
Algebraic Topology
Homework 5

Reading associated with this assignment: various and sundry. Pages 337-341 of Hatcher intro-
duce higher homotopy groups directly. Fiber bundles and fibrations are defined on p. 375; we’ll
prove Theorem 4.41 on the next page as a consequence of more general results. Several examples
follow. Proposition 4.48 says that every fiber bundle is a Serre fibration, a result mentioned in
class. A discussion of the adjoint relationship between (reduced) suspension and loopspace begins
on the bottom of p. 394. Various facts about the compact-open topology are presented at the end
of the Appendix.

1. Prove that if f : X → Y and g : Y → Z are fibrations (resp. cofibrations), then the composition
g ◦ f : X → Z is a fibration (resp. a cofibration).

2. Prove that if Y is the one-point space, then any map f : X → Y is a fibration.

3. Hatcher, p. 419, exercise 8.

4. Hatcher, p. 419, exercise 9.

5. Let X and Y be pointed topological spaces. Prove directly (i.e., without using general adjoint-
ness results) that 〈ΣX,Y 〉 = 〈X,ΩY 〉. [HINT: The easiest way to do this is probably to show that
Mor(ΣX,Y ) ' Mor(X,ΩY ) and then show that this bijection passes to homotopy classes.]

6. Suppose that X is a CW complex that is an increasing union of subcomplexes X1 ⊆ X2 ⊆ . . .
such that each inclusion Xj ↪→ Xj+1 is nullhomotopic. (The Xj are not assumed to be the j-skeleta
of X, although they certainly can be.) Show that X is contractible.

7. Given a pointed space (X,x0), view ΣX as X × I/(X × {0} ∪X × {1} ∪ {x0} × I) and consider
the inclusion i : X ↪→ ΣX given by x 7→ (x, 1/2). Show that i is nullhomotopic.

8. Use the previous two problems to conclude that if X is a pointed CW complex, the infinite
suspension

Σ∞(X) =
⋃
j≥1

Σj(X),

with inclusions given as in the previous exercise, is contractible. Since Σ∞ is a functor, we have
found an interesting functorial way of making an arbitrary CW complex contractible! In particular,
since S∞ = Σ∞(S0), the infinite-dimensional sphere is contractible.

1


