
Algebraic Number Theory
Homework 2

Reading: Samuel, §§2.3-4 (most of which should be familiar from Galois theory) and §2.6 through
the proof of Proposition 1. For future reference, you may also want to read the appendix to chapter
2, which proves that the field of complex numbers C is algebraically closed; I do not think that
we will explicitly use this for a while but it is psychologically extremely helpful (as it implies, for
example, that any abstract number field embeds (probably not uniquely!) into the complex num-
bers).

1. Calculation time!
a) Let k be a field, let a be a nonsquare element of k, and let K = k(

√
a). (By Kummer theory,

all quadratic extensions of k are of this form.) Let α = x + y
√
a with x, y ∈ k. Calculate that

TrK/k(α) = 2x and NK/k(α) = x2 − ay2.
b) Now consider K = Q(

√
2,
√

3) and α = x+y
√

2+z
√

3+w
√

6 with x, y, z, w ∈ Q. By calculating
both sides directly, verify that

TrK/Q(α) = TrQ(
√
3)/Q(TrK/Q(

√
3)(α))

and
TrK/Q(α) = TrQ(

√
2)/Q(TrK/Q(

√
2)(α)),

and likewise for the norm. This “compatibility in towers of field extensions” is a general feature of
the trace and the norm, which (if you haven’t seen it before) you should be able to find a proof of
in any good book on Galois theory.

2. Using the Euclidean division method employed in class to prove that the ring of Gaussian in-
tegers Z[i] is a UFD, prove that Z[

√
−2] is a UFD, thus completing the proof from the first class

that the diophantine equation y2 = x3 − 2 has (3,±5) as its only integer solutions. A picture in
the complex plane might be helpful. Then do the same for Z[

√
3], where you don’t have a picture

but do have an inequality |x2 − 3y2| ≤ max(x2, 3y2) (why?). Why does this method not work for
Z[
√
−3], which is as we have seen not a UFD?

3. Using the norm map Z[i]→ Z, find prime factorizations of 3 + 7i and 23 + 14i.

4.
a) In Z[

√
−6], whose only units are ±1 as we have seen, observe that 2 · (−3) = (

√
−6)2 is a perfect

square. Using that 2− 3 = −1, show that 2 and −3 have no common irreducible factors. Using the
norm map to Z, prove that 2 and −3 are irreducible. Conclude that Z[

√
−6] is not a UFD.

b) It turns out that Z[
√

6] is a UFD, with an infinite unit group ±(5 + 2
√

6)Z. Observe that here
2 · 3 = (

√
6)2 is a perfect square. Again using the norm map, show that 2 and 3 have no common

irreducible factors and show that each is a unit multiple of a square in Z[
√

6].
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5. We will prove Fermat’s two squares theorem, using arithmetic in Z[i]: an odd positive prime p
has the form p = x2 + y2 if and only if p ≡ 1 mod 4. You may assume the fact that −1 is a square
mod p if and only if p ≡ 1 mod 4 (this is a special case of quadratic reciprocity, and follows from
the algebraic fact that the multiplicative group of the finite field Fp is cyclic of order p− 1).
a) By reducing modulo p, show one direction: if p admits such a form, then p ≡ 1 mod 4.
b) Now assume p ≡ 1 mod 4 and let n ∈ Z be such that n2 ≡ −1 mod p. Show that p cannot be
irreducible in Z[i].
c) By b), we have p = αβ with α, β nonunits in Z[i]. Taking norms, deduce that p = x2 + y2.
d) Using arithmetic in Z[

√
−2], show that if p is an odd positive prime then p = x2 + 2y2 for some

x, y ∈ Z if and only if −2 is a square mod p. (Quadratic reciprocity then turns this into a condition
on p mod 8.)
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