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1 Introduction

Let F be a totally real number field and Jr be the set of all embeddings of F
into C. Let x be a primitive system of eigenvalues of Hecke operators which
occurs in the space of holomorphic Hilbert modular cusp forms on GL(2)/F of
weight k& = (k(7))rer, where all k(7) have the same parity and all k(1) > 2.
Let f be the primitive cusp form of weight k& which belongs to x, let II be the
cuspidal automorphic representation of GL(2)/F of weight k generated by f,
and let pr; be the l-adic representation of I'r := Gal(Q/F) attached to IT (for
some prime [). In [S1], Shimura introduced an invariant Q(II, §) = Q(x, ) € C*
(here II is the cuspidal automorphic representation of GL(2)/F attached to x
by Jaquet-Langlands correspondence) for every subset  of Jr when x occurs in
the space of holomorphic automorphic forms on a quaternion algebra over F' of
signature (d, Jg \ d) and showed that this invariant appears in the critical values
of the Rankin-Selberg convolution of two Hilbert modular forms. For a,b € C,
we write a ~ b if b # 0 and a/b € Q. Then in [Y1], §6, Q(II,0) = Q(x,d)
mod Q* was defined assuming only k(7) > 3 for all 7 € § (i.e. when y does not
necessarily occur in the space of holomorphic automorphic forms on a quaternion
algebra over F of signature (d, Jr \ 0); see §2 below for details).
In this paper we prove the following results:

Theorem 1.1. Let Fy and Fy be totally real number fields. We fix two non-CM
cuspidal automorphic representations 11y of GL(2)/F1 of weight ki = (k1(7))rer, -}
where all k1(7) have the same parity and all ki(7) > 2, and Iy of GL(2)/F5 of
weight ky = (ka(7))re1m, , where all ka(T) have the same parity and all k(1) > 2.
Let F' be a totally real number field containing Fy and Fy. Assume that

kl(T|F1) > 3, k2(7'|F2) > 2 Zf T € (51, kQ(T‘FQ) > 3, kl(T|F1) > 2 Zf T E 52,

kl(T|F1) >k2(T|F2) ifTG(Sl, ]{52(7'|F2) >k1(T|F1) ifTG(SQ,



where 5y U 6y = Jpr and 61 N oy = ¢. Let kg = max{ki(7)|T € Jrp} and
koo = max{ks(7)|T € Jr,}. Then if m € Z such that

(k10+k0)/2 <m < (k1o+koo+ k1 (T|F1) —k2(7|F2)[) /21 for every T € Jr,

we have
L(ma Py |FF/ ® ,OH2|I‘F/)

~ gl Q@mA2=k0=k0) Q11 6, | Fy ) I Q(ILy, 8 | Fy ) FF2),

Theorem 1.1 is a generalization of theorem 6.8 of [Y1] (i.e. theorem 3.1
below), theorem 4.2 of [S] and theorem 5.3 of [S1] (the normalization of the
invariant Q(IL,8) = Q(x,d) in theorem 6.8 of [Y1] is a little different from
ours).

Theorem 1.2. Fori=1,...,r, let F; be a totally real number field, and fori =
1,...,r, let f; be a holomorphic non-CM newform of GL(2)/F; of weight k; € Z,
with k; > 3. Let II; be the cuspidal automorphic representation of GL(2)]F;
generated by f;. Assume that no partial sum of the numbers (k; — 1) takes the
value 5 i~ (ki —1). Let F' be a totally real number field containing F, ..., F;.

Let ¢y € Z, with cg <1+ % ST (ki — 1) such that [co, Soi—y (ki — 1) — co +1] is
the critical strip for pm, |rF, ®...Q pHT|[‘F, which depends only on the weights
ki, fori=1,...,r (see 3.8 of [B] for the exact definition of cy). Assume that
co < %Zi;(kz — 1), and that the conjecture of [B] (i.e. conjecture 3.2 below)
is true for m € Z, with m € [1+ 1 S0=7 (k; — 1), X021 (ks — 1) — co + 1]. Then

for m € Z, with m € [1 + %sz{(k, — 1), = (ki — 1) — ¢o + 1], we have

=T
L(m7PH1 |FF/ ... ®pHT|FF/) ~ TF[Fl:Q](Zmi 22“1&571))27‘2 H < fia f? >ni[Fl:Fi]a
=1

where < f;, fi > is the inner product, and n; appears in conjecture 3.2 below.

Theorem 1.2 should hold for arbitrary weights k;, i.e. not necessarily k; €
Z, and also for the critical values m of more general Langlands L-functions
L(s,II,7) (see remark 5.1 below for the reason).

The author wishes to thank to H.Hida for helpful suggestions.

2 Q-invariants

Let F be a totally real number field. Let Jg be the set of infinite places of F' and
let Ir be the free abelian group generated by Jr. We denote by Ag the adeles
ring of Q. Let B be a quaternion algebra over F of signature (6,0'), 1. e. B
splits (resp. ramifies) at the archimedian places 7 € § (resp. ¢’). Assume that
d # @. Set G =Resp;o(B*) and denote by Z the center of G. Let S .(B) (see
[Y1], §6 for the definition) be the space of cusp forms of weight (k, x) on G(Ag),
where k = Y __sk(7)7 and k = 35 K(7)T € Ir. We denote by Sy .(B,Q)

the set of all Q-rational elements in Sy, . (B).



If f,g € Sk (B), define the inner product (the inner product defined in [Y]
and [Y1] is a little different)

< g >=nTres k) / F@)g(a)de
Zoo+ G(Q\G(Ag)

where the invariant measure is normalized such that vol(Z+ G(Q)\G(Ag)) = 1.
If there exists some function 0 # f € Sk .(B) and some Hecke character ¢ of F
of finite order such that

fIT(p) = x(p) f for almost all p, (2.1)

f(zz) = 4(2)f(2), z € Z(Ag), w € G(Ag),

where T'(p) is the Hecke operator at the place p, we say that the system of
eigenvalues of Hecke operators x occurs in Sy, . (B) (it should be said actually, a
system of eigenvalues of Hecke operators (x, 1), but for simplicity the character
1 is dropped from notation). For a given y, we define

W(x,B) ={f € Sk.x(B)|fIT(p) = x(p)f for almost all ¢,

and f(zz) =¢(2)f(x), =€ Z(Ag), =€ G(Ag)},

and let - -
W(Xv Bv @) = W(Xa B) N Sk,l{(Ba Q)

We remark that if x occurs in Sk . (B), then by Jaquet-Langlands correspon-
dence, x also occurs in Sy, o(M2(F)), where m(r) = k() (resp, k(1) + 2) if
T €0 (resp. T € 9).

If x occurs in Sy o(M2(F')), then in [Y1], §6 it is proved that

< f,f >mod Q* is independent of 0# f € W(x,B,Q),

and also that if By and By are of signature (4,4") and k(7) > 2 for all 7 € Jr,

then < f, f >~< g,g > for f € W(x, B1,Q), 0 # g € W(x, Bz, Q).
If W(x, B) # 0 for some quaternion algebra B of signature (d,4"), we define

Qx,0) =<f.f>

by taking some nonzero form f € W (x, B,Q). Then by the above observations
Q(x,9) is well defined. Let Fy be a totally real cyclic extension of degree [ of
F, and assume that we don’t have k(7) = 1 for all 7 € Jp. Then there exists
a base change lift ¥ of x which occurs in S ((Ma2(Fy)) where k(1) = k(7|F),
T € Jp,. We have that

if x occurs in Sy x(B), then x occurs in St (B®r F1),

R

and

Q(X:0) = Q(x,0)! if k(r) >3 forall 7€, (2.2)



where k(1) = k(7|Jr), & = k(7|Jr), T € Jp, and § is the full inverse image of
0 under the restriction Jr, — Jr. One can use (2.2) to define Q(x,d) when
x does not occur in any B of signature (§,4’), i.e. one can find F; and By of
signature (4,4) such that ¥ occurs in St.x(B1) and set Q(x,d) = Qx, )V
Then Q(x,8) € C*/Q* is well defined. We put Q(x,8) = 1 € C*/Q*. We
denote by II the cuspidal automorphic representation of GL(2)/F associated to
f as above, and define Q(II, §) := Q(x, ).

3 Known and unknown results

Consider F' a totally real number field. If IT is a cuspidal automorphic represen-
tation (discrete series at infinity) of weight k = (k(7))rc,. of GL(2)/F, where
all k(7) have the same parity and all k(7) > 2, then there exists ([T]) a A-adic
representation

px i T — GL2(0)) — GL2(Q)),

which is unramified outside the primes dividing nl. Here O is the coefficients
ring of IT and A is a prime ideal of O above some prime number [, n is the level
of II. In order to simplify the notations we denote by pr; the representation prr,»
(by fixing an isomorphism i : Q; — C we can regard pp as a complex-valued
representation).

We know (theorem 6.8 of [Y1]; the normalization of Q(IL,d) = Q(x,J) in
[Y1] is a little different, and the result in [Y1] is written for the Rankin-Selberg
convolution of two Hilbert modular forms):

Theorem 3.1. Let F be a totally real field, and 11y and Iy be two cuspidal
automorphic representations of GL(2)/F of weight k1 = (k1(7))resp, and ko =
(k2(7))regp respectively, such that all k1 (7) have the same parity and all ki(1) >
2, and all ko(T) have the same parity and all ko(7) > 2. Assume that

]{31(7)23, kQ(T)ZQ ’L‘fT€61, kz(’]’) 23, ]fl(’r)ZQ ifTG(SQ,

k1(7)>k2(7') ifTG(Sl, k’g(T) >I€1(T) ifTE(SQ,

where 0y U dy = Jp, and 61 N o2 = 9. Let kg = max{ki(7)|r € Jr} and
koo = max{ks(7)|T € Jp}. Then if m € Z, with

(k10 + k20)/2 < m < (k1o + k2o + [k1(7) — ka(7)|)/2 =1 for every T € Jp,
we have
L(m, pr1, @ pi,) ~ @@ H2=ko=k0) (11, 6,)Q(Ila, 62).

Fori=1,...,r, let k; € Z such that k; > 2. Assume that no partial sum

of the numbers (k; — 1) takes the value % sz{(kz —1). Let ¥ be the set of all

functions from [1,...,r] to {1, —1} and let

2t ={oey 2:; ! _;(i) (ki —1) < Zfl(Q’f‘l)}



Then £t has 2"~ ! elements. Let m; be the number of ¢ € L1 such that
o(i) = —1 and set n; = 2"72 —m;.
Blasius (see the conjecture of [B] for F' = Q) conjectured that:

Conjecture 3.2. Let F be a totally real number field, and fori=1,...,r, let f;
be a holomorphic newform of GL(2)/F of weight k; € Z, with k; > 2. Let TI; be
the cuspidal automorphic representation of GL(2)/F generated by f;. Assume
that no partial sum of the numbers (k; — 1) takes the value > °:—} (k;—1). Then

form € Z, with m € [co, 3= (ki — 1) — ¢o + 1], we have

K2

L(m,pr, ®...® pm,.) ~ AFQIEm=3] (ki—1))2" 72 H < fi, fi >™,

i=1

where n; were defined above, and ¢y € Z, with c¢g < 1+ %Zii(kl —1) and
[co, Yoy (ki — 1) — co + 1] is the critical strip for pr, ® ... ® pn, which depends
only on the weights k;, for i =1,...,r (see [B], 3.8 for the exact definition of

Co).

Conjecture 3.2 was proved by Shimura (see theorem 1 of [S2]) when r = 2,
and in this case this result is of course a particular case of theorem 3.1 above.

4 The proof of theorem 1.1

We know the following result (for = 1 this is theorem 1.1 of [V] and for general
r see the proof of theorem 1.1 of [V] and theorem 3.1 of [HSBT]):

Theorem 4.1. Fori = 1,...,r, let F; be a totally real number field, and for
1 = 1,...,7r, let II; be a cuspidal automorphic representation of weight k; =
(ki(T))rean, of GL(2)/Fi, where all k;(T) have the same parity and all k;(7) > 2.
Let F' be a totally real number field containing Fy, ..., F,.. Then there exists a
totally real Galois extension F" of Q containing F’, such that fori=1,...,r,
the representation pr,|r,, i modular i.e. for i = 1,...,r, there exists an
automorphic representation 11, of GL(2)/F" of weight k) = (ki (7))resp, of
GL(2)/F", where ki (1) = ki(T|F;) for T € Jpr, such that pr,|r,, = P

For F; and F; totally real number fields, we fix two non-CM cuspidal au-
tomorphic representations Il of GL(2)/F; of weight k1 = (k1(7))rep, , Wwhere
all k1 (7) have the same parity and all kq(7) > 2, and IIy of GL(2)/F» of weight
ko = (k2(7))rep,, where all ka(7) have the same parity and all ka(7) > 2. Let
I’ be a totally real number field containing F; and Fy. Then from theorem 4.1
we know that there exists a totally real Galois extension F” of Q containing
F’ and two automorphic representations II; and II, of GL(2)/F” such that
Py T, = pr and Pty |0, = priz- Then I} has weight kY = (k{(7))rer,m,
where kY(7) = ki(7|Fy) for 7 € Jpr, and II5 has weight k5 = (k5 (7T))res,
where k% (7) = ko(7|F3) for 7 € Jpr. Because II; and ITs are non-CM, we know



that IT7 and IIj are cuspidal. Let k] = (k{(7))res,, such that ki(7) = ki(7|F1)
for 7 € Jp and ky = (k5(7))res,, such that ky(7) = ko(7|F2) for 7 € Jpr.
Assume that there exists a subset 61 of Jp: such that k{(7) > 3, kb(7) > 2 if
T € 01, and k(1) > 3, Ei(r) > 2 if 7 € Jp/ \ 01, and ki (7) > Ei(7) if T € 4y,
and k4(7) > ki (7) if 7 € Jps \ 01. Define 0 := Jpr \ 1.

By Brauer’s theorem (see theorems 16 and 19 of [SE]), we can find some
subfields M; € F” such that Gal(F"/M;) are solvable, some characters 1; :
Gal(F”/M;) — Q* and some integers m;, such that the trivial representation

1:Gal(F"/F') — Q*,
Jj=

j=

we have 1 = Z;j{ m;[M; : F']. Then

InqCal(E” /")

can be written as 1 = > 7~ 'm; Gal(F ) Vi (a virtual sum). In particular

Jj=u
g m;
L(S, P11, ‘Fp/ & p1, ‘FF/) = H L(Sv P11, |FF/ & pr1, |FF/ ® Indrf;j {lpj) 7=
j=1
Jj=u r Jj=u
H L(Sa Indl"illj (pl_h |FMj Qpr, |FMj ®wj))m] = H L(Sa P11, |FM]- ®pr, |FMj ®’(/}j)mj
j=1 j=1

Since pr, |r,,, and pm,|r,, are modular and Gal(F"/Mj) is solvable, from
Langlands base change for solvable extensions ([L]), one can deduce easily that
the representations pr, |r M, and prr, |pM7, are modular, and thus there exist two
automorphic representations I1;; of weight k;; = (klj(T))TeJMj of GL(2)/M;,
where k1;(7) = ki(7|Fy) for 7 € Jy;, such that pnl\pMj = pm,;, and Iy; of
weight ko = (ij(T))TeJMj of GL(2)/Mj, where kyj(T) = ka(7|F3) for 7 € Jpy,,
such that pr, |pMj = p1,,- Hence we get that:

j=u
L(Sa PH1|FF/ ® PH2|FF/) = H L(SVpHIj ® Pl ® wj)mj'
j=1

Let k1o = max{ki(7)|7 € Jp} and kog = max{ke(7)|7 € Jg,}. From
proposition 5.2 of [S1], we know that L(s,pm,; ® pm,, ® ;) is holomorphic
and non-zero for Re s > (k19 + k20)/2. Thus for each m € Z which satisfies
(kl() +k20)/2 S m S (k10+k20+ |]€1(7‘|F1) - k2(T‘F2)D/2_ 1 for every 7 € JF/,
we get the identity

j=u

L(mﬂpH1|FFI ®pH2|FF/) = H L(m7pH1j ®pn2j ®’L/}J)m7'
j=1

Recall that 1 = Z;j{ m;[M; : F']. Let ¢/ be the full inverse image of §;
under the restriction Jp» — Jp/, let 85 be the full inverse image of d2 under the

restriction Jg» — Jps, let 615 be the full inverse image of 6; under the restriction



Ju; — Jpr, and let d2; be the full inverse image of do under the restriction
Jy; — Jpr. Then IIf is the solvable base change of II;; to GL(2)/F", and TI5
is the solvable base change of IIy; ® ¢; to GL(2)/F"”, and thus from (2.2) we get
that Q(ITY,6Y) = Q(I1y;,8,;)F" Ml and Q(IT4,04) = Q(Ily; ® v, 6o;)F Mil,
Then from theorem 3.1 we get that

j=u
L(mvpl_h |FF/ ® pH2|FF/) = H L(m7pnlj ® Pz ® wj)mj
j=1

j=u
~ H s M@l @m2=kio =k20) (Q(T1;, 615)Q (Iay, 527))™
j=1

_ WZ;:;‘ mj[M;:F'][F":Q](2m~+2—k1o—k20) f[ H/l/,(;// H/Q/’aé/))mj/[Fu:Mj]

= W[FIZQ](Qer?*kmszo 1:[ Hllla 5/’ lela 5/2/))771] [M;:F']/[F":F']

_ HF’:@](%H*’“IO*’”“)(Q(H’{, 07)Q I, 63) /.
But from the main theorem of [Y] (the normalization in [Y] is different) we
know that .
QU a7 ~ =051 T (e (1),
TES
for some constants ¢ (I1}) € C* defined mod Q* and also that

Q(ITy, 61| Fy) ~ wlFro= DBl TT b (10 )e; (1),
TEN |Fy

for some constants ¢ (11 ) € C* defined mod Q*. But from theorem 1.3 of [V1]
we know that ¢ (H”) = (IT) for every 7 € Jpn.
Hence we get that

T\F

Q(Hllla 611)1/[F”:F1] = Q(H17 1 |F1)a
and by symmetry also that
QI 6) VIR = Q(I1y, 83| F),

and thus
L(m, pri, [r, @ prylr,.,)
W([F/:Q](zm"’Q*klO*km))Q(Hh 5 |F1)[F':F1]Q(H2, 52|F2))[F’1F2]’

and hence theorem 1.1 is proved.



5 The proof of theorem 1.2

For i = 1,...,r, let F; be a totally real number field, and for i = 1,...,r, let
fi be a holomorphic non-CM newform of GL(2)/F; of weight k; € Z, with k; >
3. Let II; be the cuspidal automorphic representation of GL(2)/F; generated
by fi- Assume that no partial sum of the numbers (k; — 1) takes the value
IS = (ki — 1). Let F’ be a totally real number field containing Fi,..., F;.
Then from theorem 4.1 we know that there exists a totally real Galois extension
F" of Q containing F’, and for ¢ = 1,...,r, an automorphic representation IT/
of GL(2)/F" of We1ght k;, such that pr, \FF,, = pny-

By Brauer’s theorem (see theorems 16 and 19 of [SE]), we can find some
subfields M; C F” such that Gal(F"/M;) are solvable, some characters 1; :
Gal(F”/Mj) — @ and some integers m, such that the trivial representation

1:Gal(F"/F') — Q*,

can be written as 1 = Z] 1 m;In dgi}g,,%} )wj (a virtual sum). In particular

we have 1 = ZJ L m;[M; : F']. Then

I'n/
L(s,pm,Ir,, ® ... @ p,|r,,) = H L(s, prylrp @ -+ @ pr,[r ., @ Indp ) 4p5)™

Jj=u

F ’ m
L(s,Indpyy (pmlrag, © -+ - @ pr, [ray, © 95))™
1

J
j=u

= H L(S, P, ‘Fj\lj ®...® pHr‘Fl\lj ® wj)mj
j=1

Since pr, |r,. 5 - -5 P, |r,, are modular and Gal(F”/M;) is solvable, from
Langlands base change for solvable extensions ([L]), one can deduce easily
that the representations pnl|pMj,..., pn7,|pMj are modular, and thus there
exist automorphic representations II;; of weight k; of GL(2)/M;, such that

P, [T, = pm,,;- Let fi; be the newform corresponding to II;;. Hence we get
that:
j=u
L(s, p,|rps @ - @ p,|r,) = [ L(s, pmyy @ - @ pr,y @ 45)™
Jj=1

Assume that the number ¢y € Z which appears in conjecture 3.2 above
verifies ¢ < 2 3°7=7(k; — 1), and that conjecture 3.2 is true for m € Z, with

m € [1+ %Zzz;(k, — 1), 3= (k; — 1) — ¢o + 1]. Recall that we have 1 =
Z] 1 mj[M; : F']. The functions L(s, pr1,; ® ... ® pm,; ® 1p;) are holomorphic
and do not vanish for Re s > 1+ 1 3'=/(k; — 1), and thus for m € Z, with



€1+ L3 (ki — 1), 2020 (ks — 1) — o + 1] we obtain

L(m, pm,[r,, ® ... @ pn,Ir,., ) = H (m, pr,; ® ... ® pr,; @ P;)"™
j=u L Il
~ H ﬁmj[Mj:Q](Qm_E;;;(ki_l))2772 H < fijs fij >
j=1 i=1
j=u ) i=r
~ 11 s (M Q] (2m—30127 (ki —1))2" 2 I < £, fpr Srmemat/iEas],
j=1

because II} is a solvable base change of II;; or II;; ® ¢, and thus from (2.2) we
know that
< fijafij >=< fi”?fi” >1/[F”:Mj]a

and
= 1/[F":M;
< fijwj’fijwj >=< fillvfi// > /l 3]7

where f;; b 18 the primitive cuspform which corresponds to IL;; ® v;.
J
But from the main theorem of [Y] we know that

< f2 7fi” >~ pki—1 F"”:Q H C H// H//)

TEJ it

for some constants ¢ (1)) € C* defined mod Q* and also that

< fis fi e OIEQN T of (1) e (1),

TEJF,

for some constants ¢ (11 ) € C* defined mod Q. But from theorem 1.3 of [V1]
we know that ¢ (H”) = T‘F (IL;) for every 7 € Jpn.
Hence we get that for i = 1,...,r, we have

< I f >=< i fi TR

and thus

)

Jj=u i=r

. i=rg r—2 o T

~ I | ﬂ-mj[Mj'Q](Qm >ici(ki—1))2 | | < f"“fz >n1m][]\/[]‘FZ}
j=1 i=1

L(m,pnl‘rw Q... Q pr,

-~ 7T[FG@](2771—233(1@,-—1))2’“*2 H < fi,fi >ni[F/:Fi]’
i=1

which proves theorem 1.2.



Remark 5.1. Theorem 1.2 should hold for arbitrary weights k; (i.e. not nec-
essarily k; € 7Z), and in this case in the statements of the theorem 1.2 and
conjecture 3.2 above one has to replace the inner products < f;, fi >’s by some
invariants " Q(IL;, 6;|F;)" ’s as in the statement of theorem 1.1, and the proof is
identical, since these invariants " Q(I1;, 6;|F;)" ’s should also be products of some
of the periods ¢t (11;), for T € Jr,, which as we have seen above (i.e theorem 1.3
of [V1]) are invariant under arbitrary base change to totally real number fields.
Also, for the same reason, theorem 1.2 should be true for the critical values m
of more general Langlands L-functions L(s,IL,r), where II is an automorphic
representation of an algebraic group G (closely related to GL(2)) and r an auto-
morphic representation of the the Langlands group *G (some progress has been
made in this direction for some G and r, see [GH]).
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