
Algebraic Number Theory
Homework 11

Reading: Samuel, §§4.4-4.6 and Lang, §II.1.

1. Fix an algebraic closure Q of Q. Let O denote the ring of all algebraic integers; i.e., the integral
closure of Z in Q. Prove that any finitely generated ideal of O is principal, but that O is not a
principal ideal domain. [HINT: The key input to the first part of this question is finiteness of the
class group of a number field.]

2. Let m > 1 be a squarefree integer and let K = Q(
√
m)

a) Assume first that m ≡ 2 or 3 mod 4. Consider the numbers mb2±1, b ∈ Z, and take the smallest
positive b such that either is a square, say a2, a > 0. Prove that a+ b

√
m is a fundamental unit of

OK .
b) Now assume that m ≡ 1 mod 4. Establish a similar procedure for finding a fundamental unit of
OK , this time considering mb2 ± 4.
c) Find fundamental units for OK when m = 2, 3, 5, and 6.

3.
a) Let K be a number field and suppose α ∈ K is a root of a monic polynomial g ∈ Z[X]. Sup-
pose a ∈ Z is such that g(a) = ±1. Show that α − a ∈ O×

K . [HINT: Consider the polynomial
h(X) = g(X + a).]
b) Use part a) to find some units in O×

K when K = Q( 3
√

7) and K = Q( 3
√

3). [HINT: For the latter,
consider α = 32/3. The units that you will find turn out to be fundamental units, which is possible
to prove using relatively simple estimates for units of cubic fields that are not totally real.]

4. A number field K is totally real if all embeddings of K into C have image contained in R and
totally imaginary if K has no embeddings into R. A field K is called a CM field (this stands
for “complex multiplication” but the reason has to do with abelian varieties and is therefore ob-
scure to us at the moment) if it is a totally imaginary extension of a totally real subfield K0 with
[K : K0] = 2.
a) If K is CM, prove that for all embeddings σ : K → C, the action of complex conjugation pre-
serves σ(K) and hence induces an involution on K. Prove that this involution is independent of σ,
so K admits an intrinsic “complex conjugation” map. Also conclude that the totally real subfield
K0 is unique inside of K, and σ(K0) = σ(K) ∩R for any σ.
b) Conversely let K be a number field such that for all embeddings σ : K → C, the subfield σ(K)
of C is stable under complex conjugation and the automorphism x 7→ σ−1(σ(x)) with order ≤ 2 is
independent of σ and nontrivial. Prove that K is a CM field.
c) Prove that any finite abelian extension of Q is either totally real or CM, and that a compositum
of CM fields is CM. Also prove that if f ∈ Q[X] is an irreducible cubic that is not split over R
then a splitting field for f over Q is an even-degree extension of Q that is neither totally real nor
CM.
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5. Let (F, | · |) be a nonarchimedean valued field. Prove that “all triangles in F are isosceles”: given
x, y, z ∈ F it is always the case that two of |x− y|, |y − z|, and |x− z| are equal.

6. Let p be a prime number. Prove that any sequence of integers has a subsequence that is Cauchy
with respect to | · |p. (Note the contrast with the usual archimedean absolute value!)
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