
Honors Math A
Homework 10

A

Read pp. 374-407 in Apostol.

B

1. To turn in: Prove the following monotonicity property of limits of sequences: If limn→∞ an = A,
limn→∞ bn = B, and an ≤ bn for all n, show that A ≤ B. What can we conclude if in fact an < bn for all n?

2. To do for yourself: if {an} is a sequence indexed starting at n = 0, prove that for any k ∈ Z≥0, the series∑∞
i=0 ai converges if and only if the series

∑∞
i=k ai :=

∑∞
i=0 ai+k does.

3. To turn in: Suppose that {an} and {bn} are sequences and M ∈ Z>0 is a number such that n ≥ M
implies that an = bn. Prove that {an} converges if and only if {bn} does, and if they both converge then
they converge to the same value. (This formalizes the notion that convergence of a sequence does not depend
on finitely many values.)

4. To turn in: Given sequences {an} and {bn} and a number M ∈ Z>0 such that n ≥ M implies an = bn,
prove that the series

∑∞
i=1 ai converges if and only if

∑∞
i=1 bi does.

5. To turn in: If {an} is a sequence and
∑∞

i=1 ai converges, show that the original sequence {an} converges
to zero.

6. To do for yourself: Suppose S ⊆ R. Show that c = supS if and only if c is an upper bound for S and
there exists a sequence {an} with each an ∈ S and limn→∞ an = c.

7. To turn in: Show that a function f : R → R is continuous if and only if whenever {xn} converges with
limn→∞ xn = x, then {f(xn)} converges with limn→∞ f(xn) = f(x). (We say that continuous functions take
convergent sequences to convergent sequences.)

8. To do for yourself: Show that if {xn} converges, then so does {|xn|}. Is the converse true? Give a proof
or counterexample.

9. To turn in:
a) Let {an} be a sequence. Suppose that for all c ∈ R, there exists N ∈ Z>0 such that for all n ∈ Z>0,
n ≥ N implies |an| > c. Prove that {an} is divergent.
b) Prove that if |x| > 1, then {xn} is divergent.
c) Prove that if |x| > 1, then the geometric series

∑∞
n=0 x

n is divergent.

C

To turn in, do the following problems in Apostol: p. 250 exercise 39, p. 382 exercise 29, and p. 391 exercises
3 and 4. To do for yourself, do Apostol pp. 249-250 exercises 35, 36, 37, and 38, p. 382 exercises 1, 2, 30,
31, and 32.
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