
Algebraic Number Theory
Homework 9

Reading: Samuel, §§5.3, 6.1-6.3.

1. Let A be Dedekind and assume that the class group Cl(A) is torsion; that is to say, each max-
imal ideal has a power which is principal. (We will later see that if A is the ring of integers of a
number field, Cl(A) is even finite.) Fix a finite set S of maximal ideals of A. The S-integers AS
is {0} ∪ {x ∈ F× | Ax has no negative powers of m /∈ S in its prime factorization}; for A = OK we
write OK,S .
a) Prove that AS = ∩m/∈SAm.
b) If mhi

i = (ai) for each mi ∈ S with hi > 0, show that AS = A[1/
∏
ai] inside F . For A = Z[

√
−5],

write AS as Z[
√
−5][1/a] for S = {p2}, {p3}, and {p2, p3}, where (2) = p22 and (3) = p3p

′
3. Make

your choice of p3 explicit. [Hint: p2 and p3 are not principal, but their squares are; use norm
calculations to find a generator.]
c) Using b), prove that the map Cl(A)→ Cl(AS) induced by I 7→ I ·AS for fractional ideals I of A
is surjective with kernel generator by [m] for m ∈ S. Deduce that Cl(AS) is finite if Cl(A) is finite.
d) For ai as in b), show that the ai’s multiplicativity generate a free abelian group Γ with rank
#S in A×S , and that A× × Γ → A×S is injective with finite cokernel. In particular, if A× is
finitely generated (also to be proved later in the case A = OK) prove that A×S is as well, with
rank(A×S ) = rank(A×) + #S. Compute O×

Q(
√
−5),S for each of the three choices of S in b).

2. Let p be an odd prime number.
a) By Galois theory show that Q(ζp) has a unique quadratic subfield K.
b) Using our earlier computation of disc(Z[ζp]/Z), prove that p is the unique prime number ramified
in K.
c) Using our knowledge of discriminants of quadratic number fields, prove that K = Q(

√
(−1|p)p),

where (−1|p) is the Legendre symbol (equal to 1 if p ≡ 1 mod 4 and −1 if p ≡ 3 mod 4).
d) Let n be an integer. Using exercise 4 on Homework 7, determine exactly which prime numbers
q are totally split in Q(ζn) in terms of a congruence condition modulo n.

3. Let A be Dedekind with fraction field F , let F ′′/F ′/F be a tower of finite separable extensions,
and let A′ ⊂ F ′ and A′′ ⊂ F ′′ be the integral closures of A in the respective field extensions.
a) Let p′′ be a maximal ideal of A′′ lying over p′ ⊂ A′ and p ⊂ A. Use factorization of ideals
to prove multiplicativity of ramification and residue field degrees: e(p′′|p) = e(p′′|p′)e(p′|p) and
f(p′′|p) = f(p′′|p′)f(p′|p).
b) Show that p′′ is unramified over p if and only if p′′ is unramified over p′ and p′ is unramified over
p. Show that p is totally split in F ′′ if and only if it is totally split in F ′ and each prime of F ′ over
p is totally split in F ′′.
c) Assume that F ′′/F and F ′/F are Galois extensions of number fields, with A, A′, and A′′ the
corresponding rings of integers. Prove that the quotient map Gal(F ′′/F ) → Gal(F ′/F ) carries
D(p′′|p) onto D(p′|p) and I(p′′|p) into I(p′|p). (It can also be shown that this last map is surjective,
but you need not prove it.) Show that if p is unramified in F ′′ then the quotient map carries

1



Fr(p′′|p) to Fr(p′|p) and that Fr(p′′|p′) = Fr(p′′|p)f(p
′|p).

4.
a) Let A be a dvr with maximal ideal m, F = Frac(A), f ∈ A[X] monic, irreducible, and separable
over F , F ′ = F [X]/(f), and A′ the integral closure of A in F ′. In particular A′ is a finite free
A-module, as A is a PID. Assume that f mod m is irreducible over A/m. Prove j : A[X]/(f)→ A′

is an injection between finite free A-modules of the same rank, and then that j mod m is injective.
By using bases, show that “det(j) ∈ A×” and therefore j is an isomorphism. Conclude that A′/mA′

is a field, so mA′ is prime; i.e., m is inert.
b) Fix a Galois extension K ′/K of number fields generated by a root of a monic irreducible
f ∈ K[X]. For a maximal ideal p of OK such that f ∈ OK,p, which holds for all but finitely
many p, use part a) to show that if f mod p is irreducible over OK/p then p′ := pOK′ is prime and
Gal(K ′/K) = D(p′|p) (which is cyclic!).
c) If Gal(K ′/K) is not cyclic, show therefore that f mod p must be reducible over OK/p for all
but finitely many p. Find an irreducible quartic f ∈ Z[X] that is reducible modulo p for all but
finitely many p.

5. For p = 31, prove that Q(ζp) contains a unique subfield L with [L : Q] = 6 and by using the
action of Gal(Q(ζp)/Q) = (Z/pZ)× on ζp prove that 2Z is totally split in OL. (Hint: it suffices
to show triviality of Frobenius at 2 for L/Q; use exercise 3c) and note that 2φ(p)/6 ≡ 1 mod p for
p = 31.) Show that F2[X,Y ] has fewer than 6 distinct maps to F2 and deduce that OL requires at
least three generators over Z (i.e., OL 6= Z[α, β] for any α, β ∈ OL). Do not compute any prime
ideals or rings of integers explicitly!

6. Let p = 23 and K = Q(ζp). We will show that OK = Z[ζp] is not a PID; it turns out that 23 is
minimal for this property.
a) Use exercise 2 to show that 47Z is totally split in Z[ζp] and Q(

√
−p) is the unique quadratic

subfield of K.
b) Assume Z[ζp] is a PID and let x ∈ Z[ζp] generate a prime over 47Z. Let y = NK/Q(

√
−23)(x).

Prove that y has norm 47 in Z, but that no element of the ring of integers of Q(
√
−p) has norm

47; contradiction.

7. Let K = Q(
√

5,
√
−1). Prove any p 6= 2, 5 is unramified in K. Use quadratic reciprocity and

exercise 3c) to find Frp ∈ Gal(K/Q) depending on p mod 20. Prove Gal(K/Q) is the decomposition
group at 2 (i.e. g2 = 1), Gal(K/Q(i)) is the decomposition group at 5, and find the inertia subgroup
in each.
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