
REMINDER ON MODULES

1. Introduction

For us, all rings are commutative unless explicitly indicated. Modules over a ring simultaneously generalize
vector spaces and abelian groups; to a very first approximation you can think of them as “vector spaces over
a ring.” The definition is verbatim that of a vector space, but with a ring instead of a field:

Definition 1.1. Let R be a (commutative) ring. An R-module M is an abelian group on which R “acts by
additive maps”: there is a function R×M →M denoted by (r,m) 7→ rm such that

(1) 1m = m for all m ∈M ,
(2) r(m+m′) = rm+ rm′ for all r ∈ R and m,m′ ∈M ,
(3) (r + r′)m = rm+ rm′ and (rr′)m = r(r′m) for all r, r′ ∈ R and m ∈M .

Example 1.2. By definition, when R is a field, an R-module is the same as an R-vector space.

Example 1.3. Given any ring R, the Cartesian product (set of ordered n-tuples) Rn is an R-module, with
componentwise addition and R-multiplication, just as for Rn and Cn.

Example 1.4. A Z-module is the same as an abelian group (why?).

Example 1.5. Any ideal I in a ring R is an R-module, taking operations to be the natural operations in R.

Example 1.6. Given an ideal I and a ring R, the quotient ring R/I is an R-module (in addition to being a
ring in its own right) via r(x mod I) := rx mod I for r ∈ R and x ∈ R.

Example 1.7. Given a ring R, the polynomial ring R[T ] is an R-module with obvious addition and R-
multiplication.

Example 1.8. Given a ring R, the set Map(R,R) of set functions f : R→ R is an R-module with pointwise
addition and R-multiplication given by (rf)(x) = r(f(x)) for r ∈ R.

2. Basic definitions

Let us try to develop linear algebra in this general setting. Most of the definitions from usual linear
algebra continue to make sense, but the theorems don’t generally hold.

Definition 2.1. Let M be an R-module. An R-linear combination of elements m1, . . . ,mk ∈ M is an
expression

r1m1 + . . .+ rkmk

where ri ∈ R for each i. If every element of M can be written as a linear combination of m1, . . . ,mk, we say
that m1, . . . ,mk spans (or generates) M (and the set {mi} is a spanning set or generating set). If M has a
finite spanning set, we say that it is finitely generated (or sometimes just finite).

Note that a finitely generated ideal of R is nothing more than the span of a finite set of elements of R, as
an R-module.

Example 2.2. Spanning sets depend on the underlying ring. Consider the ring Z[i] of Gaussian integers: the
underlying set is Z2, where we write (a, b) as a+ ib, addition is componentwise, and multiplication is defined
by requiring that i2 = −1 and extending by linearity (where i = 0 + 1i). Equally, we could define it simply
as a subring of C, with the induced operations. Consider the ideal I = (1 + 2i). We may consider I as a
Z[i]-module, but also as a Z-module in a natural way. As a Z[i]-module, I is spanned by 1 + 2i, essentially
by definition. As a Z-module, however, this no longer suffices: one possible spanning set is {1+2i, i(1+2i)}.

There are similar definitions for the span of an infinite set, keeping in mind that we are only allowed to
take finite sums: a spanning set of an R-module M is a subset {mi}i∈I of M such that every m ∈ M is a
finite R-linear combination of the mi; i.e., we can write

m =
∑
i∈I

rimi,

where ri ∈ R for all i and ri = 0 for all but finitely many i.
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Example 2.3. The R-module R[T ] is spanned by {1, T, T 2, . . .}, and there is no finite spanning set, so it
is not finitely generated as an R-module. In another dramatic example of spanning sets depending on the
underlying ring, if we consider R[T ] as an R[T ]-module (this is a bit silly, but we can certainly do it), then
the module R[T ] is spanned by the single element 1.

Now we discuss maps between R-modules. Again, the definition is exactly as for maps of vector spaces:

Definition 2.4. Let M and N be R-modules. An R-linear map (or R-linear transformation, or R-module
homomorphism, or many other similar names) is a function f : M → N that is additive and commutes with
R-multiplication: that is, f(m+m′) = f(m) + f(m′) and f(rm) = rf(m) for all m,m′ ∈M and r ∈ R.

Example 2.5. By forgetting the ring structure, we may regard C as an R-module. Complex conjugation
z 7→ z is an R-linear map. It is not a C-linear map: cz = c z, not cz.

Example 2.6. Let R be a ring and α ∈ R a distinguished element. Then the “multiplication by α” map
mα : R → R given by mα(r) = αr is an R-module homomorphism, where we consider R to be a module
over itself. Of course, mα is essentially never a ring homomorphism!

Example 2.7. Let Matn×m(R) be the set of n by m matrices with entries in a ring R. Any A ∈ Matn×m(R)
gives a function A : Rm → Rn by matrix multiplication. This is always an R-linear map, and all R-linear
maps Rm → Rn are of this form, just like in linear algebra.

Given two R-modules M and N , the set of R-linear maps from M to N is denoted HomR(M,N), or just
Hom(M,N) if the base ring is clear from context. This set carries a natural R-module structure: it is an
abelian group under pointwise addition of functions, and for r ∈ R, f ∈ Hom(M,N) we set (rf)(m) = rf(m)
(that is, r acts on f simply by acting as it does in N , applied pointwise).

Example 2.8. We have HomZ(Z,Z/nZ) ' Z/nZ for any integer n > 1: the possible Z-linear maps from the
integers are determined by where we send the element 1, and we can send it to any element of Z/nZ; the
group structure is clear. On the other hand HomZ(Z/nZ,Z) is the trivial Z-module.

Example 2.9. Let F be a field and V,W vector spaces over F of dimensions m and n, respectively. Then
HomF (V,W ) is a vector space over F of dimension mn, which we can see concretely by (noncanonically)
identifying V ' Fm, W ' Fn, and HomF (V,W ) ' Matn×m(F ).

Definition 2.10. Let M and N be R-modules. An isomorphism (of R-modules) from M to N is a bijective
R-linear map f : M → N . If an isomorphism M → N exists we say M and N are isomorphic and write
M ' N .

Example 2.11. Let Z[
√

2] denote the subring of R consisting of numbers of the form a+ b
√

2, a, b ∈ Z. Then

Z[
√

2] and Z[i] are not isomorphic as rings: for example, you can check that the unit group of Z[
√

2] is
infinite while that of the Gaussian integers is {±1,±i}. But as Z-modules they are both isomorphic to Z2,

and hence to each other, via isomorphisms Z[
√

2]→ Z2 → Z[i] taking a+ b
√

2 7→ (a, b) 7→ a+ bi.

Definition 2.12. Let M be an R-module. A submodule is a subgroup N ⊆ M such that rn ∈ N for all
r ∈ R, n ∈ N ; i.e., it is a subset of M that is itself a module with operations induced from M .

Example 2.13. Viewing R as a module over itself, its submodules are exactly its ideals.

Example 2.14. Being a submodule depends on the underlying ring R: Z + Z · 2i = {a + 2bi : a, b ∈ Z} is a
Z-submodule of Z[i], but not a Z[i]-submodule (it isn’t preserved under multiplication by i).

Definition 2.15. Let f : M → N be an R-linear map. The kernel of f , denoted ker f , is {m ∈M : f(m) =
0} ⊆M . The image of f , denoted im f , is {f(m) : m ∈M} ⊆ N .

Note that ker f is actually a submodule of M and im f is a submodule of N .

Definition 2.16. If N ⊆ M is a submodule, then the quotient group M/N naturally carries an R-
multiplication given by r(m mod N) := rm mod N . The resulting module M/N is called a quotient
module.

The usual “isomorphism theorems” of group theory carry over to this setting. For example, f : M → N
induces an injective map f : M/ ker f → N that is an isomorphism of M/ ker f with im f .

The following definition is useful mostly as a notational device:
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Definition 2.17. Let {Mi}, i ∈ Z, be a sequence of R-modules, and let fi : Mi → Mi+1 be an R-linear
map for each i. We can draw this situation as

· · · →Mi−1
fi−1−−−→Mi

fi−→Mi+1 → · · ·

Given this data, we say that the sequence is exact at i if the image of fi−1 is equal to the kernel of fi. The
sequence is exact if it is exact at i for all i. A short exact sequence is an exact sequence that is zero outside
three consecutive terms:

0→ N →M → P → 0.

One should check that a sequence 0→ N →M → P → 0 is short exact if and only if N →M is injective,
M → P is surjective, and the image of N in M is equal to the kernel of M → P .

Example 2.18. Given an R-module M and a submodule N ⊆M , let i : N →M denote inclusion. Then the
sequence

0→ N
i−→M →M/N → 0

is short exact. In particular, if I is an ideal of R, then

0→ I ↪→ R→ R/I → 0

is a short exact sequence of R-modules.

Example 2.19. Given any R-linear map f : M → N , the sequence

0→ ker f ↪→M
f−→ N � im f → 0

is exact.

Definition 2.20. For R-modules M and N , their direct sum is the R-module

M ⊕N = {(m,n) : m ∈M,n ∈ N}

equipped with componentwise addition and R-multiplication. More generally, for any set of R-modules
{Mi}i∈I we may form their direct sum⊕

i∈I
Mi = {(mi)i∈I : mi ∈Mi and mi = 0 for all but finitely many i}.

By contrast, the direct product is the R-module given by∏
i∈I

Mi = {(mi)i∈I : mi ∈Mi}.

Thus in particular the direct sum and direct product coincide if I is finite, and in general the direct
product is “bigger.” As in the case of abelian groups, M 'M ⊕{0} and N ' {0}⊕N inside M ⊕N . There
is also a criterion for a module to be isomorphic to the direct product of two submodules via addition: If L
is an R-module with submodules M and N , then M ⊕N ' L via (m,n) 7→ m+n if and only if M +N = L
(that is, the elements of M and N together generate L) and M ∩N = {0}.

One can also define a tensor product of R-modules, but we will not need it (at least for a while), so let’s
move on.

3. Bases and free modules

Now we come to the part where our intuition from linear algebra over a field starts breaking down.

Definition 3.1. Let M be an R-module. A subset {mi}i∈I is called linearly independent if whenever there is
a finite sum

∑
i rimi = 0 with ri ∈ R, we have that ri = 0 for all i. Otherwise it is called linearly dependent.

A subset of M is called a basis if it is a linearly independent set that spans M . A module that has a basis
is called a free module. A module that has a finite basis is called a finite free module.

Example 3.2. The R-module Rn is finite free, with basis given by the n elements ei = (0, . . . , 0, 1, 0, . . . , 0),
with 1 placed in the ith position, 1 ≤ i ≤ n.

Example 3.3. The R-module R[T ] is free with basis {1, T, T 2, . . .}.

If R = F is a field, then linear algebra tells us that any R-vector space has a basis, hence is free. If R is
arbitrary, not all modules are free:
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Example 3.4. Let n > 1 be an integer. The Z-module Z/nZ is generated by a single element (the equivalence
class of 1, for example), but we have the equation nα = 0 in Z/nZ for any α ∈ Z/nZ, so {α} is not linearly
independent for any α. Therefore there is no basis; i.e., Z/nZ is not free. This also illustrates the fact that
a set consisting of a single nonzero element may not be linearly independent!

Other facts about linear independence in vector spaces are false for modules. For example, it is a theorem
that a set of vectors is linearly independent if and only if no element of the set is in the span of the remaining
vectors. To prove (one direction of) this fact, we take a linear dependence relation

∑
rimi = 0 with, say,

r1 6= 0 and rewrite it as

m1 =
∑
i 6=1

(
− ri
r1

)
mi,

so linear dependence implies that some vector is in the span of the remaining ones. In an arbitrary ring R,
we are not allowed to divide by r1, so the argument breaks down!

Example 3.5. Let Z be considered as a module over itself. Then we cannot write either 2 or 3 as a multiple
of the other, but {2, 3} is certainly linearly dependent because a · 2 + b · 3 = 0 when a = 3 and b = −2.

Other things that go wrong: maximal linearly independent subsets need not span (consider {2} in Z),
minimal spanning sets need not be linearly independent (consider {2, 3} in Z again), linearly independent
subsets cannot in general be enlarged to bases, spanning sets do not necessarily contain a basis, and R-linear
maps between finite free modules of the same dimension can be injective but not surjective (consider Z→ Z,
x 7→ 2x). As an exercise, you can prove that an ideal I of a ring R, considered as an R-module, is free if
and only if it is principal (in which case it is generated by only one element!).

More elaborate examples of things going wrong:

Example 3.6. Submodules of free modules - even finite free modules - need not be free. For many examples,
take any ring R with a nonprincipal ideal (e.g., Z[

√
−5] and the ideal p = (2, 1 +

√
−5)). Considered as a

module over itself, R is certainly free; by the above exercise the submodule p is not.

Example 3.7. Submodules of finite free modules need not even be finitely generated. We may take any ring
R with a non-finitely generated ideal I; similarly to the above example, I considered as a submodule of the
free R-module R will then not be finitely generated. Such rings are called non-noetherian and they don’t
come up much in basic algebraic number theory; for an example one might take the ring C∞(R) of smooth
R-valued functions on the real line and its ideal of functions whose derivatives of all orders vanish at 0 (this
is a very big ideal because of the colossal failure of Taylor approximations for arbitrary smooth functions;

for example, it contains the function e−1/x
2

).

Example 3.8. A finite free R-module often strictly contain another finite free R-module with bases of the
same size. For example, consider R = Z, M = Zn, and N = (2Z)n. You can come up with similar examples
for any domain that is not a field, and many non-domains as well.

4. Some odds and ends

Recall that a Z-module is nothing other than an abelian group: the required Z-multiplication just amounts
to repeated addition, we already know how to do in an abelian group (in exactly one way). Under this
translation, subgroups are just Z-submodules. More generally, many properties of abelian groups generalize
to properties of R-modules, just by replacing “Z-linear combinations” with “R-linear combinations.” Here
are some examples:

Definition 4.1. If R is a ring, a cyclic R-module is an R-module generated by one element.

Example 4.2. You can easily prove that if I is any ideal, R/I is always a cyclic R-module generated by 1
mod I; specializing to Z, this gives us all of the cyclic abelian groups (and a bit of thought should convince
you that it is generally true that all cyclic modules are of the form R/I for some I).

Definition 4.3. If R is a domain and M an R-module, m ∈M is a torsion element if there exists a nonzero
r ∈ R such that rm = 0. Similarly, M is a torsion module if every element of M is a torsion element, and the
torsion submodule of an arbitrary element is the module {m ∈ M : rm = 0 for some r 6= 0}. If the torsion
submodule of M is the zero module, we say that M is torsion-free.

Example 4.4. We require R to be a domain here because otherwise the torsion submodule need not be a
module at all! For example, consider R = Z/6Z as a module over itself.
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Example 4.5. Any vector space V over a field F is torsion-free: if cv = 0 and c 6= 0 then we can multiply
both sides by c−1 and get that v = 0. Thus only the zero vector is an F -torsion element.

Example 4.6. If R is a domain and I a nonzero ideal, then R/I is a torsion R-module.

Example 4.7. For any ring R, the group of units R× is an abelian group, i.e. a Z-module. (Keep in mind
that we are using multiplicative notation instead of additive notation here: m acts on r as rm, not mr.)
For example, the torsion subgroup of C× consists of all the roots of unity, which is not finite or finitely
generated.

Finally, we present a useful criterion to see whether two ideals of a domain are isomorphic as modules.

Example 4.8. Let I = 2Z and J = 3Z in Z. Then the map f : I → J given by f(x) = 3
2x is a well-defined

module isomorphism.

Clearly this generalizes: if we can scale one ideal into another by an element of the fraction field of our
domain, then the two ideals are isomorphic as modules. The converse is also true, and is the content of the
following theorem.

Theorem 4.9. If R is a domain with fraction field K, then two ideals I and J of R are isomorphic as
R-modules if and only if there exists a c ∈ K× such that I = cJ . In particular I ' R as R-modules if and
only if I is a nonzero principal ideal.

Proof. When I ' J or when I = cJ for some nonzero c, we have I = 0 if and only if J = 0, so we might as
well assume that both are nonzero going forward.

As indicated above, one direction is easy: if I = cJ , then let f : I → J be defined by f(x) = 1
cx. One

checks immediately that it is R-linear and has inverse f−1 : J → I given by f−1(y) = cy. Thus f is an
isomorphism and I ' J .

In the other direction, suppose that f : I → J is an R-module isomorphism. We want to find a c ∈ K×
such that f(x) = cx for all x ∈ I. By linearity, for any x, x′ ∈ I we have

f(xx′) = xf(x′) = x′f(x).

If x and x′ are both nonzero, therefore, we get

f(x)

x
=
f(x′)

x′

in K. Therefore we can set c = f(x)/x for any nonzero x in I; the specific choice is irrelevant. Then
f(x) = cx is clear if x = 0 and holds by design if x 6= 0. �

5. Finitely generated modules over a PID

If R is a principal ideal domain (PID), then its module theory is very nice indeed: finitely generated
modules are no more complicated than finitely generated abelian groups, which satisfy the following structure
theorem:

Theorem 5.1. Let G be a finitely generated abelian group. Then G ' Zn ⊕ G′, where G′ ' Z/a1Z ⊕
Z/a2Z ⊕ · · · ⊕ Z/arZ and the ai are integers such that ai divides ai+1 for each i. If we require that the ai
be positive, then n, r, and the ai are uniquely determined by G, although the decomposition as a direct sum
is not canonical.

That is, a finitely generated abelian group splits as the direct sum of a free abelian group and a torsion
abelian group, which furthermore can be written in a specific form, the invariant facctor decomposition.
(There is actually another form that we can put the torsion part into, the elementary factor decomposition,
but this one will be less useful to us.) This theorem implies that a torsion-free finitely generated abelian
group is free. In this case we say that the n in the above theorem is the rank of G; in particular, subgroups
of finitely generated free groups are free of equal or smaller rank.

With appropriate modifications, exactly the same theorem is true in the more general setting of finitely
generated modules over a PID:

Theorem 5.2. Let R be a PID and let M be a finitely generated R-module. Then M ' Rn ⊕M ′, where
M ′ ' (R/I1)⊕ (R/I2)⊕ · · · ⊕ (R/Ir) for nonzero ideals Ii such that I1 ⊃ I2 ⊃ · · · ⊃ Ir. Furthermore n, r,
and the Ii are uniquely determined by M .
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Proof. Take your favorite proof of the classification theorem for finitely generated abelian groups and modify
it appropriately, or consult §1.5 of Samuel (the fact that the Ii are uniquely determined is an additional hard
exercise). �

In particular finitely generated torsion-free R-modules M are free, if R is a PID. In this case we call the
n in the above theorem the rank of M . This rank is very closely related to the dimension of a vector field;
in fact, there is a canonical way of taking an R-module and producing a K-module, where K is the fraction
field of R, the tensor product − ⊗R K. We will not define this operation, but it is true in general that if
M is a finitely generated torsion-free R-module of rank n, the resulting vector space V has K-dimension n,
and M can be naturally regarded as a subgroup (or sub-R-module, even) of V that spans V as a K-vector
space. We will be able to get away with the following weaker fact, which assumes we have such a V on hand
already:

Lemma 5.3. Let R be a PID and suppose that M is a finitely generated torsion-free R-module. Let K be
the fraction field of R. Suppose that M is contained in a K-vector space V and M spans V as a K-vector
space. Then the rank of M is equal to the K-dimension of V .

Proof. If M is the zero module then clearly V must be the zero vector space and vice versa, so assume
M ' Rn with n > 0 and suppose that V has dimension d > 0. Therefore M has a basis {x1, . . . , xn} as
an R-module. These n elements span V as well, as M spans V over K. Therefore d ≤ n. If d < n, then
{x1, . . . , xn} must be linearly dependent over K inside V ; i.e., there exist ci ∈ K, 1 ≤ i ≤ n, not all zero,
such that

n∑
i=1

cixi = 0.

Now we “clear denominators” by multiplying the above equation by the product of the denominators of the ci,
expressed as fractions with numerator and denominator in R. Then we get a nontrivial dependence relation
with coefficients in R. But the xi were chosen to be linearly independent over R. Therefore d = n. �


