
Honors Math B
Homework 7

A

Read Apostol, Volume II, pp. 114-124 and 138-141. If you want to get a head start on the second
half of the course, start reading Ch. 8 (p. 243).

B

To turn in, do Apostol p. 30 exercise 2, p. 118 exercise 3, and p. 126 exercise 13.

To do for yourself, do Apostol p. 30 exercises 3 and 4, pp. 118-19 exercises 4, 5, and 6, and pp.
124-126 exercises 1, 2, 6, 8, and 14. If you did not get the last problem on the midterm (see the
file on Canvas), do that too – we’ll need it below.

C

1. Let V be a finite-dimensional inner product space and U ⊆ V any subspace. Show that
dimU + dimU⊥ = dimV .

2. In the textbook (and in class), we saw the definition of the adjoint A∗ := At (the conjugate
transpose) of a matrix A. There is a corresponding notion for linear maps. Namely, let T : V →W
be a linear map between inner product spaces. We say that T ∗ : W → V is an adjoint to T if for
all v ∈ V , w ∈W we have

(Tv,w) = (v, T ∗w).

Prove that if V and W are finite-dimensional, then T ∗ exists and is unique. [HINT: Fix w ∈ W .
Show that the function Lw : V → R taking v to (Tv,w) is linear. Apply the last problem on the
midterm to find what you should define T ∗w to be. Then show the resulting function is linear.]

3. Use the above notation.
a) Show that (T ∗)∗ = T .
b) Show that kerT ∗ = (imT )⊥.
c) Show that kerT = (imT ∗)⊥.
d) Show that if T is invertible, then so is T ∗, and (T ∗)−1 = (T−1)∗.

4. Use the above notation. Let {e1, . . . , en} be an orthonormal basis for V and {f1, . . . , fm} be
an orthonormal basis for W . Let A be the matrix for T in the given bases. Show that A∗ is the
matrix for T ∗ in the given bases, so the notation makes sense.
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5. Prove that rankT ∗ = rankT (recall that the rank is just the dimension of the image). Use this
to give an alternative proof that if A is a real square matrix, then its row rank equals its column
rank.

6. There is a common generalization of the spectral theorems we proved in class: if V is a finite-
dimenaional inner product space and T : V → V a linear map, then T is normal in the sense that
TT ∗ = T ∗T if and only if V has an orthonormal basis of T -eigenvectors. It’s not so difficult to
prove this, but we’ll pass for now as it would make the problem set too long.
a) Show that this spectral theorem implies the three that we have proved (involving Hermitian,
skew-Hermitian, and unitary matrices).
b) Prove the “only if” part of this theorem by considering a diagonal matrix representation of T .
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