
CALCULATING CLASS GROUPS AND APPLICATIONS

The basic “algorithm” for computing the class group of a number field K is quite simple: we consider
the classes in Cl(K) of each prime ideal of OK lying over each prime number in Z less than or equal to the
Minkowski bound λK . Then we find as many relations between these classes as we can, most notably by
investigating norms of elements of OK with only small prime factors. Then eventually we give up and prove
that all of the classes remaining that we suspect are nontrivial are actually represented by non-principal
ideals. Needless to say, this isn’t actually an algorithm; actual algorithms do exist but are largely irrelevant
for paper or theoretical computations (and the best are probablistic anyway).

1. Example: K = Q(
√
−65)

We will calculate Cl(K). As −65 ≡ 3 mod 4, we have OK = Z[
√
−65]. For the purposes of computing the

Minkowski constant, we find n = 2, r1 = 0, r2 = 1, and disc(K) = −260, so λK ∼ 10.26. We need to look
at the factors of (2), (3), (5), and (7) in Z[

√
−65]. By factoring x2 + 65 modulo p for those four primes we

can write (2) = p22, (3) = p3p
′
3, (5) = p25, and (7) = p7, where p3 6= p′3. We therefore see that the class group

is generated by the classes of p2, p3, and p5, since [p7] is trivial and [p′3] = [p3]−1. Furthermore [p2] and [p5]
are 2-torsion and none of p2, p3, or p5 are principal because their norms are 2, 3, and 5, which cannot be
written as u2 + 65v2 for any u, v ∈ Z.

We will now take the norms of some integral elements to find further relations, seeking those whose
norms have prime ideals 2, 3, and 5 only. A few small examples are NK/Q(4 +

√
−65) = 81 = 34 and

NK/Q(5 +
√
−65) = 90 = 2 · 32 · 5. Therefore (4 +

√
−65) = p43 or p′43 , because any involvement of both

factors would lead to a factor of 3, which certainly does not divide 4 +
√
−65. Relabeling if necessary, let

us fix (4 +
√
−65) = p43. We also see that (5 +

√
−65) = p2p5p

′2
3 ; the factors over 2 and 5 are clearly fixed

and p3 cannot divide (5 +
√
−65) because it divides (4 +

√
−65) and the elements 5 +

√
−65 and 4 +

√
−65

generate 1. Putting this together, we get

1 = [p2][p′3]2[p5] = [p2][p3]−2[p5],

so

[p5] = [p2]−1[p3]2

and we can drop p5 from our list of necessary generators. We are left with the knowledge that Cl(K) is
generated by an element [p2] of order 2 and an element [p3] of order dividing 4.

We claim that the order of [p3] is exactly 4. As p3 is not principal it has order 2 or 4. Suppose that
[p3]2 = 1, so p23 = (α) for some α ∈ OK with NK/Q(α) = 9. Let α = u+ v

√
−65. Then the only possibilities

are v = 0 and u = ±3, so we would have p23 = (α) = (3) = p3p
′
3, which is an absurdity by unique factorization.

Therefore p3 has order exactly 4. We can synthesize all of this by saying that there is a surjection

Z/4Z× Z/2Z→ Cl(K)

with (1, 0) 7→ [p3] and (0, 1) 7→ [p2].
To show that this is an isomorphism, we need to rule out the possibility that the class group has order

4. We know that [p2] and [p3] are nontrivial, so the only way that the class group could have order 4 is if
[p3]2 = [p2]. If this were the case, then [p2][p3]2 = [p3]4 = 1, so

p2p
2
3 = (α)

for some α = u+ v
√
−65 with u, v ∈ Z. But then NK/Q(α) = 18, which is impossible. Therefore

Cl(K) ' Z/4Z× Z/2Z

2. Example: K = Q(
√

82)

Now that we have a real quadratic field, we have a new difficulty, which is the presence of a nontrivial
unit group. We have n = 2, r1 = 2, r2 = 0, disc(K) = 328, so λK ∼ 9.055 and we again need only consider

primes lying over 2, 3, 5, and 7. Now OK = Z[
√

82], so factoring x2 − 82 modulo p yields that we can write
(2) = p22, (3) = p3p

′
3 for primes p3 6= p′3, and (5) and (7) remain prime. Therefore Cl(K) is generated by

[p2], which is 2-torsion, and [p3].
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The norm computations are slightly more annoying this time, but we eventually find that NK/Q(10 +√
82) = 18 = 2 · 32, which should yield us a nice relation between the generators we have picked. Looking at

the possibilities, we see that

(10 +
√

82) = p2p
2
3,

possibly after switching p3 and p′3, because 10 +
√

82 clearly does not have p3p
′
3 = (3) as a factor. Therefore

[p3]2 = [p2]−1 = [p2].
We conclude that [p3] is 4-torsion. To show that it has order exactly 4, it would suffice to show that its

square [p2] has order exactly 2; i.e., that p2 is not principal. This is the point at which working with a real
quadratic field, with its much larger unit groups, makes things a little more difficult.

We suppose that p2 = (α) and attempt to derive a contradiction. We write α = u+ v
√

82 with u, v ∈ Z.
Then 2 = N(p2) = |NK/Q(α)|. Conversely if |NK/Q(α)| = 2 then (α) = p2 because there is only one prime
lying above 2. Therefore our task is equivalent to showing that

x2 − 82y2 = ±2

has no integer solutions. Since this is not a positive definite quadratic form, our task is much harder than
what we’ve encountered before. You will finish this problem on Homework 10, using as input that 9 +

√
82

is a fundamental unit. The conclusion is that the above equation has no integer solutions, so we conclude
that Cl(K) ' Z/4Z, generated by [p3].

3. A cubic example

Let K = Q(α) with α a root of the polynomial f(X) = X3 − 9X − 6, which is 3-Eisenstein and therefore
irreducible. A computation in calculus shows that K has three real roots, so K is a totally real field (i.e.,
r1 = 3 and r2 = 0). Computing the discriminant is a bit more complicated, since we don’t know the ring
of integers a priori. We can make some calculations, however: consider Z[α]. The discriminant of Z[α] over
Z, i.e. the discriminant of the polynomial f , is 23 · 35, so the only possible ramified primes are 2 and 3.
The polynomial f is 3-Eisenstein, so we know automatically that 3 does not divide [OK : Z[α]]. The only
possibilities for this index are therefore 1 or 2, by the usual relation

discZ(OK) = [OK : Z[α]]2 discZ(Z[α]).

We conclude that disc(K) = 23 · 35 or 2 · 35; in particular, we know that 2 and 3 are exactly the ramified
primes of K over Q.

The Minkowski bound, combined with our bound on the discriminant, yields λK < 10, so we again need
to consider primes lying above 2, 3, 5, and 7. For the primes 5 and 7, we will be able to use Dedekind’s
criterion to figure out the prime factorization; for 2 and 3 we will have to be a bit more clever. Let’s start
finding some norm relations, using those to deduce information about what the prime factorization must
look like.

From the constant term of f we see immediately that NK/Q(α) = 6, so (α) = p2p3 for some prime ideals
p2 and p3 lying over 2 and 3, respectively. To get more relations, we will calculate NK/Q(r + α) for r ∈ Z.
This has a reasonable chance of working: say we have a rational prime q with a prime ideal q of OK lying
over it, such that the residue field degree of q over (q) is 1; i.e., the residue field of q is still Fq. Then certainly
α+ r will vanish modulo q for some 0 ≤ r < q, which is to say that NK/Q(α+ r) would be divisible by q for
some such r. If no such divisibility occurs, we know that all primes above q must have residue field degree
> 1; on the contrary, if we find more than one such divisibility, then the corresponding prime ideal factors
over q cannot be the same (as they would be dividing numbers α + r and α + s whose difference r − s is a
unit mod q).

Let’s try this with q = 2. We need only compute NK/Q(α + 1) = 2. Hence (α + 1) = p′2 is a prime ideal
lying over 2 which is distinct from the prime p2 over 2 that divides (α), since (α) and (α + 1) generate the
unit ideal and therefore cannot share any common factors. Since 2 is ramified in K and [K : Q] = 3, we have
exactly two possibilities: either (2) = p22p

′
2 or (2) = p2(p′2)2. Here is a trick that works to distinguish them:

note that p′2 = (α−1) as well. The element α−1 has minimal polynomial f(X+1) = X3 +3X2−6X−14 =
X3 +3X2−2(3X−7), so working modulo (α−1)2 gives that 2(3(α−1)−7) ≡ 0 mod (p′2)2. But 3(α−1)−7
is a unit modulo p′2, so 2 ≡ 0 mod (p′2)2. This shows that (p′2)2 divides (2), so indeed (2) = p2(p′2)2. We
immediately see results for computing the class group: since p′2 is principal, this equation yields that p2 is
as well, and then our previous equation p2p3 = (α) yields that p3 is also principal.
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Now I claim that p3 is the only prime above (3). This follows by our index computation: as [OK : Z[α]]
divides 2, we have Z[α](3) = (OK)(3) after localizing at 3Z and so dividing by 3Z yields

OK/(3) = Z[α]/(3) ' F3[X]/(f) = F3[X]/(X3).

This ring has one maximal ideal, so OK has one prime ideal over 3 (and it is totally ramified). We have seen
that this ideal p3 is principal.

Using the above norm method at 5, we calculate that NK/Q(α − 1) = 14, NK/Q(α + 2) = −4, and
NK/Q(α − 2) = 16. Together with the previous calculations, we see that α + r for −2 ≤ r ≤ 2 never has a
prime factor lying over 5. Therefore all primes over 5 have a nontrivial residue field extension. Given that
3 =

∑
eifi, there is only room for one such prime p5. That is, (5) = pe5 for some e, and in fact e = 1 because

we already know that 5 is unramified. In particular p5 = (5) is principal.
Continuing over 7, we calculate NK/Q(α + 3) = 6 and NK/Q(α − 3) = 6. Thus exactly one α + r for

−3 ≤ r ≤ 3 has a factor lying over 7, namely α−1. Therefore there is exactly one prime ideal p7 over 7 with
residue field F7. Since 7 is unramified, we conclude that (7) = p7p

′
7 where f(p7|7) = 1 and f(p′7|7) = 2. But

directly from our norm computation, (α − 1) = p2p7 with p2 known to be principal, so p7 is also principal.
Then (7) = p7p

′
7 forces p′7 to be principal as well. We have found that K has trivial class group.

4. An application: primes of the form x2 + 5y2

If p 6= 2 is a positive prime number, we have seen using arithmetic in Z[i] that p = x2 + y2 for some
x, y ∈ Z if and only if −1 is a square mod p, which by quadratic reciprocity is the case whenever p ≡ 1 mod
4. That is, up to one exception (p = 2), the property of p being the value of the integral binary quadratic
form x2 + y2 is equivalent to the congruential condition p ≡ 1 mod 4. This is remarkable! On a homework
assignment, using similar arguments in Z[

√
−2], we concluded that if p 6= 2 is a positive prime number then

p = x2 + 2y2 if and only if 2 is a square mod p, which is in turn equivalent to p ≡ ±1 mod 8 by quadratic
reciprocity. A related method handled x2 +3y2, with the slight complication that the ring of integers is Z[ζ3]
rather than Z[

√
−3].

In general finding which primes can be of the form x2 + ny2 for some fixed non-square integer n > 2 is
quite difficult, becaause Q(

√
−n) may (and in general will) have a ring of integers that is not a PID, so

the arguments from earlier in the class do not go through. The solution in general requires much of class
field theory to even state coherently, but for some small n we can try to get around that by computing class
groups. Here we consider n = 5. Setting K = Q(

√
−5), we see that disc(K) = −20, so the ramified primes

are 2 and 5.
Calculating the class group of K is easy: the Minkowski bound is λK ∼ 2.85, so we only have to look at

primes above 2! But we know 2 is ramified, so the only possibility is (2) = p22 for some p2. Therefore the
class group is either Z/2Z or trivial. But we have already proved that Z[

√
−5] is not a PID, so the class

group is nontrivial of order 2.
This order 2 class group will throw us off somewhat: instead of a nice congruential condition on primes

of the form x2 + 5y2, we will prove the following:

Proposition 4.1. For a positive prime p 6= 2, 5, p = x2 + 5y2 for some x, y ∈ Z or 2p = x′2 + 5y′2 for some
x′, y′ ∈ Z if and only if p ≡ 1, 3, 7, or 9 mod 20.

In fact in this case it is possible to deduce without too much work that for p 6= 2, 5 we have p = x2 +5y2 if
and only if p ≡ 1 or 9 mod 20, so it is actually possible to pick out exactly what we wanted with congruence
conditions, but this is somewhat of a special accident (involving the fact that the class group is 2-torsion; this
is a modern version of Gauss’s “genus theory”). It is not true in general that, with finitely many exceptions,
primes of the form x2 + ny2 can be characterized by such a simple rule.

To prove the Proposition, we of course work in Z[
√
−5]. Since x2 + 5y2 = (x+ y

√
−5)(x− y

√
−5) in the

ring of integers OK = Z[
√
−5] of K and the unit group is {±1}, we may rephrase the condition p = x2 + 5y2

as the condition that (p) = aa for a principal ideal a of OK . (We are using positivity of p and of the norm
for quadratic imaginary fields to avoid unit issues; everything works out in this case.)

We know how to answer the weaker question of when p admits such a factorization at all, forgetting about
principal ideals: since p 6= 2, 5, it is either split or inert; i.e. either (p) = pp with a prime ideal p 6= p or
(p) remains prime. In the latter case it is impossible to factor (p) further, and in the former case the only
possibilities are that a = p and a = p (up to relabeling). Conjugation has no effect on whether an ideal is
principal, so we conclude that p = x2 + 5y2 if and only if p is split in K and the prime factor p of (p) is
principal. The condition that p be split is precisely that the discriminant −20 is a suqare modulo p; i.e.,
that −5 is a square modulo p; by quadratic reciprocity, this is equivalent to p ≡ 1, 3, 7, 9 mod 20.
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Now the knowledge of the class group comes in: it is nontrivial of order 2 and generated by p2. In other
words, if p is split exactly one of the following possibilities occurs: either p is principal (i.e. p is of the form
x2 + 5y2) or pp2 is principal. In the second case, we have

(2p) = p22pp = pp2pp2

since p2 = p2. If x′ + y′
√
−5 is a generator of the principal ideal pp2 then this says that (2p) = (x′2 + 5y′2)

as principal ideals of OK , so (paying attention to units) 2p = x′2 + 5y′2 in Z. Conversely, if p 6= 2 and
2p = x′2 + 5y′2 for some x′, y′ ∈ Z then −5 is certainly a square modulo p.

Finally, the two cases p = x2 + 5y2 and 2p = x′ + 5y′2 cannot both occur for p 6= 2, 5. If they did, then
(p) = pp for principal p and (2p) = aa for prinicpal a. In such a situation the only possibilities for the
prime ideal factorization of a are pp2 and pp2. Either of these possibilities leads to the conclusion that p2 is
principal, which is a contradiction. The proposition is proved.

5. Example: y2 = x3 − 51

We considered the equation y2 = x3 − 2 at the beginning of the course; by working in Z[
√
−2] and using

that this ring has unique factorization and its units are {±1} (which are both cubes) we concluded that it
has only the two solutions (3,±5). Both of these properties can fail in greater generality, and both lead to
serious problems. In the case y2 = x3 − 51, we will see how to deal with the failure of unique factorization
as long as 3 does not divide the order of the class group of the relevant field (here K = Q(

√
−51)).

We will prove that y2 = x3 − 51 has no Z-solutions. This is interesting because it possesses solutions
modulo m for all m > 1 and it also possesses Q-solutions such as (1375/9, 50986/27).

We argue by contradiction; suppose there exist x, y ∈ Z such that y2 = x3 − 3 · 17. First observe that x
is odd, as otherwise −51 would be a square mod 8, which it is not. Likewise gcd(y, 51) = 1 since otherwise
y would be divisible by 3 or 17 and likewise for x3, so x3 and y2 would both be divisible by p2 with p = 3
or 17, contradicting that 51 = x3 − y2 is not divisible by p2.

The ring of integers of K is Z[α] with α = (1 +
√
−51)/2, which has minimal polynomial X2 −X + 13

over Q. In Z[α], we have

x3 = y2 + 51 = (y −
√
−51)(y +

√
−51) = (y − (2α− 1))(y + (2α− 1)).

Claim: (y +
√
−51) and (y −

√
−51) are relatively prime ideals of Z[α]. If they were not, there would share

a common maximal ideal p, which would contain the difference y +
√
−51 − (y −

√
−51) = 2

√
−51. Hence

p | (2)(
√
−51), so either p | (2) or p mod (

√
−51). But in Z[α] ' Z[X]/(X2−X + 13) the ideal (2) is prime

as X2 − X + 13 is irreducible mod 2, so if p | (2) then p = (2). But this is not possible since p contains
(y +

√
−51)(y −

√
−51) = y2 + 51 = x3 with x3 an odd integer. The other possibility is that

√
−51 ∈ p, but

since also y +
√
−51 ∈ p we would have y ∈ p. But we have also calculated that gcd(y, 51) = 1 so this is

impossible, proving the claim.
Since (y+

√
−51) and (y−

√
−51) share no common ideal factors in Z[α], the condition that their product

is the cube (x)3 forces each of them to have prime factors all occurring with multiplicity divisible by 3, by
unique factorization. Hence (y +

√
−51) = a3 and (y −

√
−51) = b3 for some nonzero ideals a, b ⊂ Z[α]. On

Homework 10, you show that K has class number 2, so in particular any (fractional) ideal whose mth power
is principal with odd m must itself be principal. Therefore a = (a) and b = (b) for some a, b ∈ Z[α]. For
the purposes of this proof, even though Z[α] is not a UFD, it behaves as if it were so long as we “stay away
from 2”! Flipping this around, we see that this argument goes through whenever 3 does not divide the class
group of K.

Continuing, the unit group O×K is {±1} as usual, so all units are cubes and hence y +
√
−51 is itself a

cube in Z[α]. Therefore there exist integers r, s such that

(y − 1) + 2α = y +
√
−51 = (r + sα)3 = (r3 − 39rs2 − 13s3) + 3s(r2 + rs− 4s2)α,

where we have used the relation α2 − α+ 13− 0. As 3 divides the coefficient of α on the right side but not
the left, we have a contradiction.


