
Honors Math B
Homework 13

A

Read Apostol, Volume II, Chapter 12. Pay special attention to two things: 1) Apostol introduces
a more general surface integral of a scalar function (as a special case, by integrating the constant
function 1 we can calculate the area of surfaces), which we did not do in class, as the main theorems
only involve the “flux integral” of a vector field; 2) Notations are slightly inconsistent, but see §12.9
for a discussion. We wrote

∫∫
S F · dr2 where Apostol usually writes

∫∫
S F · ndS.

B

In all problems involving the various fundamental theorems in multivariable calculus, you may
assume that the relevant regions are of graph type, or assume the relevant theorems in the greater
generality stated in the text.

Do Apostol p. 424 exercises 8 and 10, p. 437 exercises 5 and 7, pp. 442-3 exercises 1, 3, 6, and
11, p. 447 exercises 1a, 3, 5, and 8, pp. 452-3 exercises 3 and 10, and pp. 462-3 exercises 1 and
4-12 inclusive (notation alert: as per the note before exercise 4, substitute ∇f · dr2 for ∂f/∂ndS
everywhere, and similarly for g).

C

1. Let f : [a, b] → R be a differentiable function. Express the subset of R3 swept out by the
graph of f as it rotates about the horizontal x-axis as a parametric surface in R3: the surface of
revolution. Write down an expression for the surface area between x = a to x = b as a one-variable
integral from a to b.

2. Let r : T → S be a parametric surface and γ : [a, b] → T a path in the plane, so in particular
r ◦ γ : [a, b] → S is a path in R3. Show that the tangent vector to r ◦ γ at each t is orthogonal to
the outward normal vector of the surface.

3. Let r : T → S be a parametrized surface. Suppose that, as a set, S = {x ∈ R3|f(x) = 0} for
some differentiable f : R3 → R (we say that S is implicitly defined). Show that at each point of
S, the gradient ∇f is a nonzero scalar multiple of the outward normal vector of the surface. Give
an example.
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