, we did all the 10 crossing knots by hand before we knew of Bar-Natan’s program.


http://www.math.toronto.edu/~drorbn/Misc/MOSComplex/index.html
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Knot K Y, ;dimg, HFK (S, K, i)qlt!

819 t73 4 qt72 4 g% + ¢%t% + ¢5¢3

820 q 2t72 +2¢ ¢ + 34 2qt 4+ ¢°t?

821 g2 44Tt 4 5q + 4¢%¢ + ¢5¢2

942 g 72 427 11 4 29 + 2¢%t 4 ¢5¢2

943 a2t 43¢ 42 4 2¢7 37 g2 f2g7 Ve 362 4 gt

944 e 272 4 ag7 e £ 7 4 4gt + ¢%e?

945 g 1t72 4671 499 + 6¢%¢ + ¢5¢2

946 2¢ 1t 454 2qt

947 a7 +4q737% + 6972t + 5071 + 6t + dqt® + o717

948 g 372 4+ 7¢7 27 4 11q7 1 4 7t 4 qt?

949 3¢ %t 2 +6q 3t + 772 +6¢7 1t + 3t2

10124 g 3t 4 TP g £ g p g P g P 4 !

10125 g 473 4 2¢73t72 £ 2¢7 27 4 g 4 2t 4 2qt2 + ¢268

10126 e 273 f 27 72 4t 4 5 + 492t 4+ 2562 4 ¢*tB

10127 a1t 4 at72 £ 6qt T + 792 + 645t + 4q% 2 + ¢Ot3

10128 2¢7%t73 +3¢7%t % +q M7 4 ¢ 2 + ¢ 2t + 3¢ 12 2t
10129 2¢72t72 4+ 6q 1t~ 49 + 6qt + 2¢%t2

10130 2q72¢t72 +4¢ 1t 4 5 + 4qt + 2¢%t2

10131 2¢ 172 48t~ 4+ 11q + 8¢°t + 2¢3t2

10132 ¢ 272 2 T 42 4 g+ (20 + )t + g%t

10133 q 't 2 45t 4+ 7q + 5¢%t + ¢t

10134 2¢76t73 4 4¢ %72 +4q 47 +3¢73 +4q7 %t + 47 12 4 243
10135 3¢ 2t72 +9¢ ¢~ + 13 + 9qt + 3¢%¢2

10136 q 3t 2 +4¢ 2t 4+ 6q 1 + 1+ 4t + qt?

10137 q 2t 2 +6q 't + 11 + 6qt + g%t

10138 q 473 +5¢73t72 4+ 8¢ 2t +7¢7 L + 8t + 5qt? + ¢%t3

10130 g 8t 4 g Tt 427 4373 4297 2t 4 g 1% 4 2
10140 e 272 4271t 43 4 2gt + ¢%¢2

10141 ¢ 3173 +3¢7%t72 4 4¢7 1t 4+ 5+ 4qt + 3¢%t% + ¢33

10142 2¢ %73 +3¢7 %t % +2¢ 4t + g 3 +2¢7 2t + 3¢ 12 4 263
10143 q 2t 3 43¢ 72 46t 4+ 7q + 6¢%t + 3¢3t% + ¢4

107144 3¢ 1t 2 + 10t~ 4 13q 4 10¢%¢t + 3¢3¢?

10145 t72 24+ @)t Fag+ % + (2¢% + ¢3)t + ¢*¢?

10146 2¢72¢72 + 8¢ 1t + 13 + 8qt + 2¢%t2

10147 2¢7 3t 2 +7¢ 2t~ 497 + 7t 4 2qt2

101438 e 273 43¢ T2 4 1t 4 9g + 7q%t 4 3432 4 ¢t

10149 g1t 45672 £ 9gt 71 4 1192 + 9¢%t 4 5¢%¢2 4 ¢°t3

10150 g%t 3 4 aq 42 46053t +7q2 4 6g 1t + 42 + gt
10151 q 473 +4¢73t72 4 10¢7 2t~ +13¢7 1 + 10t + 4qt? + ¢%t3
10152 t7 4 qt 73 + gt 72 + 492t + 565 + 4qtt + ¢t + 713 + Bt
10153 g2t 3 4 (@242 )t 2 4 (2 + Dt + 34+ (20 + )t + (¢ + 2¢3)t2 + ¢¢3
10154 e L C N B L o I S o ¢ e o R S C R S DL e
10155 ¢ 73173 +3¢7%t72 4 5¢7 1t + 7+ 5qt + 3¢%t% + ¢33

10156 q 2t 3 447 72 4+ 8t + 99 + 8¢%t + 4¢3t% + ¢*¢3

10157 g%t 3 +6q 42 4+ 11¢7 3¢t 4 13¢72 + 11¢ 1t + 6t2 + gt
10158 g 3t73 +4¢72¢t72 4 10g 1t~ + 15 + 10qt + 4¢%t% + ¢33
10159 q 2t 3 44772 49t 4 11g 4 9¢%t + 4¢°t% + ¢*¢3

10160 gt 4 ag7 72 4¢3 £3¢72 4 4g e 4 4 4 gt
10161 t73 4 (L + )t ™% +2qt7 1 4+ 3¢% + 263t + (¢* + ¢°)t? + 4013
10162 3¢ 172 +9t7 1 + 11q + 9¢°t + 3¢3t2

10163 q 473 +5¢73t72 4 12¢7 2t~ +15¢7 1 4 12t + 5qt? + ¢%t3
10164 3¢ 2t 2 +11q 1t~ + 17 + 11qt + 3¢%t?

10165 2¢73t72 +10¢ %t~ + 15¢7 1 + 10t + 2qt>

11n, g 1t 47t 4 11g + 7%t + ¢3t2

11ng 2¢ %t 3 +8¢ 472 4+ 127 3¢t +13¢7 2 +12¢7 1t + 8t2 + 24qt°3
11n3 3¢ 172 411t~ 4+ 15q 4 11¢%¢t + 3¢3¢?

11ny q 3t +5¢72t72 4 11q 1t~ + 15 + 11qt + 5¢%¢2 + ¢33
11ng q 43 4 7¢7 372 4172t 4217 4+ 17t + Tqt? + ¢33
11ng a3t 4 4g72t72 £ g T2 15T e - 2e7 5 4 2¢ 4 Bgt + 2¢%¢ 4+ 4922 4 ¢3¢ 4 5t
11ny g 473 +6q73t72 +16q 2t +21q7 ! + 16t + 6qt% + ¢%t3
11ng g 1t 4672 4+ 12qt 1 + 15¢% + 12¢3t + 6¢*t2 + ¢°t3

11ng g Tt 43¢0t 3 4275t 2 4 g 42 443t 4 7q 2 4 ag e + 2 12 4 42 4 3t 4 gt
11n1g q 173 4772 4 15qt 1 + 19¢% + 15¢3t + 7¢*t? + ¢°t3

11nyy q %78 +5¢73t72 4+ 13¢ 2t~ +17¢~ 1 4+ 13t + 5qt? + ¢>t3
1lnye g 2t 2472t 4 4g7 7 4 g7 + 6+t + 4t + ¢32

11n13 g Tt 4 3¢70¢ 73 427572 4 g7t + 78 4 g2t 27 e + 33 + qtt
11nyy q 173 +6t72 4+ 10qt~ ! + 11¢> + 10¢3t + 6¢*t2 + ¢°t3

1lnys ¢ 473 + 4973172 48¢7 2171 4 9¢7 1 + 8t + 4qt? + 243

11nig 2q 7%t 3 4 7¢ 4 2 +7¢ 3t 4572 +7q 1t + Tt% 4 2qt°3

11ny7 2¢7 172 412t~ 4+ 19q 4 12¢%¢t + 2¢3¢2
11ng 2q72t72 + 8¢ 1t~ 4+ 13 + 8qt + 2¢%t2
Hng g 74207 4T gt d g+ @7t + qP e+ 2907 + ¢5eP
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1lngg  2¢ 't~ 2 46t~ + 14 8¢ + 6¢°%t + 2¢3t2
“3:73 457272 4 11q 1t 4+ 15 4 11qt 4+ 5¢%t% + ¢33

1lng; ¢

1lnoy  q 473 +5¢73t72 +13¢ 2t~ +17¢7 ! + 13t + 5qt? + ¢%t3

1lngg q St~ % 4+3¢ 5t 3 4+ 5¢ %t 2 +4¢ 3¢t~ +3¢72 + 4¢g 1t + 5t2 + 3qt3 + ¢2¢*

1lngg ¢ 473 +3¢7 372 +5¢7 27 4 6071 + 1 + 5t + 3qt% + ¢2¢3

1lngs  q 4t 3 +5¢73t72 4 11q 2t~ +13¢7 1 + 11t + 5qt? + ¢%¢3

1lnog  q 3t7 3 +5¢72t72 +9¢ 1t~ 4+ 11 + 9qt + 5¢%t2 4 ¢3¢3

1lngr ¢ 7 +3¢76¢73 +3¢75t72 4277 4273 + 72 +2¢7 2t + 3¢ 12 4+ 33 4 qt?

1lngs ¢ 2t72 +5¢ 1 49+ 5qt + ¢%t?

1lngg 3¢~ 3t72 +13¢ 2t~ 1 +19¢7 1 + 13t + 3qt>

1lngg 2¢ %t 3 46 %24+ 6¢ 3t 1 +5¢ 2 +6¢ 1t+ 6t 4 2qt3

1lng; q 2t 3 +3¢ % 2 4+q¢ 372 42¢ 3t 4472t P +q 2469 +2¢ Lt + 4t + 3t% 4 qt? + qt>
1lngy q 3t 3 +6q72t72 4+ 16 1t~ + 23 4 16qt + 6¢%t% + ¢>t3

1lngs q 4t 3 +6¢73t72 +12¢ 2t~ +13¢7 ! + 12t + 6qt% + ¢%t3

1lngs q 3t 3 4q72t 3 +3¢ 2t 2 +3¢g 't 24+ 3¢ 1t~ + 3t~ + 3+ 2q + 3qt + 3¢°t + 3¢%t2 + 3¢°3t2 + ¢33 4 ¢*¢3
1lngs 2¢ %t~ 3 + 10~ %t~ 2 4+ 203t~ + 25¢72 4 20¢— 1t + 102 + 24t

1lngg q 2t~ % +4¢ %3 4+ 8¢ 3t 2 +13¢ 2t~ + 15¢~ ! + 13t + 8¢t + 4¢°t3 + ¢3¢*

1lngy q 3t 3 +3¢72t72 4+ 5¢ 't~ 4+ 7 + 5qt + 3¢%t% + ¢3t3

1lngg q 3t 2 +4+2¢ 2t P+ ¢ 1t 42971 + 3+ 2t + qt + qt?

1lngg 2¢ 2t72 4+2¢ 2t 1 4+8¢ 1t~ +4¢7 1 + 13 + 2t + 8qt + 2q2t2

1lngg 2 4t 3 +8¢ 3t 2 4+ 18¢ 2t~ 4+ 23¢ 1 + 18t 4 8qt? + 2¢°t3

1lngr ¢ %% 447573 8¢ 472 4 9¢ 3t £ 9¢™ 2+9q*1t+8t2+4qt3+q t

1lnge ¢ 272 4 ¢ 72 4 ag e 44t 47 4 6g + 4qt + 493t + ¢%t2 + ¢5¢?

1lngs  2¢ %t~ 3 410~ %t~ 2 4+ 203t~ + 25¢72 4 20¢— 1t 4 10t2 + 24t

1lngg  q 2t~ % +4¢ % 3 4+ 8¢ 3t 2 +13¢ 2t~ +15¢7 1 + 13t + 8¢t + 4¢°t3 + ¢3¢*

1ngs ¢ 473 + 7373 42973672 4497272 + g7 27 477 Tl 49 4t 4 Tgt + 29t + 4712 + 213 + ¢33

1lngg 2 4t 3 +8¢ 3t 2 4 18¢ 2t~ +23¢~ 1 + 18t 4 8qt2 + 2¢°t3

11ng7 g %t 4 4475t 3 4+ 8¢ %472 4 9¢ 3t~ 1 4 9¢72 + 9¢ Lt + 8t2 + 4qt3 + 2t
1ings ¢ 3t73 +3¢7 2672 + 671t 4+ 9 + 6qt + 3¢t + ¢3t3

1inge ¢ 3t72 4272t + 27 ¢~ + 297 1+ + 2t + 2qt + qt2

1lngg 2¢ 2t~ 2 +6q 't~ + 9+ 6qt + 2¢%t>

1lns; ¢ 3¢ 34472t 2 469 1t~ 1+7+6qt+4q2t2+q3t3

1insy ¢ 473 + 673t 2 + 14¢— 2t~ 1+17q + 14t + 6qt2 + ¢2¢3

1lnss ¢ 3t73 + 47272 4+ 8¢~ 1™ +11+8qt+4q2t2+q3t3

1insy g 473 +4¢ 372 4 10g7 211 4+ 13¢7 1 + 10t + 412 + ¢2¢3

1lnss ¢ 3¢73 + 6972672 4 14¢ 1¢™ 1+19+14qt+6q t2 4 g8 t3

1lnseg ¢ 473 4473472 4 8¢72¢t L 499~ +8t+4qt2+q 3

lingy q "t~ % 43¢ %73 4247 5t 2+rr3t +3q72 + ¢t 4271 4 363 4 qtt
1lnsg ¢ 2t 3 + 471472 +8¢71 + 99 + 8¢ t+4q3t2+q4t3

1lngg q 2t 3 +6q %t 2+ 12 3¢t 1 4+ 15¢ 2 +12q*1t+6t2+qt3

1lngo ¢ 9t 4 +3¢ 473 +4¢73t72 4 572t 4+ 5071 + 5t + 4qt2 + 3¢2t3 + ¢3¢4
1lngt g %t % 4+3¢7%t 3 44g % 2429 3¢ L4 q 2 4 g7 2 Tt + ¢ + 4t + 3q23 + g2t
1lnga 2q 2t~ 2 +4+8¢ 't~ 1+13+8qt+2q t2

1lngs 2q 3t~ 2 +10¢ 2t~ +15¢~ " + 10t + 2qt>

1lngs 2¢ 2t 3 45 4t 24+3¢ 3¢t 1 +q 2 +3¢ 1t +5t2 4 2qt3

1lngs 3q 2t~ 2 +4+8q¢ 't~ 1 4+ 11 + 8qt + 3¢%t>

1lngg q *t 3 +7¢ 3t 2 +18¢ 2t~ 1 +23¢~ 1 + 18t + 7qt? + ¢%t3

1lngr ¢ 3t 2 +q 272 4297271 4 ag e £ 2¢7 1 47 4 2t + 4qt + qt? + ¢%¢?
1lngs 4q 3t~ 2 +16¢ 2t~ 1 4+ 23¢~ " + 16t + 4qt>

1lngg 2¢ %t 3 +7¢ % 2 4+9¢ 3t 1 +9¢ 2 +9¢ 1t + 7t + 2¢t3

1lnzg ¢ %t 3 +2¢ %72 +3¢ 3t 1 4 g 27 +4g72 4 ¢ 43¢ e+t + 262 4 g
1ln7y 2 %73 +7¢73t72 4+ 14¢ 2t~ + 17¢7 1 + 14t 4+ 7qt% + 2¢°t3

1ln7g 2 %t 3 +9¢ %t 2 +18¢ 3¢t~ 1 +23¢72 +18¢ 't + 9t2 + 2qt3

lingg ¢ 473 4 ¢33 + 2¢73¢72 +3¢7 2472 + g7 2¢7 1 +3¢ e £ 34t + 3qt + 2qt2 + 3¢%2 + %13 + ¢33
1ln7s ¢ 2¢72 +2¢7 2%t~ +4q*1t*1+4q*1+7+2t+4qt+q2t2
1lngs  2¢ 2t 3 +7¢ 1t~ 2 4 14t~ + 17q + 144> t+7q 342 4 24443
1lnzg ¢ 2t7% + 3¢ 1¢73 6t~ 2+8qt*1+9q + 8¢ t+6q4t2+3q5t*+q t*
1lngzy ¢ 872 +q7Tt73 427572 4 8¢ 4t~ +11q 34 8¢ 2t 4297 12 g7 1B et
llngg ¢ 5t=% +3¢7 %t~ 3+6q 4t 24897371 +9¢72 +8¢g7 1t + 6t% + 313 + ¢%t*
1ln7g 2¢ 3t 2 +4+4¢ 2t 1 449~ +1+4t+2qt2
1lngo ¢ 1t 3 +q 72 4 2t72 46171 + gt + 99+ 6¢%t + ¢t + ¢3¢2 + 242 4+ %3
1lngr ¢ ¢7% +3¢76¢73 4+ 472t 2+4q*4t*1+4q*3+q*2+4q*2t+4q*1t2+3t3+qt4
1lngs ¢ 473 +3¢7 3¢t~ 2+4q 2471 4+ 3¢7 1 + 4t + 322 + 23

3

11ngs q 2t~ 2+12q*1t + 19 + 12qt + 3¢2t2
1lngs 2q 't~ 2 4+ 9t~ 4 13q + 9¢°t + 2¢3t2

543 4 5q 42 4 7q 3t 4+ 7q 2 4 7q M + 52 + gt
T3 43¢ 872 47272 43¢ 2t 4 2¢7 Ve F2¢7 1 434 3¢ + 2gt + 322 + ¢%t2 + ¢%¢3

1lngs
1lnge

1lngs q St 3 +5¢72t72 +10q ¢t~ + 13 4+ 10qt + 5¢2t2 + ¢°t3
1lngs ¢ 3t73 + 497272 + 7717 4 9+ 7qt +4¢%¢2 4+ ¢33
1lngy q 2t 3 4+5¢ ¢~ 2 4+ 12t + 15q + 12¢%t + 5¢°t2 + ¢*¢3
1lngs ¢ ¢ 4 +3¢76t73 + 27772 4 ¢72 427142 + 363 + g1
1lngg q 't 3+ 7t72 4 14qt— 1 + 17¢> + 14¢%t + 7¢* 2 + ¢°+3
1lngg 2¢ %t 3 +7¢ %t 2 4+8¢ 3t 1 +7¢ 2 +8¢ 't + 7t + 2qt3
1lngr q ‘t—2+8t~ 1 +13q + 8¢t + ¢°¢2
1lngs ¢ 2¢73 +3¢7 1472 + 3¢ + 1+ 2¢ +3¢%¢ + 3¢%¢2 + ¢*¢3
1lngs 3¢ St 3 +7¢ %t 2 4+ 9¢ %t 1 +9¢7 3 +9¢ 2t + 7 "2 + 3¢3
1lngs q 3t 3 +6q 2t72+13¢ 1t~ + 17 4+ 13qt + 6¢2t2 + ¢°t3

q

q
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llngr g 272 4 g7 72 4 aq T 4267 47 + 2¢ + gt + 202t + g2t + ¢5t?
lings ¢~ 3t73 +7¢7 2672 4+ 16¢ 1t 71 + 21 + 16g¢ + 7¢212 + ¢3¢

1lngg 3¢ 1t 2 410t~ 4 13q + 10¢%¢ + 3¢3t2

llnigo 27 2t72% 4+ 11¢7 't ! +19 4 11qt + 2¢%¢?

11n1g1 29 '¢~2 410t~ 1 4 15g + 102t + 2¢3¢2

1lnjoe ¢ '¢72 4271471 3¢ + 4+ 3q + 2qt + 3¢%¢ + ¢5¢2

1ln1gs gt 3 +7t72 4 15qt 1 4 19¢% + 15¢%t + 7q*t? + ¢°¢3

lnjoa ¢ 7t 43¢ 0% 42q75t7% 4273 4577 4297 e+ 297 1P 4 87 4 gt
1lnyos ¢ 2t73 +7¢ %72 + 16 3t7 1 +21¢7 2 + 161t + 7t% + qt3

1lnigs g 2t72 +3¢ 172 46671 + 7q + 6¢%t + 3¢5t% + ¢*¢3

Unior g %7 4+8¢ 5473 +4q 72 +2¢73¢ 7 472 + 297 Mt 4 4t + 3qt® + ¢%1?
1lnigs ¢ 1 t73 +8t72 +17¢t 71 + 21¢% + 17¢3t + 842 + ¢°¢3

llnige g 2t73 + 7672 + 13t~ + 15¢% + 13¢3t + 7¢1t? + ¢°t3

Linito @ 273 +4¢ %72 +9¢7 11 +13 + 9qt + 4¢°t7 + %3

1ng1n ¢ 2t 3 +2¢ %72 + 7372 ¢ 3t +4q7 %t +5¢7 + g e+ 4t + 262 4 gt? + gt
Tnie ¢ %72 +5¢ %72 413¢7 2671 +17¢7 " + 13t + 5qt? + ¢2t?

1lny13 ¢ 't~ 2 49t~ 4 159 + 9¢%¢ + ¢3¢2

11ni14 3¢ 2t~ 2 +13¢~ ¢~ 1 + 21 + 13qt + 3¢>t2

1lny1s ¢ 2t 3 46 2t72 +18¢ 1t~ ! 4 27 + 18qt + 643t + ¢5¢3

Tnie  q 't72 4207171 42071 454 2 + 2gt + 2¢%¢ + ¢5¢?

1ln11r 3¢ 3t~ 2 49972t~ + 1171 + 9t + 3¢¢2

linyis ¢ ot 3 447472 +4g7 37 + 3972 +4g7 Mt 4 4t? + gt®

1lni19 ¢ 2t 3 +6q 2t72 +16¢ 1t~ ! 4 23 + 164t + 6¢%t> + ¢°t3

lnigo g 2t % +4q %72 +7¢ %72 £ 8¢7 2t + 7¢ " 4 8t + 7qt% + 4¢°t% + ¢°t*
1ln1a; ¢ 't 3 4+ 6t2 4 10qt~! 4 11¢% + 103t + 6¢*t2 + ¢°¢3

11nias  2¢7 1t 2 4 7t 1 4 9q + 7¢%t + 2¢3¢2

1ln1a3 3¢~ 2t~ 2 + 147171 4 23 + 144t + 3¢7¢2
478 1673472 4 14g 24 4 17g7 1 + 14t + 6qt2 + ¢2¢3

1lni2a ¢

Tnigs g %72 +6a7%t72 + 15 2¢~ 1 +19q7 ! + 15t 4 6qt> + ¢*¢>

linizg 3¢ %73 469 %t 2 +4q %" +2¢7% +q7% +4¢ %t + 67 17 + 37

1ln1a7 ¢ 2673 +5¢71¢72 + 13t 71 4+ 17¢ + 13¢2¢ + 5¢3¢2 + ¢*t3

1lnigs ¢ %73 +5¢73¢72 +10¢72¢t 7! 4+ 11¢7 ! 4 10t 4 5qt% + ¢?¢3

Tlnigg g 2t73 +4g7 172 410t 7! 4+ 13¢ + 10¢°t + 4¢°t% + ¢*¢3

linigo  q 573 4572t 2 4 12¢7 171 + 17 + 12qt + 5%t + ¢543

iz q 273 +6¢ 172 416671 4 21 + 1602t + 643t + %43

11n132 2¢ 2t 2+ 6 1t~ + 9+ 6qt + 2¢2¢2

Ilnigs g 074 4+4¢ %73 4 6¢ 472 +3¢ 3¢ 4724 4 g7 43¢ Ve 4+t 4 662 + 4qt3 + g2t
1ln134 3¢ 't~ 2 412t~ 4 17q 4+ 12¢%¢ + 3¢%¢2

Inizs ¢ 2t 3 +3¢7 472 4¢3 2 429737 42972 4 g2 £ 27 b 27 + 20 4+ 362 4 qi? + e

11nyzs 3¢ 9t~ 3 + 8¢ °t72 +13¢ %71 +15¢7% + 13¢ 2t + 8¢ 12 + 3t3
1lnigy g 't 3 +7¢72 4 13qt ™1 4 15¢% + 13¢3t + 7q*t? + ¢°¢3
1lnizs 20 5t72 +4¢7 267 + 471 + 1 + 4t + 2qt>
1lnize  2¢ 't 45+ 2t
—1,-2 -1 2 3,2
11njy40 2q t + 13t + 21q 4+ 13q°t + 2q°t
11nia1 5S¢ 't—1 4+ 11 4 5qt
—24=2 4 8= 141 4 15 + 8qt + ¢2¢2

1lni42  q

1nygs g 5t 3 4¢ 372 +3¢7 2472 + 297271 + 3¢t + 2¢7 1 + 3+ 2t + 3qt + qt? + 3¢%t? + ¢33
Tnias @ %73 4 7¢7 472 4157347 +19¢7 % + 15g 1t + 7E2 + gt

1ln1as ¢ 473 +2¢73t72 4 ¢ 2t72 4 g2t pag e 4 7 4t 4 dqt + 2qt2 + ¢2t2 + ¢33

Tniae ¢ %72 +5¢ %72 4 15¢7 2t + 21¢7 1 + 15¢ + 5qt? + ¢°t3

1nigr ¢ %t 4 44g %73 47742 4573471 43972 +5¢ Lt + 72 + 4qt® + ¢2t*

1lnias g %t~% +5¢7 473 +10¢73¢72 + 14¢~2¢~L + 15¢— 1 + 14t + 10qt2 + 5¢2¢5 + ¢3¢

1lnige g %t % 4497573 469742 +4g 3¢t 1 43972 + 49 Tt + 6t + 4qt> + ¢2t*

Tlniso 207 %t73 +9¢7 372 +17¢ 2t~ + 1971 + 17t + 9t + 2¢%¢3

lnisy 20 3t 24 2¢ 3t 4 8¢7 2t + 472 + 1171 + 2971t + 8t + 2qt2
5473 Lg% 3 429742 4493t 2 4+ g3t 47727 477 + g Ve 4+ Tt 4 262 + 4qt? + qtB + ¢2¢3

1lnis2 g~

lngss g %4 44g73¢73 477272 4 10g7 ¢! 4 13 + 10qt + 7912 + 4633 + g*¢?
Tnise ¢ %72 +7¢ %72 419¢7 267 + 25¢ 71 + 19t + Tqt? + ¢°t3

llniss  2q7 2673 +8¢ 12 411671 4 9¢ + 11¢%¢ + 8342 + 2¢%4°

Tnise ¢ t7% + 77272 4 18¢7 17! 4 25 4 184t + 7% 12 + 7t

Tnisy g 373 4697272 4 15 171 4 21 4 15qt + 64712 + ¢°¢°

1lnisgs ¢ Ot 444 %3 4774 2 477 3¢ 1 4+ 7972 +7¢ Lt 4+ 712 + 4qt® + ¢2t*
lngsg g 273 46g7 172 417671 4 23¢ + 17¢°¢ + 6652 + ¢%¢3

Tnigo ¢ %% + 697372 + 16972171 4 217! + 16t + 6qt% + ¢*¢3

Tnggr  2¢7 472 4+ 8¢7572 4 1497 2¢7 1 +15¢7 1 + 14t + 8q1? + 2743

1lnigz 3¢ 3t~ 2 + 1472t 4 2171 + 14t + 3qt2

Tlnigs g %72 +8¢73¢72 + 2272471 4+ 20071 4 22t 4 8qt? + ¢2¢3

lnigs g 2% 4+5¢ %72 £ 1097 3¢ +13¢7% + 10q7 't + 5t 4 qt?

Tnigs ¢ 5t7% + 77272 4207 1t 1 + 29 4 20t + 7% 12 + g7t

1lnigs @ Pt~ % + 47473 +8¢7 372 £ 11¢7 271 4 11¢7 1 + 11t + 8qt2 + 49243 + ¢3¢
Tnier ¢ %72 +5¢ 372 4 15¢7 267 + 21¢7 1 + 15¢ + 5gt? + ¢2t3

Tinies ¢ %% + 67372 +18¢7 2t~ 4 25¢ " + 18t + 6t + ¢°t>

Tlnige 3¢ %t™2 4+ 6¢7°t72 4+ 697471 + 575 4 6¢7 2t + 6q7 147 + 343

11n170 3¢~ t72 416t~ + 25¢ + 16¢%t 4 3¢°t>
1lni71 6 4t~ 2 4+ 160 3t~ 1 +21¢72 + 1697 1t + 62
nire ¢ 373 +5¢7 272 4 11¢7 1™ 4+ 15 + 11qt + 50212 + ¢°¢°
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lnizg a8t * 44975073 8¢ 2 + 7q % 45972 4 7q7 e + 867 + 4qt® + ¢7t?
1lnizs  2q7 972 4117 4672 4 22¢7 37 4 27¢7 2 + 2297 1t + 1167 + 2¢¢3

1inizs  2q7 5t 3 + 997472 + 14¢ 3¢~ + 15¢7 2 + 14~ 1t + 9t + 2¢£°

linize g 2t~ 3 +6g 1t~ 2 415t + 19¢ + 15¢% ¢ + 6¢°¢% + ¢*¢3

1inirr g 2t % 4597473 4117372 416972t +17¢7 1 + 16t + 11g¢° + 5¢%¢% + ¢°¢*
1iny7s  2q~ 473 + 9973t 2 42297271 + 2971 + 22t + 9t + 2¢%£°

1lny7g ¢ 3t 3 +7¢72t72 +18¢ 171 + 25 4 18qt + 7¢%t? 4 ¢5t3

1inigo  3q 6t72 4+ 7¢7 %72 4 11g7 Mt +13¢7 % 4+ 11g7 2t + 7q~ ¢ + 3¢°

1lnigr 5q 2t~ 2 +11¢7 3t~ 1 +13¢72 + 11q 1t 4 5¢2

1inige g 4t7% +5¢7 373 4 11¢7 %t 7% 4 18¢7 1t 7! 4 23 + 18g¢ + 11972 + 5¢%¢3 + ¢*t?
1inigs ¢ %t 3 +q¢ %t 2 4+2¢ % 246 3t 1 +9¢72+6q 't +q 24262 13
llnigs  2q~ %72 +9¢73¢72 +20g7 %71 +25¢7 1 4 20t + 9t + 2¢%¢°

1lnigs  2q75t73 +11g7 472 + 24973t + 31972 + 247 1t 4 11¢7 4 242>

The knots 11n49 and 11ns,s are often discussed in the literature. These are the
Kinoshita-Terasaka knot K751 and its Conway mutant Cs i, respectively. A min-
imal* arc presentation for K Ty1 appears in Figure B from which we computed its
knot Floer homology polynomial: (¢=2 + ¢ 1 )t=2 +4(¢~' + 1)t + 7 + 6q + 4(q +
®)t + (¢* + ¢*)t?. Likewise, the knot Floer homology polynomial of Uy is: (3 +
O3 4+3(q 2+ D2 +3(g HH D) 434204+ 3(g+ At +H3(P ) P+ (B +gh) .
Recall that these knots are of special interest because their Alexander polynomials
are trivial. They can be distinguished by their Seifert genera, however: K751 has
genus 2, whereas Cy ;1 has genus 3 (c.f. [, Theorem 1.2). The homology in extremal
Alexander gradings was computed for these knots in [§], Theorem 1.1. There are
a surprisingly large number of knots with arc-index at most 12. Non-alternating
knots tend to have lower arc-index than alternating ones (e.g. «(10;24) = 8 but
Cromwell [I] showed that all alternating knots K have a(K) = ¢(K) + 2), which is
fortunate since HFK is determined by more easily computed invariants (Alexander
polynomial and signature) in the case of alternating knots [3].

In [7], Ozsvath and Szabé introduced a concordance invariant 7 for knots in S3
which is defined as follows. Let 51\7(53) denote the chain complex which computes
the Heegaard Floer homology of S3, and let F'(K,m) C 51\7(53 ) be the subcomplex
generated by chains with Alexander grading less than or equal to m. This inclusion
of complexes induces a map on homologies:

M H(F(K,m)) — HF(S*) = 7
which are isomorphisms for m large enough. We then define
7(K) = min{m € Z |i% is non — zero}.

It turns out that |7(K)| < g*(K), where g*(K) is the smooth four-ball genus of K.
As a result of the recent combinatorial formulation of knot Floer homology, 7 can
in principle be computed algorithmically. We did not implement this, but for many
of the knots in our list, 7(K) can be read off directly from the Poincare polynomial
for HFK (K). In particular, whenever there is exactly one Alexander grading i for
which HFK o(K, i) is non-trivial, 7(K) is simply equal to i. For instance, we see
immediately that 7(11ng5) = 2.
Our computer program is available in C+-+ at the address:

http://www.math.columbia.edu/~wgillam/hfk

“lan Nutt listed all knots with arc-index at most 10 in his PhD thesis. KT ; is not among them.


http://www.math.columbia.edu/~wgillam/hfk
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Figure 4: Arc presentations for KI5 1 and Cs 1

We wish to thank Peter Ozsvéth, from whom we learned about Heegaard Floer

homology, for his encouragement.
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