
Honors Math A
Homework 11

A

Read pp. 383-427 in Apostol. There are quite a few topics here that we did not cover in class
but which you should read about: decimal expansions, the limit comparison test, the root test, the
alternating series test, Dirichlet’s convergence test, rearrangement of series, and improper integrals.

B

To turn in, do the following problems in Apostol: p. 391 exercises 3 and 4, p. 411 exercise 50.

To do for yourself, do Apostol p. 391 exercises 12 and 15 and some random assortment of the series
convergence exercises on p. 398, p. 402, and p. 409.

C

1. To do for yourself: If {an} is a sequence indexed starting at n = 0, prove that for any k ∈ Z≥0,
the series

∑∞
i=0 ai converges if and only if the series

∑∞
i=k ai :=

∑∞
i=0 ai+k does.

2. To turn in: Given sequences {an} and {bn} and a number M ∈ Z>0 such that n ≥ M implies
an = bn, prove that the series

∑∞
i=1 ai converges if and only if

∑∞
i=1 bi does.

3. To turn in: If {an} is a sequence and
∑∞

i=1 ai converges, show that the original sequence {an}
converges to zero.

4. To turn in: Show that a function f : R → R is continuous if and only if whenever {xn}
converges with limn→∞ xn = x, then {f(xn)} converges with limn→∞ f(xn) = f(x). (We call this
latter property sequential continuity, so this exercise proves that a function R → R is continuous
if and only if it is sequentially continuous.)

5. To do for yourself: Show that if {xn} converges, then so does {|xn|}. Is the converse true? Give
a proof or counterexample.

6. To turn in:
a) Let {an} be a sequence. Suppose that for all c ∈ R, there exists N ∈ Z>0 such that for all
n ∈ Z>0, n ≥ N implies |an| > c. Prove that {an} is divergent. (If this condition holds, we say
that {an} goes to infinity as n→∞.)
b) Prove that if |x| > 1, then {xn} is divergent.
c) Prove that if |x| > 1, then the geometric series

∑∞
n=0 x

n is divergent.
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7. To turn in: Let fn : [a, b] → R be a sequence of integrable functions converging uniformly to
f : [a, b]→ R. Prove that f is integrable and

lim
n→∞

∫ b

a
fn(x) dx =

∫ b

a
f(x) dx.

[HINT: You might want to use our old friend C6 on Homework 5. Do not assume that the functions
are continuous!]

8. To turn in: Let fn(x) = x
1+nx2 .

a) Find formulas for f(x) = limn→∞ fn(x) and g(x) = limn→∞ f ′n(x).
b) Prove that for all x ∈ R, |fn(x)| ≤

√
1/n. [HINT: Find the local extrema.] Do the fn converge

uniformly?
c) Prove that f is differentiable at every x ∈ R. For what x is f ′(x) = g(x)?

9. To do for yourself: What “theorem” is disproved by the previous exercise?
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