
Algebraic Topology
Homework 6

Reading associated with this assignment: Section 4.1 of Hatcher except for the sections about
Whitehead’s Theorem and CW Approximation, which we will get to shortly, pp. 375-384, which
present a lot of examples of naturally-occurring fiber bundles, most of which we will not see in class,
and pp. 405-409, which introduces the fibration sequence in a special case. Hatcher does introduce
the cofibration (Puppe) sequence in a special case on p. 398, but only as part of the proof of a
result that we lack the vocabulary to state or appreciate right now.

1. Prove the other half of the five-lemma: if a diagram

A //

��

B //

��

C //

��

D //

��

E

��
A′ // B′ // C ′ // D′ // E′

of homomorphisms of abelian groups with exact rows commutes, and all vertical maps except the
middle are isomorphisms, then the middle map is injective (we showed surjectivity in class). What
are the minimal hypotheses you need to verify injectivity? (Of course there are many proofs of this
result in textbooks and online sources, but try this on your own – the idea is to get practice with
“diagram chasing” in general.).

2. We used in class the following fact: if p : (E, e) → (B, b) is a based fibration of based spaces,
then the inclusion φ : F = p−1(b) → Np is a based homotopy equivalence (this explains why it is
reasonable to call Np a “homotopy fiber” – up to homotopy, it is a fiber). Prove it.

3. In class we considered a map f : X → Y of pointed topological spaces and let π : Nf → X be
the projection. Prove that π is always a fibration (so the “fibration sequence” does always feature
fibrations, even if f isn’t one; a similar statement is true for the cofibration sequence). Use this
and the previous problem to show that the natural inclusion ΩY → Nπ is a homotopy equivalence,
which is another result we needed in class.

4. Prove that πi(S
n) = πi(RPn) for all i ≥ 2 by using an appropriate exact sequence.

5. Let m,n ∈ Z>1∪{∞} and let X = RPm×Sn and Y = RPn×Sm (pick basepoints arbitrarily).
Show that πi(X) ' πi(Y ) for all i ≥ 0. [HINT: Universal covers.] When we learn something about
homology, we will discover that in general X and Y are not homotopy equivalent.

6. Suppose we have a long exact sequence of abelian groups

. . . Cn+1 → An
in−→ Bn → Cn → An−1

in−1−−−→ Bn−1 → . . . ,
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with every third arrow in injective. Show that each short sequence

0→ An
in−→ Bn → Cn → 0

is also exact.

7. Show that if we have a short exact sequence of abelian groups

0→ A
f−→ B → C → 0

together with a map g : B → A such that gf = idA, then B ' A⊕C. We say that the short exact
sequence splits in this case.

8. Using the previous two problems, show that if (X,A) is a pointed pair such that there exists a
retraction r : X → A, then

πn(X) ' πn(A)⊕ πn(X,A)

for all n ≥ 2.
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