
Math GU4043: Algebraic Number Theory
Mondays/Wednesdays, 11:40 - 12:55 in 520 Math

Instructor: Evan Warner

Office hours: Tuesdays 12:00 - 1:00, Fridays 1:00 - 2:00 in 512 Math. If you are unable to
come at these times, you can stop by Tuesdays 11:00 - 12:00 or Fridays 12:00 - 1:00, which are my
office hours for another course, or email me.

Email: warner@math.columbia.edu

Website: www.math.columbia.edu/~warner/algebraicnumbertheory

TA: Shimin Kuang; his help room hours are Tuesdays 10:00-12:00

Course description: We will spend most of the semester investigating the basic structure of
number fields; i.e., finite extensions of the rational numbers Q. Analogously to the integers Z, we
have rings of algebraic integers; analogously to primes we have prime ideals of rings of algebraic
integers. We will prove two major finiteness theorems: Dirichlet’s unit theorem and the finiteness
of the class group (measuring the failure the fundamental theorem of arithmetic in our more general
setting) and discuss what happens to prime ideals under extensions of number fields. Throughout
we will include examples and applications to classical diophantine equations.
For the remainder of the course, we will discuss 1) p-adic numbers and 2) definitions and basic
properties of Dirichlet L-functions, possibly including a proof of Dirichlet’s theorem on primes in
an arithmetic progression. These topics are somewhat flexible, depending on interest.
The prerequisites are Introduction to Modern Algebra I and II (i.e., GU4041 and GU4042) or in-
structor’s permission. Explicitly, it will be assumed that everyone has familiarity with elementary
group theory, the notion of ideals and quotients of rings by ideals, the notion of modules and
quotients by submodules, and finite Galois theory, including the particular example of finite fields.
I will also assume the basic structure theorem for finitely generated modules over a PID; as this
topic seems to be inconsistently covered in the Modern Algebra sequence I will post a handout
covering the subject on the course webpage. I also may use some complex analysis when we discuss
L-functions; if so, I will provide background as necessary.

Textbooks: Pierre Samuel, Algebraic Theory of Numbers (Dover) and Serge Lang, Algebraic Num-
ber Theory (Springer). We will use Samuel’s book for the bulk of the course and supplement with
sections of Lang’s as necessary. Samuel’s book is very terse (or one might say elegant); if this is not
to your taste I recommend Daniel Marcus, Number Fields (Springer) for a source with many more
examples but somewhat obscure theoretical development. Keep in mind that as a Columbia affiliate
you have free online access to most Springer titles (via SpringerLink), so if you’re not the sort of
person who likes to have a physical book in front of you it is not necessary to purchase Lang’s book.

Assignments and exams: Homework will be assigned weekly and will be due at the beginning
of class each Wednesday, starting the second week. If you are unable to attend class, homework
should be handed in via the appropriate box on the fourth floor of the math building. No late
homework will be accepted without prior approval ; however, to take care of the occasional lapse the
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lowest homework score for each person will not count towards their final grade. I recommend you
not use this “free pass” too early in the semester! You should attempt every homework problem and
are responsible for understanding how to solve them for the purpose of exams. Collaboration and
discussion with your classmates is encouraged, but each assignment must be written individually,
in your own words. In particular, do not exchange any written work with others and do not use
any sources for a given problem that trivialize that problem.
There will be one in-class midterm, on Wednesday, October 24th, and a final exam, which is pro-
visionally scheduled for Monday, December 17th from 9:00 until noon. Make travel arrangements
ahead of time accordingly. Makeup exams will be given only under exceptional circumstances and
you will need a note from a doctor or dean. Grades will be based 50% on homework, 20% on the
midterm, and 30% on the final.

Extra help: If you are unable to make the office hours, feel free to email me to schedule an
appointment. Additionally the Columbia Help Room (406 Math) is available without appointment
when it is open.

Disability accomodations: If you have an exam acommodation through Disability Services,
please let me know at least two weeks in advance so that the paperwork can be completed with
enough time in advance to make the necessary arrangements.

Academic dishonesty: As a general policy, the use of electronic devices during exams is not
allowed. Anyone found to have cheated on an exam will receive a failing grade for the course and
be subject to administrative discipline. Cheating on assignments (e.g., copying written work from
somebody else) will also normally trigger administrative disciplinary procedures. Fortunately, the
vast majority of students do not cheat in classes like this. Please come to me (or use another
resource) if you are struggling with the material instead of resorting to cheating.
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