
Algebraic Number Theory
Homework 7

Reading: Samuel, §3.5 and §5.4 (for a quick recap of splitting in quadratic fields).

1. Let A be a Dedekind ring. Prove that A is a UFD if and only if A is a PID. [HINT: Show first
that it suffices to prove that every maximal ideal p is principal; to do this find a principal ideal
contained in p and factor it both according to the Dedekind property and the UFD property.]

2. Let A be a Dedekind ring and a, b nonzero ideals of A. Show that a ⊆ b if and only if a = bc
for a uniquely determined ideal c of A.

3.
a) Compute the prime factorization of pZ[

√
6] for p = 2, 3, 5, 7, 11, and 13.

b) Let K = Q(α) with α3 = 2, so OK = Z[α] and disc(K) = −22 ·33 by an exercise on the previous
homework assignment. Compute the prime factorization of (p) in Z[α] for p = 2, 3, 5, 7, and 11,
and find the least p which is totally split in Z[α].
c) In Z[

√
−26], consider the factorizations 3 · 3 · 3 and (1 +

√
−26)(1−

√
−26) of 27. By using the

norm, show that these are factorizations into irreducibles. Find the (unique) factorization of 27
into prime ideals and thereby explain the nonuniqueness of the factorization into irreducibles.

4. Let K = Q(ζn) be the field generated by a primitive nth root of unity and let Φn(X) ∈ Z[X]
denote the minimal polynomial of ζn over Q (so in particular deg Φn = ϕ(n)).
a) Consider the monic factorization Xn − 1 = Φn · qn with qn ∈ Z[X]. Show that qn is a product
of monic polynomials over Z that divide various Xd − 1 in Z[X] for proper divisors d of n.
b) Using part a), prove that for any field k with char(k) - n (so Xn − 1 is separable over k), the
roots of Φn in k are precisely the primitive nth roots of unity in k, if any exist.
c) Let p > 0 be a prime with p - n and n not twice an odd integer, so p - disc(K) and hence
(p) = p1 · · · pg in Z[ζn] for pairwise distinct prime ideals pi. Using part b) for finite fields, show that
each residue field Z[ζn]/pi is isomorphic to Fpf where f is the order of p mod n (i.e. n | (pf − 1)
with minimal f). Deduce that g = ϕ(n)/f , and relate the pi to the monic irreducible factoriation
of Φn over Fp.
d) Compute the prime factorization of (p) in Z[ζ12] for p = 5, 7, 11, and 13.

5. Let R = Z[α] for α = p
√
−3 and p > 0 a prime. In particular, R is not the ring of integers of

a number field. Show that the ideal a = (p, α) is distinct from (p) in R and has index p in R, but
a2 has index p3 in R. Hence multiplicativity of norms in rings of integers of number fields does not
hold in this more general situation.
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