
FACTORIZATION OF IDEALS

1. General strategy

Recall the statement of unique factorization of ideals in Dedekind domains:

Theorem 1.1. Let A be a Dedekind domain and I a nonzero ideal of A. Then there are maximal ideals
p1, . . . , pn of A, unique up to rearrangement, such that

I =

n∏
i=1

pi.

In the case A = OK , K a number field, we have a further tool: the norm of an ideal. Consider any
nonzero ideal I. We define1

N(I) = #|OK/I|.
We proved in class that the norm is multiplicative and that N((α)) = |NK/Q(α)|.

Lemma 1.2. Let K be a number field and let I ⊆ J be two nonzero ideals in OK . Then N(J)|N(I).

Proof. By exercise 2 on Homework 7, there exists an ideal a such that I = Ja. Apply the ideal norm to both
sides of this equality and use multiplicativity. �

Using these ideas, we can always compute factorizations of ideals in number rings by completing the
following steps. Suppose we are given a nonzero ideal I in OK .

Step 1. Calculate N(I). If I = (α) is a principal ideal, we can just calculate |NK/Q(α)|, which we have seen
how to do. Otherwise, we have the following helpful fact:

Proposition 1.3. Let K be a number field and I a nonzero ideal in OK . Then N(I) is the greatest common
divisor of the integers |NK/Q(α)| for all α ∈ I. �

I will omit the proof, which is not particularly important; if anyone is interested I can track down a
reference.

Step 2. Factor the integer N(I) into prime numbers.

Step 3. For each prime factor p of N(I), factor (p) in OK into prime ideals. This is the really crucial step.
We’ve seen how to do this for quadratic fields by examining the structure of OK/pOK (reviewed in §2 below),
and the same technique works in general but is often extremely tedious. In §4 we will find a much better
way that works almost all of the time.

After we find all of the prime ideal factors of each of the relevant (p), we use the following:

Proposition 1.4. Let K be a number field and I a nonzero ideal of OK . If I ⊆ p, where p is a maximal
ideal of OK , then if we set p ∩ Z = (p) with p ∈ Z we have that p|N(I). Conversely, if p|N(I), then I ⊆ p
for some factor p of (p).

Proof. Since (p) ⊆ p in OK , Lemma 1.2 implies that N(p)|N((p)). Since p lies in the base field Q, we can
easily calculate N((p)) = NK/Q(p) = p[K:Q]. Therefore in particular N(p) is a positive power of p (it is
immediate from the definition that an ideal has norm 1 if and only if it is the unit ideal).

Now note that since I ⊆ p, Lemma 1.2 implies that N(p)|N(I). Therefore a positive power of p divides
N(I); in particular, p|N(I).

For the converse, write I = pe11 · · · penn with distinct pi. Applying the ideal norm to both sides and using
multiplicativity, we see that p|N(I) implies that p|N(pi) for some i. We calculated above that N(pi) is a
power of pi, where (pi) = pi ∩ Z. Therefore p = pi and in particular pi is a factor of (p) and of I. �

1One can prove that this is finite in a couple of ways. One can use the structure theorem for finitely generated modules over
Z to conclude that since I is abstractly isomorphic to Z[K:Q], as is OK , the quotient is finite. Alternatively, without using the

structure theorem, reason that since OK is finitely generated as a module over Z, OK/I is finitely generated over Z/(I ∩ Z).

Recall that in the course of proving facts about extensions of Dedekind domains, we proved in particular that in this situation
I ∩ Z is always nonzero; therefore, I ∩ Z = (n) for some positive integer n. Therefore OK/I, being finitely generated over a

finite ring, is finite.
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Therefore the set of prime ideal factors of I is contained in the set of maximal ideals we get in Step 3
(and furthermore we are guaranteed to get at least one prime ideal factor of I containing (p) for each prime
p dividing N(I)).

Step 4. For each of the maximal ideals of OK that we have accumulated, check which contain I (and if they
do, find the highest power of each that contains I). In general this is a fairly nontrivial computation, but in
practice it tends to be fairly straightforward, especially given the converse statement in Proposition 1.4.

2. Factoring primes in quadratic fields

We review Step 3 for quadratic fields. Let K = Q(
√
d) where d 6= 1 is a squarefree integer. Define

D = disc(K), so D = 4d when d ≡ 2, 3 mod 4 (i.e. when OK = Z[
√
d]) and D = d when d ≡ 1 mod 4 (i.e.

when OK = Z[(1 +
√
d)/2]. Note that if D is even then we are necessarily in the first case. As we saw in

exercise 2 of Homework 4, we may always write

OK ' Z[(D +
√
D)/2] = Z[X]/(X2 −DX + (D2 −D)/4).

We saw then that OK/pOK as a ring falls into three cases:

(1) It is isomorphic to Fp[t]/(t2) when p|D.
(2) It is isomorphic to Fp ×Fp when p - D with D a square mod p if p is odd, and with D ≡ 1 mod 8 if

p = 2.
(3) It is isomorphic to Fp2 when p - D with D not a square mod p if p is odd, and with D ≡ 5 mod 8 if

p = 2.

In each of these three cases, we can use the ideal structure of these rings to show that the factorization
of pOK in each of the above three cases looks like

(1) pOK = p2,
(2) pOK = pp′ with p 6= p′,
(3) pOK is prime.

These are respectively called the ramified, split, and inert cases.
We can describe these prime ideal factors reasonably concretely:

Proposition 2.1. Let αD = (D +
√
D)/2. In the ramified case, pOK = p2 where p = (p, αD), unless p = 2

and d ≡ 3 mod 4, in which case p = (p, αD + 1). In the split case, let u be an integer that reduces modulo
p to one of the two distinct roots of X2 −DX + (D2 −D)/4 in Fp. Then the two distinct prime factors of
pOK are (p, αD − u) and (p, α∗D − u) where z 7→ z∗ denotes the nontrivial automorphism of K.

In particular, note that the nontrivial automorphism of K swaps to the two primes dividing pOK in the
split case.

Proof. By using the isomorphism OK/pOK ' Fp[X]/(X2 + DX + (D2 −D)/4), note that if p|D and p is
odd, or p = 2 and d ≡ 2 mod 4, then the quadratic polynomial reduces to X2. The unique prime ideal
p/pOK in OK/pOK = Fp[X]/(X2) corresponds to (X)/(X2). But X corresponds to αD under the relevant
isomorphism, so p/pOK is generated by αD, which implies that p = (p, αD). In the remaining case when
p = 2 and d ≡ 3 mod 4, the quadratic polynomial reduces to X2 + 1 = (X + 1)(X + 1), so by a similar
argument we find that p = (p, αD + 1).

In the split case, we have in Fp[X] that

X2 −DX + (D2 −D)/4 = (X − u)(X − (D − u))

where u ∈ Z represents a root in Fp, since the sum of the roots is D. Thus the two prime ideals p/pOK and
p′/pOK in

OK/pOK ' Fp[X]/(X − u)(X − (D − u))

are generated by X − u and X − D + u, respectively. But X corresponds to αD, as before, so p and p′

correspond to (p, αD − u) and (p, αD −D + u). We can calculate αD −D = (−D +
√
D)/2 = −α∗D, so the

second ideal can be written as (p,−α∗D + u) = (p, α∗D − u). �

In general when working with quadratic fields it is usually more convenient to calculate anew each time
rather than trying to memorize these formulas.



FACTORIZATION OF IDEALS 3

3. Example: K = Q(
√
−5)

In this case D = −20 and there are two ramified primes, p = 2 and p = 5. Using Proposition 2.1 or
working from scratch, we find that 2OK = p22 where p2 = (2,−10 +

√
−5 + 1) = (2, 1 +

√
−5) and 5OK = p25

where p5 = (5,−10 +
√
−5) = (5,

√
−5) = (

√
−5). For p 6= 5, the split case is when −5 mod p is a square,

which by quadratic reciprocity occurs exactly for p ≡ 1, 3, 7, 9 mod 20, and the inert case is when −5 mod p is
not a square, which occurs exactly when p ≡ 11, 13, 17, 19 mod 20. In the split case, we can use Proposition
2.1 by reducing the polynomial X2 + 20X + 105 modulo p, finding a root, calling it u, and using the formula
described there. Even easier, though, is to just use the fact that OK is isomorphic to Z[

√
d] ' Z[X]/(X2−d)

in this case (as d ≡ 1 mod 4) and use the same reasoning; we then get the nice fact that in the split case
pOK has as its two distinct prime factors (p, v +

√
−5), (p, v −

√
−5), where v2 ≡ −5 mod p.

Example 3.1. For example, 3 and 7 are split with prime factorizations

3OK = p3p
′
3, 7OK = p7p

′
7

where p3 = (3, 1 +
√
−5), p′3 = (3, 1−

√
−5) (as −5 ≡ 12 mod 3) and p7 = (7, 3 +

√
−5), p′7 = (7, 3−

√
−5)

(as −5 ≡ 32 mod 7). Note that these prime ideals have respective norms 3 and 7, and hence they must be
non-principal because no element x+ y

√
−5 ∈ Z[

√
−5] = OK with x, y ∈ Z has norm x2 + 5y2 equal to 3 or

7. Similarly, we see that p2 is non-principal, although its square 2OK is principal.

Example 3.2. Let’s factor (1+
√
−5) into primes. This has norm |N(1+

√
−5)| = 6 = 2 ·3, so by Proposition

1.4 and our knowledge of the primes lying above 2OK and 3OK the factorization must be p2p3 or p2p
′
3. The

second option is ruled out because p′3 does not contain 1 +
√
−5 (it contains 1 −

√
−5, so if it were to also

contain 1 +
√
−5 it would contain 2, which is not the case because p′3 ∩ Z = 3Z). One can also easily check

directly that p2p3 = (1 +
√
−5) by working with generators.

Example 3.3. Let’s factor (2 +
√
−5) into primes. Its norm is 9 = 32, so it must be a product of two prime

ideals of norm 3. The only two such primes are p3 and p′3. Certainly p3p
′
3 is not possible, because this

product equals 3OK and 3 is not a unit multiple of 2 +
√
−5 (the units in OK are ±1).

Therefore there are two possibilities, p23 and (p′3)2. We can distinguish them by asking which of p3 or p′3
contains 2 +

√
−5. Clearly, 2 +

√
−5 ∈ (3, 1−

√
−5) = p′3, so (2 +

√
−5) = (p′3)2, which can also be checked

directly. Again we find that the non-principal ideal p′3 has a principal square.

Example 3.4. Finall, let’s factor (1 + 2
√
−5), an ideal with norm 21 = 3 · 7. The ideal is therefore a product

of two primes, one dividing 3OK and one dividing 7OK . By unique factorization, we can rephrase this as
asking which among each pair actually contains 1 + 2

√
−5.

One way of doing this is to ask whether the image of 1 + 2
√
−5 in OK/p3, respectively OK/p7, is zero or

not. These quotients are respectively F3 and F7, and by the calculation in Example 3.1 the residue class of√
−5 is equal to −1 and −3, respectively. Therefore the residue class of 1 + 2

√
−5 is 1 + 2(−1) = −1 6≡ 0

and 1 + 2(−3) = −5 6≡ 0 in F3 and F7, respectively. We conclude that

(1 + 2
√
−5) = p′3p

′
7,

which again can be verified by direct manipulation of generators.
As an aside, note that because we now know that (p′3)2 and p′3p

′
7 are principal ideals, it follows formally

that (p′7)2 is principal: we can write

(p′3p
′
7)2 = (p′3)2(p′7)2,

so (p′7)2 generated by the ratio of a generator for the right hand side and a generator for (p′3)2. Explicitly,
(p′7)2 is generated by

(1 + 2
√
−5)2

2 +
√
−5

= −2 + 3
√
−5.

4. Dedekind’s criterion

Now we introduce (and prove) a new tool for computing Step 3 in most cases: Dedekind’s criterion. This
will allow us to replace messy work with ideals in the finite rings OK/(p) with factoring polynomials over
finite fields, which is even slightly easier than factoring integers, algorithmically. It also allows us to have
incomplete knowledge of OK itself, by working instead with an order Z[α] with α ∈ OK primitive over Q.

Theorem 4.1 (Dedekind’s criterion). Let K be a number field, α ∈ OK a primitive element for K/Q, and
p a prime integer such that p - [OK : Z[α]]. Let h ∈ Z[X] denote the (monic) minimal polynomial of α over
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Q and denote its reduction mod p by h ∈ Fp[X]. Let h =
∏

i h
ei
i be the monic irreducible factorization of h.

Then the prime factorization of pOK has the form

pOK =
∏
i

peii

with all pi distinct, pi = (p, hi(α)) for any hi ∈ Z[X] lifting hi ∈ Fp[X]. Moreover there is an isomorphism

of residue fields Fp[X]/hi ' OK/pi via X 7→ α mod pi, so the residue field degree fi = [OK/pi : Fp] is equal

to deg hi.

To prove this theorem, we first claim that under the hypotheses of the theorem the injection Z[α]→ OK

induces an isomorphism modulo p: Z[α]/pZ[α] ' OK/pOK . This will allow us to compute mod p using Z[α]
instead of OK . The claim is a special case of the following lemma:

Lemma 4.2. Let M ′ → M be an injective map of abelian groups such that M/M ′ has finite order not
divisible by p. Then the induced map M ′/pM ′ →M/pM is an isomorphism.

Proof. Let n = #|M/M ′|, so n is not divisible by p and hence multiplication by p on the finite abelian group
M/M ′ is a bijection. Hence for each m ∈ M there exists an m1 ∈ M such that pm1 ≡ m mod M ′, so
m − pm′ ∈ M ′. This shows that M ′/pM ′ → M/pM is surjective. For injectivity, suppose m′ ∈ M ′ ∩ pM .
We want m′ ∈ pM ′. Writing m′ = pm for some m ∈M , we see that the residue class [m] ∈M/M ′ is killed
by multiplication by p. But multiplication by p is bijective on M/M ′, so [m] = 0 and hence m ∈M ′. Thus
m′ = pm ∈ pM ′ as desired. �

Proof of Dedekind’s criterion. Applying this lemma as above, the assumption that p - [OK : Z[α]] implies
that the ring map

(1) Z[α]/pZ[α]→ OK/pOK

is an isomorphism of rings. The ideals on the left side are I/pZ[α] for ideals I ⊆ Z[α] which contain p, so the
ideals on the left hand side are their images, which are the ideals (I + pOK)/pOK and must be of the form
J/pOK for some ideal J ⊆ OK generated by I (so in particular containing p). In other words, J = IOK .
Thus the ring isomorphism (1) carries I/pZ[α] isomorphically to IOK/pOK . The injectivity part of this
claim implies that Z[α] ∩ IOK = I for all such I; in particular, every ideal J of OK containing p has the
form J = IOK for a unique ideal I of Z[α] containing p.

Since the ring isomorphism (1) carries I/pZ[α] isomorphically to IOK/pOK , we can quotient by these
ideals to find that the natural map Z[α]/I → OK/IOK is an isomorphism. In particular one side is a domain
if and only if the other side is, so I is a prime ideal if and only if IOK is. From this we see that the pairwise
distinct prime ideals pi of OK containing p are all of the form qiOK where qi ranges over the pairwise distinct
prime ideals of Z[α] containing p. The aforementioned isomorphism in particular implies as a special case
that Z[α]/qi ' OK/qiOK ' OK/pi.

Suppose we could show (after rearrangement) that qi = pZ[α] + hi(α)Z[α] for all i. Then we would
have pi = qiOK = (p, hi(α)) as ideals of OK , which is exactly what we want. To get this description, note
that a prime ideal of Z[α] containing p corresponds to the kernel of a quotient mapping from Z[α]/pZ[α] '
Fp[X]/(h) onto a finite domain, and all finite domains are fields. The Chinese Remainder Theorem implies
that

Fp[X]/(h) '
∏
i

Fp[X]/(hi)
ei

as rings. The field quotients of this ring correspond to the monic irreducible factors hi of h, with kernels
(hi). But hi(α) ∈ Z[α] maps to hi mod h in Fp[X]/(h) ' Z[α]/pZ[α], so the ideals pZ[α] + hi(α)Z[α] in

Z[α] are the preimages of the ideals (hi) in Fp[X]/(h) ' Z[α]/pZ[α]. Hence (after suitable rearrangement)
these are precisely the qi, as desired.

We now describe the residue fields as well: the isomorphism (1) carries qi/(pZ[α]) to pi/pOK , and hence
passing to the quotient gives an isomorphism of finite fields Z[α]/qi ' OK/pi. But

Z[α]/qi ' Z[X]/(h, p, hi) ' Fp[X]/(hi)

with α corresponding to the residue class of X, so this gives the desired description of the residue fields.
Finally we have to show that the multiplicity e′i of pi in pOK is equal to the multiplicity ei of hi as a

factor of h. By the Chinese Remainder Theorem again we have a ring isomorphism

OK/pOK '
∏
i

OK/p
e′i
i ,
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so the number of distinct positive powers of the ideal pi/pOK is e′i. But the ring isomorphism

Fp[X]/(h) ' Z[α]/pZ[α] ' OK/pOK

carries the ideal (hi)/(h) to the ideal pi/pOK , so the number of distinct positive powers of (hi)/(h) is e′i.

However this count is also equal to the multiplicity ei of hi as an irreducible factor of h, so ei = e′i. �

In practice we want to use Dedekind’s criterion when we don’t “know” OK , so we hardly want to have to
calculate [OK : Z[α]] every time. Fortunately, we recall that

[OK : Z[α]]2 disc(K) = discZ(Z[α]),

so any p such that p2 - discZ(Z[α]) satisfies the condition of Dedekind’s criterion, and this is calculable using
only knowledge of Z[α]. It may be the case that different choices of α lead to different such p; it may also
be the case that for some p there is no choice of α allowing us to use Dedekind’s criterion at p.

5. Example: a cubic field

Let K = Q(α) with α3 + 10α+ 1 = 0. The cubic polynomial f = X3 + 10X + 1 ∈ Z[X] is irreducible over
Q by the rational root criterion, and so Z[α] is an order in OK . By direct calculation, discZ(Z[α]) = −4027,
which is a prime number; thus OK = Z[α] and we can use Dedekind’s criterion for any prime p.

For example, take the prime p = 2: we have

X3 + 10X + 1 ≡ (X + 1)(X2 +X + 1) mod 2

and both the factors on the right hand side are irreducible in F2[X]. Using the obvious lifts of these monic
irreducibles to Z[X], we find that 2OK = (2, α + 1)(2, α2 + α + 1) = p1p2 with f1 = deg(X + 1) = 1 and
f2 = deg(X2 +X + 1) = 2. Note that

∑
i eifi = 1 + 2 = 3 = [K : Q], as it should be.

The prime p = 4027 is ramified, as one can check that

X3 + 10X + 1 ≡ (X + 2215)2(X + 3624) mod 4027.

Using the obvious lifts of these linear factors to Z[X], we get that

4027OK = (4027, α+ 2125)2(4027, α+ 3624) = P2
1P2,

so e1 = 2 and e2 = 1 with both Pi having residue field degree 1 over F4027. Again
∑

i eifi = 2 + 1 = 3, as
it should be.


