
Honors Math B
Homework 6

A

Read Apostol, Volume II, pp. 14-30. If you still have Volume I lying around, also peruse the first few sections
of Chapter 9 there, so as to familizarize yourself with complex numbers C.

B

To turn in, do the following problems in Apostol, Volume II: pp. 20, exercises 3, 4, and 5.

To do for yourself: p. 21, exercises 8, 10, and 12.

C

In class, I mentioned the following theorem (Cayley-Hamilton): if A ∈ Mn×n, then pA(A) = 0, where 0 is
the zero matrix and we define what it means to take a polynomial function of a matrix in the obvious way
(e.g., if f(x) = 4x2 + 1, then f(A) = 4A2 + I).

1. a) What’s wrong with the following “proof” of the Cayley-Hamilton theorem: pA(t) = det(tI − A), so
pA(A) = det(AI −A) = det(A−A) = det(0) = 0?
b) Prove the Cayley-Hamilton theorem for 2× 2 matrices by explicit calculation.

2. a) Prove the Cayley-Hamilton theorem for diagonal matrices by explicit calculation.
b) Prove the Cayley-Hamilton theorem for diagonalizable matrices by reducing to the diagonal case. [HINT:
You probably want to first prove that if A is similar to B and f is a polynomial, then f(A) is similar to
f(B).]

It is possible to finish the proof of the Cayley-Hamilton theorem along these lines by using topology: the
space of all diagonalizable matrices is dense in the space of all matrices, and everything involved is continu-
ous. There is also a more conceptual proof using more advanced algebraic techniques.

3. Express the following complex numbers in the form a + bi, where a, b ∈ R:
a) (1 + i)2,
b) 1/i,
c) (1 + i)/(1− 2i),
d) i5 + i16.

4. To turn in: Let f be a polynomial with real coefficients, which we may also view as a function on C.
a) Show that f(z) = f(z) for all z ∈ C.
b) Deduce that any nonreal zeroes of f (if any exist) occur in pairs of complex conjugate numbers.
c) Deduce that if A ∈ Mn×n(R) (i.e., A is a square matrix with real entries), then any nonreal eigenvalues
of A occur in complex conjugate pairs.
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5. Prove the following curious identity: if V is an inner product space over R, then for all x, y ∈ V we have

(x, y) =
1

4

(
||x + y||2 − ||x− y||2

)
.

In particular, if we have a norm that happens to come from an inner product, we can recover the inner
product from the norm.
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