
Algebraic Number Theory
Homework 12

Reading: Lang, §§II.2 and II.4-5.

1. Let p be an odd prime. Prove that if u ∈ Z×
p is a square mod p, then u is actually a square in

Zp. By contrast, show that 3 is not a square in Q2, so something genuinely different happens for
p = 2.

2. We will find the roots of unity in Qp using (what else?) Hensel’s lemma.
a) By looking at p-adic valuations, show that any root of unity in Qp lies in Z×

p .
b) Let f(X) = Xp−1 − 1 and use Hensel’s lemma to prove that there exist exactly p − 1 distinct
(p − 1)st roots of unity in Zp. (These elements are called Teichmüller representatives; it is often
useful to use them instead of the set {0, . . . , p− 1} when considering p-adic digit expansions.)
c) More generally, let m be coprime to p. By looking at f(X) = Xm − 1 show that the only roots
of unity of order coprime to p are the roots we found in part b).

3. A continuation of exercise 2. We will show that the only pth roots of unity in Zp are 1 for odd p
and ±1 for p = 2. This implies that these are also the only pth-power roots of unity, and completes
our calculation.
a) First let p be odd. Use the polynomial Xp−1 and the uniqueness part of Hensel’s lemma applied
to the obvious root 1 to show that there are no other pth roots of unity congruent to 1 mod p2.
Next suppose that ζp = 1. Show that you can write ζ = 1 + py for some y ∈ Zp and use the
binomial expansion to show that y is divisible by p. Conclude that if p is odd then 1 is the only
pth root of unity in Qp.
b) By working modulo 4, show that ±1 are the only 4th roots of unity in Z2. Conclude that ±1
are the only 2-power roots of unity in Q2.

4. Suppose that (K, | · |) is a complete non-archimedean valued field. Let α ∈ K be an element of
the separable closure of K, and denote its Galois conjugates by α2, . . . , αn. Suppose that we are
also given β ∈ K with the property that β is closer to α than α is to any of its conjugates; i.e.,
|β − α| < |αi − α| for all i. We will show that actually K(α) ⊆ K(β), which is pretty surprising
the first time you see it.
a) Let L = K(β) and suppose α /∈ L. Show that at least one of the αi also does not lie in L, and
construct a field isomorphism σ : L(α)→ L(αi) fixing L and taking α to αi.
b) By uniqueness of extensions of norms, |σx| = |x| for all x ∈ L(α). Apply this to x = β − α and
use the non-archimedean triangle inequality together with our assumption to get a contradiction.

5. One can write down explicitly a Cauchy sequence in Qp that does not converge to a limit,

showing that Qp is not complete (the precise calculation is not so enlightening, so we will skip it).
Call its completion Cp. Using exercise 4, show that Cp is algebraically closed. [HINT: You will
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probably need to prove a version of “continuity of roots,” which is true quite generally: if f and
g are two polynomials whose coefficients are sufficiently close in some absolute value | · |, then we
can ensure that their roots are close.]
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